JOURNAL OF INFORMATION SCIENCE AND ENGINEERING 15, 153-164 (1999)

Short Paper

Completeness of the LELS Inference Rule
in Automated Theorem Proving

CHUEN-HsUEN JEFF Ho
Department of Computer Science
Chung-Cheng Institute of Technology
Tao-Yuan, Taiwan, 335, R.O.C.
E-mail: jeffho@cs.ccit.edu.tw

The Extended Linking Strategy (ELS) is a hyper-style strategy whose underly-
ing principle is to control and perform (extend) a series of standard resolution on
clauses. However it may be treated as a unique inference rule that serially links several
resolution steps into one. We define links and clause chains, and introduce the ideas
of ELS with left merging (LELS). We also presented the soundness and completeness
proofs for ground LELS and use a fundamental theorem of logic (Herbrand’s theorem)
and facts about the unification algorithm to show that LELS is, in fact, complete for
first-order predicate calculus. Some experimental results are included. Employment
of LELS not only prevents an automated proving program from producing too many
new clauses, but also enables it to draw in fewer steps conclusions that typically require
many steps when unlinked inference rules are used.

Keywords:extended linking, left merging, clause chain, cycling, refutation complete-
ness, induction proof

1. INTRODUCTION

The Extended Linking Strategy (ELS) for resolution theorem proving [1], which will
be discussed in the following sections, is related to existing, well-known hyper- and
linking-strategies, the goal of which is to produce inference schemes that take larger and,
hopefully, more “relevant/interesting/etc” inference steps. ELS was developed to deal with
two existing problems in the Automated Theorem Proving field. The first problem we
deal with is that, given an initial set of clauses and a set of inference rules for generating
new knowledge from these clauses, automated reasoning systems may generate a poten-
tially infinite number of possible inferences. In general, only a small subset of the pos-
sible inferences of an automated reasoning system is useful.

The other problem is the restrictions in the existing reasoning rules. For example,
unit clauses (or satellites) must be included in the initial clause set in order for UR-reso-
lution [2] (or Hyper-resolution [3]) to be applied. Without unit clauses, some rules cannot
be applied to the system at all. The user has relatively little control over which clauses the
program will focus on.
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1.1 Whatis ELS?

The idea of ELS can be stated as follows: a clause chain consists of two or more
clauses linked together to combine a series of resolutions into a single step to produce a
single resolvent. ELS is similar tdyper-resolution[3], UR-resolution[2], linked
UR-resolutionf4] and the like. Hyper-resolution resolves, in a single step, a nucleus clause
with one of more satellite(unit) clauses. This is an example of branching. Branching means
that a given clause may be resolved with any number of other clauses during a single reso-
lution step.

ELS uses chaining rather than branching. ELS starts linking from a Clateselause
C, by connecting a literal o€, and its counterpart i€,. It then picks one of the
remaining literals inC, and links toC,, etc. until it reaches the last clauSg The
unification follows thedirection of the chaining. All intermediate clauses are linked to
exactly two other clauses (the immediate predecessor and immediate successor).

Following is a set of claus&¥ which will be used for illustration purposes through-
out the definition sections. L& = {~P(a), P(y)~M(y)R(b), M(2)R(c)Q(X), ~R(Y)T(Y)Q
(b), - T(X)P(Y)}. Note thatM, P, Q, R, T are predicates, b, c are constants, angly, zare
variables. A link connecting a literal of one clause with a unifiable literal of the opposite
sign in another clause is called Ridink and is denoted byTR_, . Note that we use a
directed arrow to emphasize the directed nature of chains in ELS even though resolution is
not directional itself. For example, clauses 1 and 2 can be linked togethet R@nto
P(y) with a unifieraly, -P(a) 0} _, P(a)~M(a)R(b).

A clause chain of lengtti is a sequence of claus@s ..., C4 such that
a. theC/’s are all distinct instances with separate variables;

b. there is exactly on-link from C; to C,,, for each i;

c. eachR-link inherits the unifiers of variables from previous ones;
d. no twoR-links are incident with a common literal.

For example, le€, be the clauseP(a) in S*. Then, a clause chain of length 4
without merging can be constructed from it as follows:

- P(a) - P(y)R(b)=-M(y) unifier aly
- M(@Q(XR(c) unifiera/z
R ~R(Y)Q(b)T(y) unifier cly
o " TPY) unifier c/x, aly. 1)

The clause in a chain with no incomiRgink is the START clause. The clause with
no outgoingR-link is the END clause. The remaining clauses are intermediate clauses.
For example, in clause chain (¥)P(a) and-T(X)P(y) are the START and END clauses,
respectively. ArR-path is a series @-links in a clause chain. The length of Reath is
the number oR-links in the path. Aravail-literal of a chain is a literal which has no
connection with th&-path. For example, thevail-literals of clause chain (1) is{b) Q
(b)}. Thedirection of the linking process is frold, to Cg; i.e., it follows the direction of
theR-links. In a clause chain, & =G, ..., G} a cycleis formed betwee@; andC;, where
i<k, j<k i#j, if there exists aR-link from anavail-literal of C, back to aravail-literal
of C.
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ELS clause chains will not be allowed to be cyclic. The prohibition of clause cycling is
necessary to assure that the linked clauses correspond to a sound deduction and to enforce
the linking restrictions in order to avoid tautologous results.

1.2 Chaining and Left-Merging

Merging of identical and unifiable literals is allowed during the chaining process.
Left merging is similar to thenerge bacloperation used in OL-resolution[5]. Left
merging keeps the very first occurrence of a literal and deletes the identities appearing at
other clauses of a growing clause chain. For examl®, of C; in clause chain (1) is
left-merged byQ(x) of C, with unifier b/x. Following is the formal definition of Left-
Merging.

Definition: A literal L of a clauseC; in a chain & is left-merged with a literl of C,
<iin &if L is not in theR-path and., L' are unifiable with a unifieo.

Definition: ELS with Left-merging is denoted as LELS. A clause chain established by
applying LELS is an LELS chain.

Definition: Let & be a chain, and I€; be a clause in & RLST) is the sequencd.{,
..., Lig} of literals fromC,, j <i, C; O & with outgoingR-links. For example, RLST) in
(D) is  {HP(@), ~M(@), R(c), T(c)}-

Definition: A literal L of a clauseC,; in a chain& is backward-deleted byL of a clause
C,j <iif ~Lis an element of RLST). For example, in clause chain (1), the litég))
of C, is backward-deleted byP(a) of C, with unifier aly because.P(a) O RLST(C,).

Definition: A literal is called dreeliteral during a chaining process (after unification
and substitution) if it is aavail-literal and is neither a left-merged nor a backward-de-
leted literal. For example, tHeee literals of clause chain (1) aR{b) andQ(b).

The termination conditions of an LELS chain play a very important role in proving
theorems. A chain without termination cannot have a resolvent. It also destroys the
completeness properties in proofs. When a chain terminates, its Clause Chain Resolvent
(CCR) can be generated by resolving alongRkmath of the chain. > CCRmeans to
derive the resolvent of a chain. Resolving a clause chain is collecting tiéefigerals
in the chain; ie., the CCR is the disjunction of thiese literals.

Definition: Let & be a chain, and l&E; be a clause in & FREE() is a set ofree-
literals collected from everg, (0 &, k<i. For example, in clause chain (1), FREBRE

{R(b), Q(b)} and FREEC;) = {R(b), Q(b)}.

A clause chain & =¢,, ..., C} with chain length limitd ends ifC, is
1. a unit clause; or
2.a non-unit clause with FREE()-FREEC,_,) = {}; or
3. a non-unit clause with FREE)-FREEC,_,) # {} and
3a. a cycle is formed; or
3b. FREEC) n RLST(C) # {}; or
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3c. no more target clauses are available in the search space; or
4.the END clause becauke= d.

Conditions 1 and 2 are obvious because there are no more literals IEfttéor
continue the linking. For example, in clause chain (1), FREEKREEC;) = {}. C, has
no free-literals left for further linking. ConditionaBis set for avoiding tautologous results.
Condition 3 is used to prevent possible infinite chaining with repeated clauses. This is a
special restriction used for LELS. Conditioni8 applied when no available clause in the
search space can link wit) either because it is excluded by conditioagBd D or it has
no connection witlC,. Condition 4 is an optional condition, controlled by the program
user.

2. GROUND LELS

Propositional (or ground) LELS is applied only to ground clauses. It leads naturally
to a general principle of LELS for first-order clauses to be discussed later. It is, thus,
natural to introduce first-order LELS by first expressing the rule at the simpler ground
level.

Definition: A ground LELS chain is an LELS chain containing only ground clauses.

Definition: LetSbe a ground set ar@l] S An LELS-derivation fronSis a sequence
of clause chains &..., &, with asR,, ..., R, the CCRs satisfying the following conditions:

1. &, is a chain starting witg.
2. &;,; is a chain starting witR,, i >= 1.
3. Each & satisfies one of the chain termination conditions.

Definition: A clause chain & =€,, ..., C} is a contradictionif it has nofree-literals,

FREEC) ={}.

Definition: An LELS-refutation ofSis an LELS-derivation of a contradictory chain.
Equivalently, it is a derivation whose last chain resolvent is the empty clajse/é
denote it byS > [

Most of the theorems in this paper are proved by usingSgigting Ruleof
Davis and Putnam[6]: L& be a ground set, and Rtbe an atom occurring i® Scan be
put into the fornP OA,, ..., POA,, -P0OB,, ...,-P0OB,, C,, ..., C,whereA, B, andC; are
free ofP and-P. LetS ={A,, ..., A, C, ..., C}andS,={B,, ..., B, Cy, ..., C}. Sis
unsatisfiable if and only if botB, andS, are unsatisfiable. Lé&{S) denote the number of
occurrences of literals i minus the number of clausesSn LetS be formed front by
deleting a literal from a non-unit clause. Thk{g) < k(S). Similarly, if S is formed
from Shy deleting a clause fro thenk(S) < k(S), and the comparison is strict if the deleted
clause is non-unit. Finally, I&(S,) be one of the sets formed by splitting for a minimally
unsatisfiable seb of clauses. Ik(S) > 0, therk(S) <k(S) fori =1, 2.

Lemma 1: LetC,, ..., C, be ground clauses, and let&{C,, ..., C} be a clause chain.
Let | be an interpretation. If | satisfies each @en | satisfies the CCR of &
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Proof: Because computing the CCR from the clauses of the chain involves backward
deletion, the proof is not a trivial consequence of the soundness of ordinary resolution.
The proof is by induction on the lendttof &.

Base Casek = 1. In this case, the chain is ju§l{ C;}, and the CCR is just an ordinary
binary resolvent. The result follows from resolution theory.

Induction Case:k > 1. Suppose the result is true for chains of length leskth@hen,
the chain resolvent CGRof {C,, ..., C._j} is satisfied byl. Now, in computing the CCR
for &, one literal from CCR, (in fact fromC,_,) is chosen to resolve with a literal from
C.. Letthe chosen literal b& and letC, be-P 0L, O0... OL,. By hypothesid, satisfies

Ce

a. If | makesP false, then some other literals of CCRmust be true, and these
literals also occur in CGR Clearly, CCRis satisfied by.

b. Suppose now thdatmakesP true. Then, one of the literals, must be true
becausé satisfieC,. If any such_,, remains in CCR then again satisfies CCR
The only way this can fail is if each suchis backward-deleted. Far,to be
backward-deleted, there must have been cla@isasdC,,, earlier in the chain
such thaC, =-L,,0 C' andC.; =L, 0 C,,, and theR-link from C; originated

from =L, Moreover, sincé,, is true inl in this subcase, some other literalf

must be true, sayl.

b,. Some trueM from C, is not itself backward-deleted. If such Binis not
backward-deleted, then either it occurs in GORIt is left-merged or
resolved because every n&link must emanate from faee-literal of the
most recent clause in the chainMfoccurs in CCR thenl satisfies CCR If,
in fact,M had been resolved, théhwould occur on RLSTE) to the right of
=L, from CCR. Thus,L; would, in fact, occur in CCRandl would satisfy
CCR.

b,. If all the true literals oC; were themselves backward-deleted, then by the
induction hypothesis, CGi satisfied by. RecallC, =-L,0M;0...0C’,
whereM, are all the true literals @;. (Recall, that, was assumed to be true
inl.) Therefore, some true literal from claudg v <i must occur in CCR
This literal can now play the role bf in b;. O

The intention behind the application of LELS is to derive a contradictory chain from
a ground clause set, thus proving the inconsistency of the set; this then proves the
unsatisfiability of the set, given that LELS is sound. Soundness can be stated as follows:

Theorem 1:LELS is sound

Proof: Trivial because the CCR of each LELS chain is formed from the clauses by using
R-links to resolve literals with opposite signs, i.e., a sequence of ordinary resolutions.

Example 1: Following is a minimal unsatisfiable ground set:

1.L-M 2.-L-P 3.L-Q 4.-L-R
5.NMQ 6.NPR 7.-N-T 8.T
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Solutionby LELS: If 5.{N M @} is selected as the START clause, then the LELS-derivation
of the set can be derived as the follows:

NMQ . -QL of. -~L-Pf. PNR[f_ -R-L

The chain terminated on clause 4R -L}, because-L is backward-deleted
(termination condition 2)N is a left-merged literal. By collecting literdisandM, RLST
(C) ={Q, L, =P, R}, FREE(C,) ={N, M}. The newly derived clause\ M} is assigned to
be clause 9. From it, we can construct another LELS chain:

NM TR, -ML q®, -L-P R, PNR[}. -R-L.

RLST(C,) ={M, L, =P, R} and FREE(C,) = {N}. {N}is resolved as clause 10 and
starts the contradictory chain:

N R, -N=T ., T.

3. THE LELS COMPLETENESS PROPERTIES

We can prove the completeness of LELS resolution in two steps. Because the cycle
termination property requires special consideration, we first prove the completeness of a
modified LELS in which the cycle termination condition is not used.

3.1 Ground Cases
Definition: Simple LELS (SLELS) resolution is LELS in which cycle terminations are ignored.

Thus, chains are terminated in SLELS only when there afre&bterals in the last
clause from which to generate anotReink.

Theorem 2:Let She a minimally unsatisfiable set of clauses. dte a clause df and
let P be a literal oD. There exists an SLELS refutation®$tarting fromP in D.

Proof: The proof is by induction ok(S).

Base case&k(S) = 0. Then,S consists of two conflicting unit clauses, and the proof is
trivial.

Induction case: k(S > 0. Assume that the result holds for any minimally unsatisfiable
setS with k(S) < k(9). Let the clauses &beP OA,, ..., PUOA, -P OB, ...,~P OB,
C., ..., G, as usual, and suppoBes the claus® OA,. There are two subcases.

a. A, is empty. Then, the unit clauBeoccurs inS, and there are no other clauses
containingP. Consider the s&, = {B,, ..., B, C;, ..., C}. S is, in fact, also
minimally unsatisfiable, and of courg&ES)) < k(S). By induction, there is an
SLELS refutatiorR of S, starting from some literal iB,. Let the chains dR be
&, ..., &. We will consider these chains one by one. Let the first chain bB,&
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If- ... 1*- D, whereD,isthe END clause. Now, we appetidto all theB,
clauses used in this chain and append a Rdink to the beginning of &as
follows: P ®_, -POB1 1®_, ... (If_ D,, where eaclD, is eitherD, or
D; O-P. By the definition of LELS, altP in eachB, as well in eactd, 0-P
clause are immediately backward-deletedPldyecause P is in RLSTD,). Itis
clear that the chain resolvent formed at the point wRéseadded is exactly the
same as the resolvent up to the corresponding point.irée now repeat the
argument for the remaining chains.

b. A is not empty. LeQ be a literal ofA,. ThenD is the claus® Q[ A . Let S
andsS, be the split sets obtained by splitting@pand letS,,, andS,,, be corre-
sponding minimally unsatisfiable subsets. Again, noteRlatA must be ir,,.
k(S <k(9), so by induction, there is an SLELS refutati®of S, starting from
Pin P OA,. Now, addQ back to all the clauses from which it was deleted.
Consider the first chain @, &,. Again, following our remarks about literals in
FREEQD), it is clear thafQ remains in & Moreover, if any other clause in that
chain gets the literdD added back, it will be left-merged. Of course all other
mergings will be exactly the same as before. Thus, all occurrencg suef
merged, and no other literal in, &hat was not merged before will be newly merged.
This means that for each clau3gein this chain, exactly the same literals as be-
fore are available for linking; and therefore, each forR¥#nk can still be made.
Finally, the last clause has no literals available for linking, eveRQifras added
back to it. The result is a modified chain which has exactly the Bdinks and
whose resolvent i® 0 CCR&,). Again, the same argument can be repeated for
the remaining chains & The result is an SLELS deductiBhof the unit clause
Q. We will now consider the s& formed by deleting all clauses containiQg
and adding the unit clausg LetS, be a minimally unsatisfiable subset®f
Again, Q must occur irS,. Because there is at least one non-unit clause om
containingQ (namelyP 0Q O A), k(S)) <k(S), by induction, there is an SLELS
refutationRQ of S, starting fromQ. Then, the refutation formed by appending
RQto R is an SLELS refutation d& starting fromP in D. ]

Theorem 3: Let Sbe a minimally unsatisfiable set of clauses, an®lbe a clause i
with literal P. Then, there is an LELS refutation®$tarting fromP in D.

Proof: According to the previous theorem, there is an SLELS refutatiSistaiting from

PinD. Ineach chain e can trace the chain to find possible cycle termination conditions.
Whenever one is found, the chain is broken at a certain clause, a CCR is formed, and a new
chain starting from that chain resolvent using the same links as in the original chain is
begun. Clearly, the final resolvent for any such broken chain is the same as before. Of
course, the resolvent for the last chain of the original refutation is, then, still the empty
clause. []

3.2 First Order Cases
The proof for ground clauses may be lifted to first-order clauses by means of the

standard “lifting lemma” explained in [7]. This lemma statesftrainy ground instances of
clauses C and Deach of their resolvents are instances of some resolvent of C.a8mee,
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according to Herbrand’s theorem, a set of clauses is unsatisfiable if and only if there is a set
of ground instances of them that is unsatisfiable, the lifting lemma assures that use of the
most general unifier is sufficient to achieve completeness. Note that the standard lifting
lemma did not handle any merging situation. As stated in section 2, the ground LELS carries
the left merging and possible cycle termination in a chaining process. For first order cases,
there will be no forced merging on two literals unless they are identical.

Lemma2: If C,,..., C, areinstances d@,, ..., C, respectively, and i is a CCR of
a clause chai&' of C('J Y eeey C; , then there is a CCRof & of C,, ..., C, such thaR is an
instance oR.

Proof: Assume that the variables are all distinct. Rt ..., R be the literals in the
RLST of&'. Lety be the substitution that ma@sonto ci' i =0.r. We construct a chain

& starting fromC,. LetR, be the set of literals frod, mapped ontcR, in C, by y. Let

= R, be the set of literals fro®, mapped onte: R} in C, by y. We form the resolvent in

the normal way wittg, as mgu. If there were any left-merged literals, then it is necessary
to unify the corresponding literals by additional substitution. 7} be the final substitution.
Clearly, 1, A, = yfrom someA,. Now, if there was a termination condition in, &en
there will be a corresponding termination condition in the first-order chain being
constructed. For example, if dtee-literals ofc, had been left-merged, then all the
literals of C, would have been optionally merged too. Similarly, if a Iiterad;lin formed
a cycle, the corresponding literal(s)©f would (after unification) still form a cycle. If
there was no termination in'&hen we extend the first-order chain using the same process.
At each step, there will be)asuch that; (A, = y. Thefree-literals remaining in the first-
order chain will map ont® by means of the ladt A,. O

Theorem 4: A setSof clauses is unsatisfiable S > [.

Proof: (0 )As a consequence of the Herbrand theorem, there exists a finite unsatisfiable
setS of ground instances &sinceSis unsatisfiable. Then, the theorem holds by lifting
Theorem 2 and Theorem 3 | Clearly, first-order LELS is also sound. O

Example 2: The following clause set is transformed from the premises: Custom officials
searched everyone who entered this country who was not a VIP. Some drug pushers en-
tered this country, and they were only searched by drug pushers. No drug pusher was a
VIP. Conclusion: Some of the custom officials were drug pushers.

1. Pushefa) 2. = Enter(x) VIP(x) Custonf(x))

3. Enter(a) 4. - Entern(x) VIP(X) Searche¢k, f(x))
5. =Searche(h, y) Pushefy) 6.-Pushe(x) =VIP(x)

7. = Pushefx) — Custontx)

Solution by LELS: Note that clause 7 is the denial of the conclusion. That is, if someone

is a drug pusher, then he is not a custom official. Using standard resolution methods, a
proof was found in eight steps, and seven new clauses were generated and added back to
the clause set. By applying LELS to this problem, the proof was found in two chains with
Pushe(a) as the START clause. Following is the constructed chain €gto C; after
renaming of the variables:
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Pushefa) T, -Pushe(x) = VIP(X)
- VIP(y) -Entery) Searcheg, f(y))
- -Searchefh, z) Pushe(2)
rf_ -Pushefw) - Custonfw)
If_ Custon{f(u)) VIP(u) = Enter(u).

After the unification process, the most general unifierxXoy,(z, w, u) was found to
be @, a, f(a), f(a), a) and RLSTC;) = {Pushefa), - VIP(a), Searchefa, f(a)),
Pushef(f(a)), - Custom((a))}. -Enter(a) of the END clause is a left-merged literal, and
VIP(a) is backward-deleted becaus¥IP(a) O RLST(C;) and FREE(Q = {-Entera)}.
The contradiction is then immediately found by linkingnter(a) to Ente{a). We have
proved the conclusion that some of the custom officials were drug pushers in two chaining
steps, and only one new clause was generated.

4. RESULTS AND COMMENTS

The problems we experimented with are taken from group theory, Boolean algebra,
and Puzzle problems. They were chosen because they have received repeated attention in
the literature [1, 4, 8, 9]. The primary purpose of the experimentation was to investigate, if
possible, the conditions under which LELS would perform better than other hyper
methods. The second purpose was to determine a better way of exploring the search space.
All of the experiments were performed on a Sparc-10 machine. The LELS-based auto-
mated theorem prover was implemente@€ilanguage.

The problem shown in the following is the ancestor problem. From the relation-
ships among Alex, Beth, Carl, Elliott, David, and Frank, we seek to prove that Alex is
Frank’s ancestor. Parertf/) means that is y's parent and Ancestor(2) means thay is
an ancestor af. In our experiment, the empty clause can be reached by forming 3 chains
if we use Parenffavid, Frank) as the START clause. Only 3 new clauses were produced
while other unlinked methods generated more then 10 clauses. The result and comparison
are shown in Table 1.

. Paren{Alex, Beth

. Paren{Alex Carl)

. Paren(Beth Elliott)

. Paren{Carl, David)

. Paren{David, Frank)

. mAncesto(Alex, Frank)

.= Parentx, y) Ancesto(x, y)

.= Parent(x, y) =Ancesto(y, z) Ancesto(x, 2)

O~NO OIS WNPE

Table 1. A comparison of results of the ancestor problem.

Method LELS UR-resolution Hyper-resolution
Start clause 5 - -
Clause generated 3 13 10
Clause kept 11 21 16
Empty clause 1 1 1
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Another problem we included comes from Group thebma group if the square
of every element is the identityhe group is commutativeThe statemen®(x, vy, 2)
will mean that the product of andy is z, in the group being studieda, b andc are
constantsx, y andz are variablese is identity. The results and a comparison are shown in
Table 2.

1. P(e, x, X) left identity
2. P(x, €, X) right identity
3.P(X, X, € XX=e
4.-P(x, Y, u) =P(y, z, v) = P(u, z, w) P(x, v, W) associativity
5.=2P(x,y, u) = P(y, z, V) = P(X, v, w) P(u, z, w) associativity
6.P(a, b, c) denial
7.-P(b,a,c) denial
Table 2. A comparison of results of the group theory problem.
Method LELS UR-resolution Hyper-resolution
Start clause 6 - -
Clause generated 39 270 350
Clause kept 45 39 39
Empty clause 1 1 1

From the above results of the two selected problems, one can easily observe that
LELS generates many less new clauses than do the other un-linked methods. The LELS
inference rules clearly comprise a hyper-type inference system. Many researchers have
listed potential benefits of hyper-type inference rules: larger inferences are made in a
single step; fewer clauses are actually added to long-term memory; clause processing,
such as demodulation and subsumption checks, are made less often and on potentially
more “useful” clauses [3, 4, 9]. LELS is, however, quite different from other hyper methods.

It does not have the syntactically oriented restrictions of positive/negative hyperresolution.
UR resolution has similar restrictions [2, 10], which require that the end result be a unit
clause. There are some aspects in common with the linking methodology because LELS
can link in a chain through any number of 2-clauses (clauses with exactly 2 literals).
However, unlike linked-UR resolution [4], LELS concentrates only on one selected literal
of the START clause in a clause chain.

LELS explores the search space according to the termination conditiofreethe
literals on hand and the current merging situations. LELS has several aspects in common
with linear resolution and its variations. Any one chain is a linear deduction in which the
selected literal always comes from the most recent side clause. However, by terminating
a chain and forming a resolvent, we make a breadth-first component available to the search.
LELS allows all chains starting from the original start clause to interact after they are
generated. In this sense, the LELS method is a cross between pure linear [11] and set-of-
support resolution [12]. As observed from the experimental results shown in Table 1 and
Table 2, every newly generated clause became a candidate for a the future chaining targets
(linking support). Table 3 lists the LELS preliminary experimental results.
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Table 3. The preliminary LELS experimental results.

Tested Clause Clause Clause Clause Clause
Problems [3] used produced |demodulated subsumed kept
t1(Horn) 9 4 0 2 9
t2(1) 8 4 0 9 3
School puzzle 15 15 0 16 15
Ancestor 8 3 0 0 1
G1(group) 7 39 0 2 45
G2(group) 9 124 6 69 64
G3(subgroup 16 338 45 169 173
Sam’slemma 31 3689 0 3402 287
Salt & muster, 63 1780 0 1039 741

5. CONCLUSIONS

In this paper, we have focused on the extended linking strategy with left merging for
automated theorem proving. We have presented the detailed formalism and definition of
the strategy. LELS is sound for any clause set. It has also been proved that LELS is
refutation complete for any ground sets. We have also proved that LELS can be lifted and
applied to first order calculus. The use of LELS can have a dramatically positive effect on
program performance by occasionally reducing the searching time required to complete a
proof by a large factor. Also, it can reduce the search space of a program because a vast
amount of rarely needed information is avoided (not generated) during the linking
process. We have included our experiment results for selected problems and found that
LELS proves theorems by generating fewer new clauses than other un-linked methods.
Compared to the restrictions of the existing reasoning rules, LELS has relatively higher
control over which clauses the program focuses on. Finally, we suggest that LELS be used
with the help of other heuristic strategies, such as weighting and targeting, to ensure the
efficiency of the automated theorem proving programs.
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