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ABSTRACT
This paper proposes an estimation of distribution algorithm
(EDA) aiming at addressing globally multimodal problems,
i.e., problems that present several global optima. It can be
recognized that many real-world problems are of this nature,
and this property generally degrades the efficiency and effec-
tiveness of evolutionary algorithms. To overcome this source
of difficulty, we designed an EDA that builds and samples
multiple probabilistic models at each generation. Different
from previous studies of globally multimodal problems that
also use multiple models, we adopt multivariate probabilis-
tic models. Furthermore, we have also devised a mechanism
to automatically estimate the number of models that should
be employed. The empirical results demonstrate that our
approach obtains more global optima per run compared to
the well-known EDA that employs the same class of proba-
bilistic models but builds a single model at each generation.
Moreover, the experiments also suggest that using multiple
models reduces the generations spent to reach convergence.

Categories and Subject Descriptors
I.2.6 [Artificial Intelligence]: Learning—Parameter learn-
ing ;
I.2.8 [Artificial Intelligence]: Problem Solving, Control
Methods, and Search—Heuristic methods;
I.5.3 [Pattern Recognition]: Clustering;
G.1.6 [Numerical Analysis]: Optimization

General Terms
Algorithms

Keywords
Estimation of distribution algorithms, EDAs, globally mul-
timodal problems, global multimodality, marginal product
models, multi-model approach, extended compact genetic al-
gorithm, ECGA, evolutionary algorithms, genetic algorithm,
evolutionary computation.
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1. INTRODUCTION
Estimation of distribution algorithms (EDAs) [19, 16, 23]

are a class of evolutionary algorithms that replace the tradi-
tional variation operators, such as mutation and crossover,
by building a probabilistic model on promising solutions and
sampling the built model to generate new candidate solu-
tions. Using probabilistic models to summarize the informa-
tion enables these methods to automatically infer the likely
structure of promising solutions and exploit the identified
problem regularities to facilitate further search. However,
it has been identified [20] that most EDAs typically bypass
the issue of global multimodality, i.e., more than one global
optimum for the considered problem, and converge to only
one of the global optima. Consider that many optimization
problems are globally multimodal, it is often preferable or
even necessary to obtain as many global optima as possible.

To provide some examples of such demand, [14] stated
the benefits of obtaining multiple solutions for a robot path-
planning algorithm: In such a situation, the complete infor-
mation may not be available at the time of planning, thus
it is desirable to have several routes planned in advance in
case some of them become infeasible, especially when con-
sidering dynamic environment. Another instance is in the
computational approach to peptide design, which uses esti-
mated docking energy to measure the quality of candidate
solutions. Because the docking energy is just an estimate,
the solution found may be extremely difficult to synthesize
chemically or may even be a false docking positive as in-
dicated in [3]. Therefore, obtaining multiple and diverse
solutions is desirable in this task.

In this paper, we propose an approach that builds and
samples multiple models at each generation. By iteratively
estimating the membership of solutions to each model and
readjusting the model structure and parameters, it allows
simultaneous modeling of the basins to different global op-
tima. Furthermore, we have also devised a method to com-
pare the suitability of different sets of models, which allows
us to automatically estimate the number of models that
should be employed. The experiments show that our ap-
proach identifies more global optima per run compared to
the well-known EDA that employs the same class of proba-
bilistic models. Moreover, the empirical results suggest that
using multiple models reduces the generations spent to reach
convergence.

In the next section, we briefly review previous studies rel-
evant to this work. After that, section 3 describe the class of
probabilistic models employed in this study. In section 4, a
process to estimate multiple models are outlined. Section 5



proposes a complexity measure for a given model set, which
enables us to formally compare the suitability of two sets
of models for a given set of solutions. Section 6 integrates
the proposed ideas into an optimization algorithm. The ex-
periments and empirical results are presented in section 7.
Finally, section 8 concludes this paper.

2. BACKGROUND
Evolutionary algorithms (EAs) are stochastic search tech-

niques loosely based on the paradigm of natural evolution,
in which species of creatures tend to adapt to their living
environments by mutation and inheritance of useful traits.
EAs mimic this mechanism by introducing artificial selec-
tions and variation operators to discover and recombine par-
tial solutions. From the inception, pioneer evolutionary al-
gorithmists have recognized that detecting interacting vari-
ables would be beneficial or even necessary to address hard
optimization problems [15, 11]. The detection and utiliza-
tion of this inter-variable relationship is generally referred
to as linkage problem, and has attracted a lot of research
efforts to design mechanisms that automatically discover
such information. In recent years, the most advocated ap-
proaches toward this notion are estimation of distribution al-
gorithms (EDAs), which are able to encode the relationship
between problem variables by building probabilistic models
on promising solutions. In this paper, we focus on discus-
sions of EDAs and their applications to solve globally mul-
timodal problems.

Early EDAs, such as the population-based incremental
learning (PBIL) [1] and the compact genetic algorithm (cGA)
[13], assume no interaction between decision variables, i.e.,
decision variables are assumed independent of each other.
Subsequent studies start from capturing pairwise interac-
tions, such as mutual-information-maximizing input cluster-
ing (MIMIC) [6], Baluja’s dependency tree approach [2], and
the bivariate marginal distribution algorithm (BMDA) [24],
to modeling multivariate interactions, such as the extended
compact genetic algorithm (ECGA) [12], the Bayesian opti-
mization algorithm (BOA) [22], the estimation of Bayesian
network algorithm (EBNA) [10], the factorized distribution
algorithm (FDA) [18], and the learning version of FDA [17].
It has been demonstrated that multivariate EDAs are able to
solve deceptive optimization problems, which require linkage
information to be reliably addressed.

Despite the successful results presented in the literature,
most research only examines EDAs on problems containing
single global optimum. However, many optimization prob-
lems are of several global optima, i.e., globally multimodal,
and it is often preferable to identify as many global optima
as possible. This issue has been addressed several times
on the classical EAs, which are deemed ineffective in such
situation, as they usually converge to only one global opti-
mum. To briefly describe this phenomenon, consider that
when dealing with a globally multimodal problem, a large
enough initial population should contain solutions belonging
to basins of different global optima. As there is no mecha-
nism to maintain the balance of distribution between each
basin, random fluctuations resulting from the selection pro-
cess will randomly give preference on one global optimum,
i.e., more solutions in the associated basin will be generated,
which leads to a reproduction advantage on that basin in the
next generation. This advantage, when accumulated over

generations, will push solutions belonging to other basins to
extinction.

Furthermore, the existence of several global optima of-
ten makes the convergence taking longer time than it will
otherwise require. This inefficiency comes from combining
solutions located in different basins. It has been noted [21]
that this juxtaposition usually produces poor solutions be-
cause disruption of good solutions are very likely to hap-
pen when recombining solutions from different basins. This
inefficiency of exploration, depending on the selection pres-
sure, usually takes several generations to disappear as the
population drifting toward a single basin in the process de-
scribed above. Therefore, the interests in studying globally
multimodality is not limited in finding more than one op-
timum, but also in improving the efficiency of evolutionary
algorithms.

It is conceivable that EDAs will face the same difficul-
ties described above when dealing with globally multimodal
problems. However, there is not much research devoted to
this topic. Noticed exceptions include [21], [20] and [9]. In
[21], clustering is adopted into a univariate EDA (UMDA)
as a means to recognize subpopulations belonging to differ-
ent basins. They experimented the approach on a simple
globally multimodal problem with two peaks. The results
demonstrated simultaneous discovery of both optima and
improvement of convergence speed when clustering is ap-
plied. Advancing the idea of incorporating clustering, [20]
proposed an approach based on the unsupervised learning of
Bayesian networks. An unobserved variable C is included in
the model, which represents the unknown cluster label. The
Bayesian network, which includes all problem variables and
an artificial cluster variable C, represents a joint probability
distribution for the selected solutions. The resulting EDA,
which is called unsupervised estimation of Bayesian network
algorithm (UEBNA), is expected to detect and maintain the
presence of solutions from different basins. Experiments
confirm the superiority of the algorithm, in terms of the
number of optima found, compared to UMDA and EBNA
on a set of graph bisection problems. More recently, [9]
proposed another EDA employing clustering, which aims
at reducing the computational burden of building multi-
variate models. The core algorithm is a simple clustered
EDA that adopts order-2 probabilistic models, which leads
to a very parsimonious approach when compared to multi-
variate EDAs. The experiments were also carried out on a
set of graph bisection problems, and demonstrated that the
approach is also capable of addressing globally multimodal
problems.

In this paper, we describe an approach that differs from
the above mentioned studies in several ways. Firstly, com-
pared to [21] and [9], we consider multivariate probabilistic
models. Secondly, unlike that of [20], the proposed algo-
rithm employs, instead of a single model, a multi-model
approach. Moreover, our method automates the selection
of the number of models that should be used. This elim-
inates the need of manually tuning the number of clusters
that should be employed as the above mentioned studies do.
Furthermore, in addition to symmetric problems (e.g., graph
bisection problems), we also experimented on globally multi-
modal problems that are not symmetric, and briefly look at
problems that have basins with heterogeneous linkage, i.e.,
the structural decomposition of each global optimum is not
the same.



[s1] [s2 s4] [s3]

P (s1 = 0) = 0.4 P (s2 = 0, s4 = 0) = 0.4 P (s3 = 0) = 0.5
P (s1 = 1) = 0.6 P (s2 = 0, s4 = 1) = 0.1 P (s3 = 1) = 0.5

P (s2 = 1, s4 = 0) = 0.1
P (s2 = 1, s4 = 1) = 0.4

Table 1: An example of marginal product model that defines a joint distribution over four variables. The
variables enclosed in the same brackets are considered dependent and modeled jointly. Each variable subset
is considered independent of other variable subsets.

3. MARGINAL PRODUCT MODELS
In this study, we consider a class of probabilistic mod-

els known as marginal product models (MPMs). This kind
of model forms distribution by using a product of marginal
distributions on a partition of the variables. In this kind
of distribution, subsets of variables can be modeled jointly,
and each subset is considered independent of others subsets.
In this work, we adopt a notation that variable subsets are
enclosed in brackets. Table 1 presents an example of MPM
defined over four variables: s1, s2, s3 and s4. In this ex-
ample, s2 and s4 are modeled jointly and each of the three
variable subsets ([s1], [s2 s4] and [s3]) is considered indepen-
dent of other subsets. For instance, the probability that this
MPM generates a sample s1s2s3s4 = 0101 is calculated as
follows,

P (s1s2s3s4 = 0101)

= P (s1 = 0)× P (s2 = 1, s4 = 1)× P (s3 = 0)

= 0.4× 0.4× 0.5.

In fact, as its name suggested, a marginal product model rep-
resents a distribution that is a “product” over the marginal
distributions defined over variable subsets.

The first EDA that employs MPMs is the extended com-
pact genetic algorithm (ECGA) [12]. In ECGA, both the
structure and the parameters of the model are searched and
optimized with a greedy approach to fit the statistics of
the selected set of promising solutions. The measure of a
good MPM is quantified based on the minimum descrip-
tion length (MDL) principle [25], which assumes that given
all things are equal, simpler distributions are better than
complex ones. The MDL principle thus penalizes both in-
accurate and complex models, thereby, leading to a near-
optimal distribution. Specifically, the search measure is the
MPM complexity which is quantified as the sum of model
complexity, Cm, and compressed population complexity, Cp.
The greedy MPM search first considers all variables as inde-
pendent and each of them forms a separate variable subset.
In each iteration, the greedy search merges two variable sub-
sets that yields the most Cm + Cp reduction. The process
continues until there is no further merge that can decrease
the combined complexity.

The model complexity, Cm, quantifies the model represen-
tation in terms of the number of bits required to store all the
marginal distributions. Suppose that the given problem is of
length ` with binary encoding, and the variables are parti-
tioned into m subsets with each of size ki, i = 1 . . .m, such
that ` =

∑m
i=1 ki. Then the marginal distribution corre-

sponding to the ith variable subset requires 2ki−1 frequency
counts to be completely specified. Taking into account that
each frequency count is of length log2(n + 1) bits, where n

is the population size, the model complexity, Cm, can be
defined as

Cm = log2(n+ 1)

m∑
i=1

(
2ki − 1

)
.

The compressed population complexity, Cp, quantifies the
suitability of the model in terms of the number of bits re-
quired to store the entire selected population (the set of
promising solutions picked by selection operator) with an
ideal compression scheme applied. The compression scheme
is based on the partition of the variables. Each subset of
the variables specifies an independent “compression block”
on which the corresponding partial solutions are optimally
compressed. Theoretically, the optimal compression method
encodes a message of probability pi using − log2 pi bits.
Thus, taking into account all possible messages, the ex-
pected length of a compressed message is

∑
i−pi log2 pi bits,

which is optimal. In the information theory [5], the quan-
tity − log2 pi is called the information of that message and∑

i−pi log2 pi is called the entropy of the corresponding dis-
tribution. Based on the information theory, the compressed
population complexity, Cp, can be derived as

Cp = n

m∑
i=1

2ki∑
j=1

−pij log2 pij ,

where pij is the frequency of the jth possible partial solution
to the ith variable subset observed in selected population.

Note that in the calculation of Cp, it is assumed that the
jth possible partial solution to the ith variable subset is en-
coded using − log2 pij bits. This assumption is fundamental
to our technique of iteratively estimating multiple models.
More precisely, we use this notion to recognize a partition
of the set of selected solutions and build (then refine) the
MPMs based on each subset of solutions.

4. ESTIMATING MULTIPLE MODELS
It can be seen from the previous section that the suitabil-

ity of a probabilistic model for a given set of solutions can be
quantified by the compression performance. The degree of
compression is a quite representative metric to the fitness of
modeling, because all good compression methods are based
on capturing and utilizing the relationship among data. As-
suming that we are given a set of solutions and c MPMs, and
asked to assign, for each solution, the fittest model among
these c MPMs. By the reasoning above, for each solution,
we should choose the model which encodes the solution to
the shortest description. To be more precise, for each so-
lution x, we should choose the model My, y ∈ {1, 2, ..., c},



Algorithm 1 Building Multiple Models

procedure BuildModels(c, S)
Randomly pick a subset {dy|y ∈ {1, 2, ..., c}} from S.
Estimate {My|My is a univariate model based on dy}.
for each x in S do

yx ← y such that My yields smallest λ for x.
end for
repeat

y′x ← yx for each x in S.
for each y in {1, 2, ..., c} do

My ← greedy MPM search on {x|yx = y}.
end for
for each x in S do

yx ← y such that My yields smallest λ for x.
end for

until y′x = yx for all x ∈ S
return {My|y ∈ {1, 2, ..., c}} and {yx|x ∈ S}.

end procedure

with the smallest

λ =

m∑
i=1

− log2 pixi

where m is the number of marginal distributions in My and
x takes the xith partial solution in the ith variable subset.
In this way, we can utilize these c models to partition the
population into c subsets, in which the solutions are best
described by the associated MPM.

Using this technique, we can devise a method that itera-
tively partitions the selected population and rebuilds MPMs
on the resulting partition. Our approach starts at building
c univariate models estimated from randomly picked c solu-
tions∗ and smooths the models to prevent zero probabilities.
These initial c models are then used to partition the set of
selected solutions, S, into c disjoint subsets. Based on each
subset, we re-estimate an MPM, thus form a new set of c
models. This process iterates until the solutions stop chang-
ing their subset membership. The resulting algorithm, as
outlined in Algorithm 1, is able to recognize a partition on
the selected population and estimate MPMs on the subsets
of solutions.

5. QUANTIFYING THE COMPLEXITY OF
A SET OF MODELS

In this section, we move on to devise a method for deter-
mining the appropriate number of models to use. In order
to address this issue, we have to first be able to compare the
suitability of two sets of MPMs for modeling a given set of n
solutions. The non-triviality of this task resides in that these
two sets may contain different number of models and thus,
we have to think of a new way to quantify their complexities.
It is conceivable that the intuitive

∑
y (Cm(My) + Cp(My)),

where Cm(My) and Cp(My) represent the model complex-
ity and compressed population complexity of My, will not
work, because in this condition, larger MPM sets will have
biased advantage of being able to split the population into

∗In order to pick different enough solutions, our method
randomly selects several sets of c solutions, and choose the
set of solutions with the largest pairwise Euclidean distance.

Algorithm 2 The Resulting Multi-Model Approach

Initialize a population P with n solutions.
while the stopping criteria are not met do

Evaluate the solutions in P .
S ← apply selection on P .
c← 1.
M′,Y ← BuildModels(c, S).
C′ ← calculate complexity based on M′ and Y.
repeat
M←M′.
C ← C′.
c← c+ 1.
M′,Y ← BuildModels(c, S).
C′ ← calculate complexity based on M′ and Y.

until C′ ≥ C
O ← ∅.
for each model My in M do

O′ ← generate new solutions by sampling My.
O ← O ∪O′.

end for
Incorporate O into P .

end while

smaller subpopulations and build overly-simplified models
on the resulting partition.

Reflecting on the advantage of using multiple models, it
can be understood that the descriptive power will increase
while more models are employed, i.e., we can compress the
population better by using more models. By using the MPM
estimated from a subset of solutions, we are able to encode
that subset to a shorter description compared to that en-
coded by an MPM estimated from the whole set of solutions.
However, we forgot to consider the additional information
that associates each solution to its appropriate model. This
information, which indicates the assignment of solutions to
their most suitable models, should be included in the calcu-
lation of the complexity of an MPM set. Again, resorting
to information theory, the amount of information spent on
tagging all n solutions to their associated models can be
quantified as

Ct = n

c∑
y=1

−py log2 py ,

where py is the frequency of assigning a solution to the yth
model, assuming there are c models. This quantity repre-
sents the number of bits required to store the labels that
assign the solutions to their corresponding models. Using
this notion, we can now derive a complexity measure for a
set of MPMs, {My|y ∈ {1, 2, ..., c}}, on modeling a given set
of solutions, S, as

C = Ct({yx|x ∈ S}) +

c∑
y=1

(Cm(My) + Cp(My)) (1)

where yx ∈ {1, 2, ..., c} is the assignment of x to its most
suitable model among My’s and Ct({yx|x ∈ S}) represents
the number of bits needed to store all yx’s as described by
the previous formula.

6. INTEGRATION
Combining the ideas presented in section 4 and 5, an op-

timization process that uses multiple models is proposed in



Algorithm 2. The procedure starts at initializing a pop-
ulation of solutions. After initialization, the solutions are
evaluated and selection is performed to obtain the selected
set of solutions, S. We then build a singleton MPM set on
S and calculate its complexity based on Equation (1). Fol-
lowing that, we gradually increase c and build larger MPM
sets. This expansion terminates when the complexity of the
newly estimated model set M′ is greater than that of the
previous MPM set, M. Finally, we sample the MPMs in
M to create new candidate solutions and incorporate them
into the population. These steps repeat until the stopping
criteria are met.

In this work, we generate an equal number of solutions
for each My in the resulting M. The rationale behind this
choice has been discussed in [20]. To briefly recap, if the
number of solutions to be generated is based on the num-
ber of solutions previously assigned to My, then we invent a
preference to larger basins, no matter the fitness of their as-
sociated solutions. Furthermore, in order to study the fun-
damental characteristics of the proposed approach, we do
not use any other means to maintain the population diver-
sity. A plain generational replacement is used, i.e., for each
generation, we replace all solutions by the newly generated
ones.

7. EXPERIMENTS AND RESULTS
In this study, our approach is evaluated on the test prob-

lems constructed by concatenating several trap functions. A
k-bit trap function is a function of unitation† which can be
expressed as

f
(k)
t (s1s2 · · · sk) =

{
k, if u = k
k − 1− u, otherwise

,

where u is the number of ones in the binary string s1s2 · · · sk.
The trap functions were used pervasively in the studies con-
cerning EDAs and other evolutionary algorithms because
they provide well-defined structures among variables, and
the ability to recognize inter-variable relationships is essen-
tial to solve the problems consisting of traps [7, 8]. In order
to create globally multimodal problems, we also define a k-
bit inverse trap function as

f̄
(k)
t (s1s2 · · · sk) =

{
k, if u = 0
u− 1, otherwise

.

The plan is to design test problems that assign different re-
gion of search space to different combination of trap and
inverse trap functions. For this purpose, we define a set of
problem variables to be the switch variables, to which the
values specify the combination of trap and inverse trap func-
tions to be used to evaluate the corresponding solutions. To
demonstrate this composition, consider our first test prob-
lem, F1, which is formed by concatenating ten 4-bit trap or
inverse trap functions and one switch variable, s41,

F1(s1s2...s41) =

{
G0(s1s2...s40), if s41 = 0
G1(s1s2...s40), if s41 = 1

,

†A function of which the function value depends only on the
number of ones in the binary input string.

where G0 and G1 are defined as

G0(s1s2...s40) =

9∑
i=0

f̄
(4)
t (s4i+1s4i+2s4i+3s4i+4) ,

G1(s1s2...s40) =

9∑
i=0

f
(4)
t (s4i+1s4i+2s4i+3s4i+4) .

It is obvious that F1 contains two global optima, which are
the solution of all ones and the solution of all zeros.

Our second test problem, F2, is formed by the same tech-
nique as the above and it uses two switch variables to create
a problem with four global optima,

F2(s1s2...s42) =


G00(s1s2...s40), if s41s42 = 00
G01(s1s2...s40), if s41s42 = 01
G10(s1s2...s40), if s41s42 = 10
G11(s1s2...s40), if s41s42 = 11

,

where the definition of G00 to G11 are

G00(s1...s40) =

4∑
i=0

(f̄
(4)
t (s8i+1...s8i+4) + f̄

(4)
t (s8i+5...s8i+8)) ,

G01(s1...s40) =

4∑
i=0

(f̄
(4)
t (s8i+1...s8i+4) + f

(4)
t (s8i+5...s8i+8)) ,

G10(s1...s40) =

4∑
i=0

(f
(4)
t (s8i+1...s8i+4) + f̄

(4)
t (s8i+5...s8i+8)) ,

G11(s1...s40) =

4∑
i=0

(f
(4)
t (s8i+1...s8i+4) + f

(4)
t (s8i+5...s8i+8)) .

It can be seen that, in both F1 and F2, the structural
decompositions of all global optima are the same. In other
words, the subfunctions forming the problem are aligned
in variables. In this work, we also experiment on a glob-
ally multimodal problem that has basins with heterogeneous
linkage, i.e., the subfunction composition in each basin is not
the same. This test problem, defined as F3, is similar to F1

except that the respective concatenated traps and inverse
traps are not aligned in variables,

F3(s1s2...s41) =

{
H0(s1s2...s40), if s41 = 0
H1(s1s2...s40), if s41 = 1

,

where H0 and H1 are defined as

H0(s1s2...s40) =

9∑
i=0

f̄
(4)
t (s4i+1...s4i+4) ,

H1(s1s2...s40) =

8∑
i=0

f
(4)
t (s4i+3...s4i+6) + f

(4)
t (s39s40s1s2) .

It is conjectured that this problem is more difficult as the
disruption of good partial solutions is more likely to happen
if the respective decompositions are not properly recognized.

7.1 Experimental Settings
In this study, the proposed approach is compared with

the extended compact genetic algorithm (ECGA) [12]. The
reason to compare with ECGA is that ECGA uses the same
class of probabilistic models, i.e., MPMs, and it is a single
model approach which can serve as an illustrative contrast
to our multi-model approach. For each of the F1 to F3,
we run both algorithms using population sizes ranging from
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Figure 1: Empirical results of the proposed approach (multiple models) compared to ECGA (single model) on
test problem F1. Different population sizes are experimented to demonstrate the behavior of the algorithms.
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Figure 2: Empirical results of the proposed approach (multiple models) compared to ECGA (single model) on
test problem F2. Different population sizes are experimented to demonstrate the behavior of the algorithms.

1000 to 10000, and each of these experiments was repeated
for 50 times. Tournament selection is adopted as selection
method, and we set the tournament size to 16 (which has
been reported suitable for ECGA to handle the range of
40- to 80-bit concatenated trap problems [4].) In these ex-
periments, the stopping criterion is set such that a run is
terminated when all solutions in the population converge to
the same fitness value.

7.2 Empirical Results
The empirical results on test problem F1 are presented in

Figure 1. It can be seen that given sufficient population size,
our approach reliably identifies both optima. Comparing to
ECGA, it is obvious that no matter how much population
size is augmented, ECGA constantly converges to a single
optimum. Furthermore, as shown in Figure 1(b), the pro-
posed approach uses less function evaluations when sufficient
population size, which makes the algorithm capable of reli-
ably obtaining both global optima, is given. This reduction,

as mentioned in section 2, is resulted from utilizing multi-
ple models to prevent the recombination of solutions coming
from different basins. In this way, we make the convergence
taking shorter time than that needed by ECGA.

Going from two global optima to four global optima, Fig-
ure 2 presents the results of experiments on F2. Similar
to the previous experiments on F1, our approach obtained
more global optima than ECGA did, given sufficient popula-
tion size. The usage of function evaluations shows the same
pattern, too: when given large enough population size, the
proposed method surpassed ECGA. However, it is also noted
that F2 is harder than F1 in that sometimes the proposed al-
gorithm didn’t obtain all global optima at convergence (four
or five times out of 50 runs).

The results on F3 is the most inspiring. It shows that
globally multimodal problem that has basins with heteroge-
neous linkage is hard to address. As can be seen in Figure 3,
even when we use a pretty large population size, the algo-
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Figure 3: Empirical results of the proposed approach (multiple models) compared to ECGA (single model) on
test problem F3. Different population sizes are experimented to demonstrate the behavior of the algorithms.

rithm can not reliably obtain all global optima, comparing to
what we have achieved in experiments on F1. This confirms
the previous conjecture that heterogeneous linkage between
basins will result in more severe building block disruption.
Nevertheless, the proposed approach still performs better
than ECGA in both the average number of optima obtained
and fitness evaluations spent.

8. SUMMARY
In this paper, we have introduced a multivariate multi-

model approach, which builds multiple marginal product
models at each generation to guide further search. It itera-
tively estimates the membership of solutions to each model
and readjusts the model structure and parameters. This
mechanism is also equipped with a heuristics to choose the
number of models to be adopted, which eliminates the need
of manual tuning. The empirical evaluations on globally
multimodal problems confirm the ability of the proposed
approach to obtain more global optima per run compared
to extended compact genetic algorithm. Furthermore, the
results also suggest that using multiple models can reduce
the number of generations spent to reach convergence.

Although we have obtained some promising results on
solving globally multimodal problems, it seems that this
study arises more issues than it addressed. For example,
we are now thinking whether the number of global optima
should be included as a factor when measuring the scalabil-
ity of an optimization algorithm. And, as demonstrated in
the results on F3, the problems that have basins with het-
erogeneous linkage are obviously more difficult to address,
so how can we enhance the approach regarding this aspect
of problem difficulty. Furthermore, how can we improve the
algorithm to recognize correct partition of population ear-
lier in the run such that the population requirement can be
reduced. These questions need further investigations, and
we are currently working toward these directions.
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[14] C. Hocaoğlu and A. C. Sanderson. Multimodal
function optimization using minimal representation
size clustering and its application to planning
multipaths. Evolutionary Computation, 5(1):81–104,
1997.

[15] J. H. Holland. Adaptation in natural and artificial
systems. MIT Press, Cambridge, MA, USA, 1992.
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