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The goal of dynamic hashing is to design a function and a file structure that allow the
address space allocated to the file to be increased and reduced without reorganizing the
whole file.  In this paper, we propose a new scheme for dynamic hashing in which the
growth of a file occurs at a rate of  s

t  per a full expansion, where s and t are given integers
and s

t  is smaller than two, as compared to a rate of two in linear hashing.  (Note that s is
used to denote the number of pages of a file before any split occurs in a full expansion, and
t is used to denote the number of pages of the file after a full expansion is finished through
a number of split operations.) Therefore, extended spiral hashing can maintain more stable
performance through file expansions and has much better storage utilization than does lin-
ear hashing.  Basically, the proposed scheme is based on a modified spiral storage approach,
in which the load distribution is uniform after a full expansion.  Therefore, extended spiral
hashing can also provide better performance than can the original spiral storage approach.
Moreover, we have used a modified separator strategy for overflow handling such that
retrieval of any data record in extended spiral hashing is upper-bounded by two disk accesses.
From our performance analysis and simulation, extended spiral hashing can achieve nearly
96% storage utilization as compared to 78% storage utilization using linear hashing and
88% storage utilization using the spiral storage approach.

Keywords: access methods, dynamic storage allocation, file organization, file system
management, hashing

1. INTRODUCTION

The goal of dynamic hashing is to design a function and a file structure that can adapt
in response to large, unpredictable changes in the number and distribution of keys while
maintaining fast retrieval time [6].  That is, the address space allocated to a file can be
increased and reduced without reorganizing the whole file.  Over the past decade, many
dynamic hashing schemes have been proposed.  These dynamic hashing schemes can be
divided into two classes: one class needs an index, the other class does not need an index.
Extendible hashing [1, 9, 20, 25, 29] and dynamic hashing [12, 33, 34] belong to the first
class.  Linear hashing [7, 8, 13-15, 17-19, 21, 22, 26, 30-32] and spiral storage [5, 10, 11,
24, 27, 28] belong to the second class.
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Among these dynamic hashing schemes, linear hashing dispenses with the use of an
index at the cost of requiring overflow pages.  The first linear hashing scheme was pro-
posed by Litwin [19].  In linear hashing, a file is expanded by adding a new page at the end
of the file when a split occurs and relocating a number of records to the new page by using
a new hashing function.  The new hashing function doubles the size of the address space
created by the old hashing function.  Therefore, after a full expansion (defined in Section
2), the number of pages is doubled.  With two hashing functions active at a time, a file can
be expanded without reorganizing all of the records.

Since in linear hashing, all the records on a split page will be redistributed among that
page and a new added page at the end of the file, storage utilization of that page will sud-
denly drop to only half of the original storage utilization.  Moreover, this phenomenon will
cause the performance in terms of access time and storage utilization to oscillate after an
expansion.  To maintain stable performance throughout file expansions, many strategies
have been proposed [2-4, 13, 15, 18, 30].  Among these strategies, linear hashing with
partial expansion as first presented by Larson [13, 15] is a generalization of Litwin’s linear
hashing [19].  This method splits a number of buddy pages together at one time, and the
data records in each of those buddy pages are redistributed into the related old pages and
the new added page (called a partial expansion).  That is, doubling of the file (i.e., a full
expansion) is carried out by means of a series of partial expansions.  In [30], Ramamohanarao
et al.  proposed another way to perform partial expansions, in which data records in all of
the buddy pages are redistributed into the old pages and the new added page.  Larson [18],
Lorentzos et al.  [22] and Ruchte et al.  [32] presented other strategies to maintain stable
performance through out file expansions by changing the expansion sequence.

Martin’s spiral storage [24, 28] is a different approach to dynamic hashing without
using an index, in which the logical address space of a file can be visualized as shrinking on
the left and growing on the right.  That is, when a file is expanded, records in a page on the
left are moved to a new larger space on the right in terms of the logical address space.
Moreover, a logical to physical address mapping strategy is employed to re-use space freed
on the left for physical implementation.  Unified dynamic hashing [27], modified unified
hashing [10] and cascading hashing [11] have also proposed based on an idea similar to that
of Martin’s spiral storage.

In this paper, we propose a new scheme for dynamic hashing in which the growth of

a file occurs at a rate of 
s
t  per full expansion, where s and t are given integers and s

t  is
smaller than two, as compared to a rate of two in linear hashing.  (Note that s is used to
denote the number of pages of a file before any split occurs in a full expansion, and t is used
to denote the number of pages of the file after a full expansion is finished through a number
of split operations.) Like linear hashing, the proposed scheme (called extended spiral hashing)
requires no index; however, the proposed scheme may or may not add one more physical
page, instead of always adding one more page in linear hashing, when a split occurs.
Therefore, extended spiral hashing can maintain more stable performance through file ex-
pansions and has better storage utilization than does linear hashing.  Moreover, while Mar-
tin uses an exponential spiral, our scheme uses a linear spiral.  Based on an exponential
spiral, the expected density of records at the left end of the file is highest and decreases
from the left side to the right side of the file; i.e., the load distribution of the pages is not
uniform all the time [24].  As compared to the exponential spiral approach, our extended
spiral scheme not only reduces the address calculation cost, but also can provides a much
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more uniform load distribution due to the linear function.  To reduce the number of disk
accesses for overflow records, extended spiral hashing applies separators [16], which makes
use of a small in-core table to direct searching so that the records in the overflow pages can
be retrieved in one disk access.  Therefore, the retrieval of any record in extended spiral
hashing is guaranteed to be in at most two disk accesses.  From our performance analysis
and simulation, extended spiral hashing can achieve nearly 96% storage utilization as com-
pared to 78% storage utilization using linear hashing and 88% storage utilization using the
spiral storage approach.

The rest of this paper is organized as follows.  Section 2 describes the basic idea of
extended spiral hashing.  Section 3 gives a formal description of extended spiral hashing.
Section 4 presents the performance analysis for extended spiral hashing.  Section 5 dis-
cusses the simulation results of extended spiral hashing, and compares them with those of
linear hashing [19], linear hashing with partial expansions [13], Ramamohanarao et al.’s
dynamic hashing [30] and the spiral storage approach [28].  Finally, Section 6 presents
conclusions.

2. BASIC IDEA

In this section, we describe the basic idea of extended spiral hashing.  For convenience,

we describe the case of 2
3=

s
t .  In a dynamic hashing scheme without use of an index, the

data records are stored in chains of pages linked together.  A page split occurs under certain
conditions, for example, whenever the number of records exceeds a positive integer value.
Based on the spiral storage approach, given a data record with a key K, the physical address
can be derived by the following steps:

),(_)(_)( PaddressPhysicalYaddressLogicalXKmK →→→→

where m(K) is a hash function which distributes the records uniformly on the interval [0, 1).

The value of X is derived from the function X=c−m(K)+m(K), where the parameter c is
fixed by the file size. c increases as the file size increases.  The range of X is always one unit
from c to (c + 1) (i.e., X ∈[c, c+1)).  During file growth or contraction, the variable c is
incrementally readjusted.  The function X can be seen graphically in Fig. 1.  Note that as the
value of c changes, the interval of the X values stays, but the starting and ending values are
c and (c + 1), respectively.  A logical address Y is computed using a growth function
f Y f x: ( )=   .  As can be seen in Fig. 2, where y = f(x) = 2x, the growth function f permits

the range of X to grow as the value of parameter c increases.  The effect of the function is,
therefore, to increase the logical space dynamically.

In extended spiral hashing, let a split pointer first point to the next logical page to be
split (i.e., first is the logical page number of the first page in the current file), and initially,
let split pointer first point to page 0.  When a file is split, the value of c is readjusted to
eliminate the first page in the following way: c′=f –1(first+1).  All the records in the old first
page are logically remapped into a new larger space at the end of the current file.  Thus,
both file boundaries move.  A full expansion occurs when a split occurs in a page next to
which is a new added page.  A level (denoted as d) is defined as the number of full expan-
sions which have occurred so far and d = c.  In each level d, the pages are split in order
from the small number to the large number of pages.  After all the pages in the current level
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Fig. 2. The growth function y=f(x)=2x.

Fig. 1. The X function.

d have been split, i.e., after a full expansion, the value of level d is increased by 1.  For each
level d, yd or yd+1 is used to locate a page, depending on the current value of c, where yd is the
growth function used in level d.  (Note that if m(K) < (c - d), i.e., the page where data record
with key = K is stored has been split, then yd+1 is applied; otherwise, yd is used.)

In extended spiral hashing, given 2
3=

s
t as the growth rate per full expansion and the

number of initial page s0=2, the growth function can be viewed as shown in Fig. 3, where
each individual line represents different levels.  For example, initially (i.e., level 0), there
are two pages.  After a full expansion occurs (i.e., after the splits in level 0 are finished),



EXTENDED SPIRAL HASHING FOR EXPANSIBLE FILES 247

there are  32
32 =×  pages.  Next, after one more full expansion occurs (i.e., after the splits

in level 1 are finished), there are 2
9)

2
3(2 2 =×  pages.  Based on those individual lines in

Fig. 3, we can derive the related growth functions y = f(x) as shown in Fig. 4 (described in
dtail in Subsection 3.1) and their related inverse functions  x = f –1 (y).  Table 1 shows the
relationship between the growth of the logical address space Y, where Y = y, and the size
of the current file n (described in detail in Subsection 3.1).  (Note that both file boundaries
move as n is increased.) Since many computer systems would have difficulty with a file
where both boundaries moved, a logical to physical address mapping is employed to re-use
space freed on the left.  In our approach, we always re-use the freed physical page for the
last newly added logical page as shown in Table 2, where P is the physical address and n is
the size of the current file.  For example, in Table 1, when n is increased from 2 to 3,
logically, page 0 is split into pages 2 and 3.  However, as shown in Table 2, physically,
when n is increased from 2 to 3, the freed physical page 0 is re-used for the new added
logical page 3 (described in detail in Subsection 3.1).

Fig. 3. The growth function y = f(x) when s0 = 2 and s
t  = 2
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Table 1. Existing logical page numbers Y when s0=2 and .2
3

s
t =

Table 2. Placement of logical pages when s0=2 and .2
3

s
t =

In general, when an insertion causes a split, the data records in page first will be
redistributed to pages last and (last + 1), pages last, (last + 1) and (last + 2), or pages (last
+ 1) and (last + 2) according to the value of m(K), where last is the logical page number of

the last page in the current file and is equal to ( ( ( ) ) )y y firstd d
− +  −1 1 1  (described in Section

4).  Moreover, there are at most s t
s

d
0 ( )   pages in level d, where s0 is the initial file size
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ands
t is the growth rate of file.  In extended spiral hashing, since the growth rate per full

expansion is smaller than 2, this scheme can maintain more stable performance through file
expansions and provide better storage utilization than can linear hashing.

3. THE ALGORITHMS

In this section, given s
t , we will give a formal description of the address computation

algorithm for extended spiral hashing.  We will also describe retrieval, insertion, file split,
deletion and file contraction algorithms used in extended spiral hashing.  In these algorithms,
the following variables are used globally: (1) b: the size of a home page in number of
records; (2) w: the size of an overflow page in number of records; (3) first: the split pointer
and the initial value = 0; (4) d : the level, i.e., the number of finished full expansions and the
initial value = 0.

3.1 Address Computation

Let s0 be the number of pages in the file initially, s
t  be the growth rate of a file, and

l be the level number.  Then, the relationship between growth function yl for each level l and

variables s0, s
t

 and x can be computed in the following way by observing the relationship

shown in Fig. 3:
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Let x be l+m(K); then yl  can be rewritten as follows:

).))(()((0 st
sKm

st
s

s
tsy l

l −−+−=

Since the value of  yl may not be an integer, we let Yl = yl be the logical address.
Moreover, the relationship between yl  and yl-1  can be derived as follows:

y t
s y s t

sl l
l= + −−( ) ( ( ) ).1 0 1

To compute the final home page number (i.e., the physical address) after d full
expansions, the function home_address is defined as follows:
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function home_address(K) : integer;
var

l, Y: integer;
c, x: real;

begin

c y first
l c m K
x l m K

Y y x

d

l

=
= − 
= +
=  

−1( );
( )

( );
( )

 ;

 ;

     home_address = physical(Y);
end;

In this function, we have to decide whether yd or yd+1 is to be used (i.e., l = d or l = d
+ 1).  Therefore, we must derive the current value of c first by means of the reverse growth

function 1−
dy  based on the current values of first and d.  Then, we let x be  c m K m K−  +( ) ( )

and the logical address Y be y xl ( )  . (Note that if m(K) < (c - d), i.e., the page where the
data record with key = K is stored has been split, then l = d + 1; otherwise, l = d.) Finally,
we call the following function physical(Y) to re-use space freed on the left side as explained
before:

function ( ) :  integer;
var
       real;
      integer;
begin
      if  
            
      else
      begin

             ;

             ;
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l l anc low anc high
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l Y
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l
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      end;
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The function physical(Y), given the value of Y, has to derive the current level l.  Since
the growth rate of the file is 

s
t , the following formula shows how Y is bounded after (l - 1)

full expansions:
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Therefore, given a value Y, l can be computed as follows:
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This function physical(Y), given a logical page Y, determines the related physical
address [28].  This requires determination of how the given logical address was instantiated.
There are three possible cases: (1) it was one of the original allocations; (2) it was a re-use
of a freed page on the left; (3) it was a newly allocated page.  If Y ≤ (s0–1), its physical
address is Y.  If the page was put into a newly allocated space, its physical address is the
number of pages which existed just before its creation.  If the page was put into a recycled
space, one determines its recycled ancestor and then recurs to find the first allocation for
the ancestor page.  This process involves finding the fractional page addresses, called the
ancestor range, which when deallocated can map keys to the logical page under consideration.
Fig. 5 shows this process graphically.  Consider page Y. the range of keys mapping to page
Y extends from the lower boundary at low up to high.  The range of keys which will be
remapped into page Y lies at boundaries one below from (low - 1) to (high - 1).  This is
because the active key space range is always one unit long from c to (c + 1).  One can map
from x back to the page ancestor addresses by means of the following computation:

lowest_ancestor = yl1-1 (low-1), and
highest_ancestor = yl2-1 (high-1).

The actual lower page is  ancestorlowestlowanc __ = , and the higher page is
 ancestorhighesthighanc __ = .  The ancestor range mapping to a page is always

smaller than one unit page.  This is true since a deallocated logical page is always mapped
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Fig. 5. Physical address mapping.

to a new larger space.  When a page is totally deallocated, that space can be immediately re-
used.  We need to determine whether the low ancestor address and high ancestor address
are within the same page.  Since pages always expand to a larger space, lowest_ancestor-
highest_ancestor < 1.  Thus if anc_high > anc_low, then page Y was instantiated from the
recycled page anc_low.  Otherwise, page Y was instantiated from newly allocated space.

If page Y was instantiated with a newly allocated page, one needs to know the number
of active locations when it was instantiated.  This is given by (Y - anc_low) since Y was then
the last page and anc_low was the initial page at that time.  If the page was instantiated from
a recycled page, the problem reduces to finding out how this recycled page was instantiated.
The address is always reduced and the recursion is completed.

3.2 Overflow Handling and Retrieval

In [18], Larson applied separators [16] for home pages to linear hashing to guarantee
that any data record can be retrieved in one disk access, where overflow records are distrib-
uted among the home pages.  This method, separators, is based on hashing and makes use
of a small in-core table, for each home page if needed, to direct the search.  To understand
what a separator is, let us define a probe sequence first [18].  Assume that all of the data
records are stored in an external file consisting of n pages, and that each of these n pages
has a capacity of b records.  For each data record with key = K, its probe sequence, p(K)=(p1

(K),p2(K),...,pn(K)),(n ≥ 1), defines the order in which the pages will be checked when a
record is inserted or retrieved.  That is, every probe sequence is a permutation of the set {1,
2,...,n}.  For each data  record with key = K, its signature sequence, s(K) = (s1(K), s2 (K), ...,
sn (K)),  is a q-bit integer.  (Note that q ≥ 1 and q should be large enough such that the values
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of the signatures of all the data records can be in {0, (2q–2)}[16,18]).  When a data record
with key = K probes page pi (K), the signature si (K) is used, 1 ≤ i ≤ n.  Implementation of p
(K) and s(K) is discussed in detailed in [16].  Consider a home page j to which r, r > b,
records hash.  In this case, at least (r - b) records must be moved out to their next pages in
their probe sequences, respectively.  At most b records are stored on their current signatures,
and records with low signatures are stored on the page whereas records with high signa-
tures are moved out.  A signature value which uniquely separates the two groups is called
a separator and is stored in a separator table.  The value stored is the lowest signature
occurring among those record which must be moved out.  (Note that a separator table has
two entries: one is a separator value, and the other one is a pointer to a page.  Also, the
initial values of separators are strictly greater than all the signature values.  For example,
using q bits as described above, the initial values of separators are set to (2q-1), meaning
that their corresponding pages are initially empty [16, 18].)

Since in [18], overflow records are distributed among the home pages, the costs of
file-split, insertion and maintaining separators will be high.  To avoid this disadvantage
and to efficiently search a data record stored in overflow pages, extended spiral hashing
also applies separators but only to overflow pages.  To apply separators to handle over-
flow pages in extended spiral hashing, we need the following modification.  Assume that
for each home page i, its overflow records are stored in an external file consisting of m
pages, and that each of these m pages has a capacity of w records.  For each overflow record
of home page i with key = K, let its probe sequence be pi(K) = (pi1(K),pi2(K), ...,pim(K)) = (1,
2, ..., m), m ≥ 1.  (Note that to increase storage utilization, we will probe overflow page j
only when overflow pages 1, 2, ..., (j - 1) are full.) For each overflow record of home page
i with key = K, let its signature sequence be si(K) = (si1(K), si2(K), ...,sim(K)).  When
an overflow record of home page i with key = K probes page pij(K), the signature sij(K) is
used, 1 ≤  j ≤ m.  Moreover, when the external file for the overflow records of a home page
is full, First, we have to add a page at the end of the external file.  next, all the probe
sequences and signature sequences of the data records on this home page and its overflow
pages have to be extended and re-computed to include this newly added page.  That is, the
number of overflow pages for a home page, m, will be changed, depending on the number
of overflow data records of a home page [18].  By using separators and the above
modification, any data record can be found in at most two disk accesses.

As a file grows, the total size of the separator tables of all the home pages (which
have overflow pages) may be too large for loading into main memory at one time.  Moreover,
to reduce the number of disk accesses needed to load a separator table for a certain home
page which has overflow pages, we store a separator table in each home page.  A separator
table is loaded into main memory whenever its related home page is read into main memory,
and it is written back to the disk whenever its home page is written back to the disk.  In the
case where there is no change of the data records in the home page but a data insertion/
deletion has caused data record movements between overflow pages, the related home page
still should be written back to the disk before it is removed from main memory.  That is, one
more disk access is needed in this case since the contents of the separator table have been
changed.  Therefore, we can still guarantee that the cost of data retrieval will be at most two
disk accesses.  As shown in Fig. 6, the function retrieval(key) is used to locate the actual
physical address (either in a home page or in one of its related overflow pages), where
separatorij, 1 ≤  j ≤ m, represents the separator for the jth overflow page of home page i.
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In this function, home page i is searched first, which is one disk access.  If the data
record cannot be found in home page i, its overflow pages are tried using separators.  If the
data record exists in these overflow pages, one more disk access is needed; otherwise, 0/1
more disk access is needed.  Therefore, at most two disk accesses are needed.

3.3 Insertion and File Split

When a data record is inserted, its home page is searched first.  If the size of its home
page has exceeded page size b, then one of its related overflow pages is searched according
to its probe sequences.  In the case where a data record insertion causes re-location of  other
records in overflow pages, related separators which are stored in the home page may also
have to be updated.  Moreover, when the external file for the overflow records of a home
page is full, we add a page at the end of the external file, and all the probe sequences and
signature sequences of the data records in this home page and its overflow pages have to be
extended and re-computed to include this newly added page.  In this case, one more disk
access is needed to write the home page back to the disk since the separator table is in-
cluded in the home page.

Whenever the growth of a file exceeds a split control condition, a split occurs.  In this
case, data records in page first (including its overflow pages) have to be redistributed to
pages last and (last + 1), pages last, (last + 1) and (last + 2), or pages (last + 1) and (last +
2), depending on the value of m(K), where last is the logical page number of the last page in

Fig. 6. Function retrieval.

function retrieval(key): pointer;
var i,j : integer;

begin
i = home_address(key);
if data record is found in page i then return (physical_address(i));
/*function physical_address returns the actual physical address of home page i */

       else
 begin

            for each entry j in the separator table i do
            begin

if valueseparatorkeys ijij .)( ↑<  then

begin

if data record is found in page pointed by separatorij↑. pointer

then return (separatorij↑. pointer)

else return (nil);
end;

end;
return (nil);    /*nil denotes that the record is not found */

end;
end;
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the current file.  Then,  first is increased by one, and new level d is computed.  The results
of the above actions are equal to updating first (and d) first and then re-inserting those data
records which are in the page where the old first points to by using the new hashing func-
tion yd+1.  Procedure file_split is shown in Fig. 7.  (Note that to reduce the number of disk
accesses, we use a buffer mechanism to reduce the overhead of re-insertion.  That is, we
first perform re-insertion in a buffer.  Then, we write one page back to disk from the buffer
at a time instead of re-inserting one data record back to disk at a time in the process of re-
insertion.)

3.4 Deletion and File Contraction

When a data record is deleted, we immediately try to move another data record in to
fill the hole left by the deleted data record.  There are two cases.  First, if the deleted data
record is stored in a home page which has overflow pages, then we only move one of the
data records stored in the last overflow page (i.e., overflow page m) back to the home page
and fill the hole; in addition, the separators must be updated.  Second, if the deleted data
record is stored in overflow page i (1 ≤ i ≤ m), we should move one of the data records from
overflow page (i + 1) back to fill the hole created by the deletion in overflow page i.  In the
same way, the hole created by the above movement in overflow page (i + 1) will be filled by
moving one of the data records in to overflow page (i + 2).  This process will not be termi-
nated until one of the data records in overflow page m is moved back to overflow page (m
- 1).  In this process, the related separators must also be updated.

Whenever the number of deleted data records exceeds a predetermined contracted
control condition as in file split, a contraction occurs.  In this case, we should collect the
data records which have been redistributed in the last file split operation and move them
back to page (first - 1).  Since when a split occurs in page (first - 1), the data records in page
(first -1) (including its overflow pages) have to be redistributed to pages (last - 1) and last,
or (last - 2), (last - 1) and last, depending on the value of m(K), where last is the logical
page number of the last page in the current file, when  contraction occurs, we should collect
these data records which were stored in page (first -1) before the last file split  but now are
stored in the pages mentioned above, and move these data records back to page (first - 1).
The results of the above actions are equal to updating first (and d) first and then re-inserting
all the data records stored in those above pages.  (Note that the data records in pages last,
(last - 1) and (last - 2) may not be moved out from page (first - 1), and that we do not record
any information about the original page for each data record in a page; therefore, we have
to compute the home address for each data record in these pages to determine its original
page from which the data record was moved out.) Procedure file_contraction is shown in
Fig. 8.

4. PERFORMANCE ANALYSIS

In all dynamic hashing schemes which do not use an index, a split occurs under
certain conditions.  There are two kinds of strategies [6,19]: uncontrolled and controlled
splitting.  Uncontrolled splitting means that a split occurs whenever a collision occurs.  In
controlled splitting, a split occurs when the number of inserted data records exceeds a load
control (L), or when storage utilization exceeds a load factor (A), 0 < A < 1.  (Note that a
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Fig. 7. Procedure file_split.

procedure file_split();

     var i, j : integer;

          B : buffer;

begin

          read page first and its overflow pages into buffer B;

          set page first and its overflow pages to empty;

          first = first + 1;

         d
first
s

t
st

s
= + − −





log ( ( )) ;1 1 1
0

 

          for each record with key = K in buffer B do

          begin

               i = home_address(K);

               if home page i is not full then

               write this record to home page i

               else

               begin

               find an entry j in separator table i such that

               sij  (K) < separatorij ↑. value;

                if not found then  /* the overflow pages are full */

                begin

                    append an overflow page to the external file of home page i;

                     recompute the probe sequences and signature sequences;

 end;

  find an entry j in separator table i such that sij (K) < separatorij ↑. value do

        begin

  if the page pointed by separatorij ↑. pointer is full then

  move out the record whose key is separatorij ↑. value to Buffer B;

  write the data record with key = K to the overflow page pointed

  by separatorij ↑. pointer;

  updated separatorij ↑. value if necessary;

            end;

     end;

      end;

end;
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Fig. 8. Procedure file_contraction.

procedure file_contraction();
var i, j : integer;

B: buffer;
begin

last y y firstd d= +  −−( ( ) ;1 1 1
read page (last - 2), page (last - 1) and last

and their overflow pages into buffer B;
set page (last - 2), page (last - 1) and last

and their overflow pages to empty;
first = first - 1;

d
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s

t
st

s
= + − −





log ( ( )) ;1 1 1
0

 

for each record with key = K in buffer B do
begin

i = home_address(K);
if home page i is not full then

write this record to home page i
else
begin

find an entry j in separator table i such that sij (K) < separatorij ↑.value;
if not found then /* the overflow pages are full */
begin

append an overflow page to the external file of home page i;
recompute the probe sequences and signature sequences;

end;

find an entry j in separator table i such that sij  (K) < separatorij ↑.value do
begin

if the page pointed by separatorij ↑. pointer is full then

move out the record whose key is separatorij ↑. value to Buffer B;
write the data record with key = K to the overflow page pointed

by separatorij ↑. pointer;

updated separatorij ↑. value if necessary;
end;

end;
end;

end;



YE-IN CHANG, CHIEN-I LEE AND WANN-BAY CHANGLIAW258

load control denotes the upper bound of the number of newly inserted records before the
next split can occur, and a load factor is a storage utilization threshold.) In general, the
controlled strategy can provide better storage utilization than can the uncontrolled strategy,
as verified in [19].  Moreover, when the load factor is used as the split control strategy, the
system will suffer from more unstable performance during a full expansion as stated in [13,
30].  Therefore, we prefer to use the load control as the split control strategy as in [30,31].

In this section, we will present the results of performance analysis of extended spiral
hashing using the load control strategy.  In this performance analysis model, we assume
that the keys for data records are uniformly distributed and independent of each other, and
that the page size is measured in terms of the number of record slots.  The hash function
distributes the records uniformly in the interval [0, 1).  The size of a home page is denoted
by b, and the size of an overflow page is denoted by w.  We also assume that the number of
overflow pages for each home page is a minimum.  In other words, if a home page has q, q

≥ 0, overflow records , then there will be 
q
w





  overflow pages for this home page.  When

the search cost is computed, all the records are assumed to have the same probability of
retrieval.

Let 0s  be the number of pages of a file initially and N be the number of data records
inserted into the file.  Given N, we are able to derive information about the current state of
the file, such as the number of used home pages, first, the average retrieval cost and storage
utilization; that is, we are able to analyze these properties of a file as a function of N.  The
various properties that we are interested in are discussed below.

The number of splits performed is given by

ns N N s

ns N
N s L

L N s L

( ) ,

( ) )

= ≤ ≤

= −
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0 0 0

0
0

                      ,  

 ,        > (   

L

(Note that to reduce the number of splits, we assume that the split control is not
started until the first s0 pages are filled with s0L records in the performance analysis.) In
extended spiral hashing, the value of first is equal to the number of splits, i.e., first = ns(N).

Since in extended spiral hashing, the growth rate of a file is 
s
t , the number of levels can be

computed using the following formula as derived in Section 3.1, given Y = first = ns(N):
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Since the range of X for the current file is always between c and (c +1), and yd(c)=
first = ns(N),  based on the current value of first, we can derive the values of median and last
in the following way: (Note that the value of median is the last logical page number in level
d, and that the value of last is the last logical page number of the current file.)
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Consequently, the number of pages of the current file is (last - first + 1).



EXTENDED SPIRAL HASHING FOR EXPANSIBLE FILES 259

Given the value of first, the probability Pr(first,i) of the load distributions for logical
pages i, where first ≤ i ≤ last, is different in extended spiral hashing as shown in Table 3.  To
compute the probability, two classes are considered.  For the first class, all of the pages of
the current file are in the same level d; i.e., it satisfies the condition (median = last).  For the
second class, some of the pages are in level d, and some of the pages are in level (d + 1), i.
e., median≠ last.

The probability Pr(first, i) of the first class can be divided into the following two
subclasses:

Pr

Pr
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In class one, all of the pages are not split yet in the current level d, and the last page
may not be full because y cd ′

− + 1 1( )  may not be an integer.  Therefore, the probability Pr
(first,i) of each of the pages between first and (last - 1) is the same as the probability after d
full expansions.  For page last, Pr(first,last) is equal to the remaining value.

The probability Pr(first,i) of the second class can be divided into the following four
subclasses:

Table 3. The probability of load distribution.
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The pages between first and (median-1) are not split yet in the current level d; therefore,
the probability Pr(first,i) of each of these pages is still the same as the probability after d
full expansions.  Although page median is the last page in level d, it may contain some
records which need to be added during the (d + 1)’th full expansion.  (Note that this is
because y cd ′

− + 1 1( )  may or may not be an integer.) Therefore, the probability of page
median is the length from yd ′

−1
)(median  to yd ′

−1
)1(1 +median .  (Note that since the interval of

X values stays between c and c + 1, the length in the x-axis represents the probability.) The
pages between (median + 1) and (last - 1) are newly added during the process of the (d + 1)
’th full expansion; therefore, the probability of each of these pages is the same as the prob-
ability after (d + 1) full expansions.  For page last, Pr(first, last) is equal to the length from

)(1
' lastyd

−  to (c + 1), i.e., the remaining value.
After computing the probability Pr(first, i) for each page i of the current file, we can

start to analyze the other performance measures.  Let W(q) be a function used to denote the
number of overflow pages of a home page with q data records inserted and let it be defined
as follows:

W(q) = 0,      0 ≤ q ≤ b,
W(q) = j,       (b + (j–1)w + 1) ≤ q ≤ (b + jw).

Let Bin(q; N, P) denote the binomial distribution, i.e., Bin(q;N,P)= (Cq
N *Pq*(1–P)N–q).

The probability of logical page i (first ≤ i ≤ last) containing q data records is Bin(q; N, Pr(first,
i)).  The expected number of overflow pages for logical page i is obtained as

OP N W q q N first ii q
N( ) ( ( ) ( ; , ( , ))).= ∑ =0 Bin Pr

Then, the average number of overflow pages for the file after inserting N data records
is given by

OP N
OP N

last first
i first
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i( )
( )

=
∑

− +
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1

and storage utilization can be obtained as follows:

UTI N N
last first b wOP N( ) ( )( ( )) .= − + +1
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Using separators to overflow records, the expected cost of an unsuccessful search
for home page i (first ≤ i ≤ last) in terms of the number of disk accesses is

USi = 1,                            OPi = 0,
USi = 2,                            OPi > 0.

Then, the average number of disk accesses for an unsuccessful search is given by

US N US N first ii first
last

i( ) ( ( ) ( , )).= ∑ = Pr

For an successful search, we first consider the expected number of disk accesses
needed to retrieve all the data records in home page i (first ≤ i ≤ last) plus its overflow
pages, which can be obtained by
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Then, the average number of disk accesses for a successful search can be calculated
by

SS N
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N
i first
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For the average insertion cost, we first consider the split cost at the insertion of the
qth (q ≤ N) data record, which is given by

    SC(q) = 1 + OP(q) + 2(1 + OP(q + 1)).

(Note that since we apply a buffer mechanism, (1 + OP(q)) disk accesses are needed
to read the split page and its overflow pages into the buffer, and 2(1 + OP(q + 1)) disk
accesses are needed to write the split results.) Since a split occurs only when q is L, 2L, ...,
ns(N)L (ns(N)L ≤ N), the total split cost for N inserted data records  can be obtained by

TSC N SC iLi
ns N( ) ( ).( )= ∑ =1

Then, we can consider the average cost of inserting a data record when there are q
data records which have been inserted.  (Note that given the number of data records q, we
can obtain the corresponding split pointer sp' and the number of full expansion s' as ex-
plained before.) Since a data insertion may cause the other data records to be re-inserted,
the average number of disk accesses needed to insert the (q + 1)th data record in page i is as
follows:
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Then, the average number of disk accesses needed to insert a data record in any page
i among these (s' + 1) pages is given by

AC q P sp i s AC qi
s

i( ) ( , , ) ( ).= ∑ ′ ′=
′
0  

Finally, we can obtain the average insertion cost in the insertion process for N data
records (including the split cost), which is given by

   INS N
TSC N AC q

N
t
N

( )
( ) ( )= + ∑ =

−
0
1

Table 4 -(a) shows the results derived using the above formulas, where s = 2, t = 3,
s0=2, N=106 , b = 10, 20, 40 and 80, w = 0.5*b and L=0.8*b, L = b and L = 1.2* b in
extended spiral hashing.  From this table, we observe that storage utilization can reach
nearly 97%, where the cost of successful and unsuccessful search is given in terms of the
number of disk accesses.

Table 4. Performance: (a) analysis results; (b) simulation results.

5. SIMULATION RESULTS

In this section, we will present the simulation results of extended spiral hashing,
linear hashing [19], linear hashing with partial expansions [13], Ramamohanarao’s dy-
namic hashing [31] and the spiral storage approach [28], under two different split control
strategies.  (Note that linear hashing with partial expansions and Ramamohanaro’s dynamic
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hashing were proposed to improve the retrieval performance of linear hashing since they
can provide more stable performance than can linear hashing during a full expansion.  The
growth rate for each partial expansion is not a constant in Larson’s linear hashing with

partial expansions while it is a constant g
g 1+

 in Ramamohanaro’s dynamic hashing when

g is the number of pages per group.  For example, in Larson’s linear hashing with partial

expansions, in the case of one full expansion consisting of two partial expansions, the

growth rate is 
2
3  during the first partial expansion and 3

4  during the second.  However,

Ramamohanarao’s dynamic hashing will result in many round-up pages.)

In this simulation study [30], we assumed that N input data records were uniformly
distributed.  The environment control variables were the size of a home page (b) and the
size of an overflow page (w) and a load control (L), which controled when a split would
occur.  In this simulation, storage utilization and the average number of disk accesses for
successful and unsuccessful searches were the main performance measures considered.
Moreover, overflow pages were handled by separators in all of these approaches.  Where
the average successful/unsuccessful search cost was concerned, we considered 2N search
requests, where N searched data records were present in the file and the other N searched
data records were absent.  Where the average insertion cost was concerned, we considered
the average result of 10 random different insertion sequences.  In the simulation study of

the spiral storage approach, we let the parameter β in the growth function y = β x be 
s
t  since

the curve y = (
s
t ) x  would approximate to the line constructed by our proposed growth

function as shown in Fig. 3.
Table 4 -(b) shows the simulation results of extended spiral hashing, where  s = 2, t =

3, 
0s  = 2, N = 106 , w = 0.5*b and L = 0.8*b, L = b and L = 1.2*b, respectively.  Comparing

them with the analysis results shown in Table 4 -(a), the simulation results shown in Table
4 -(b) are very similar.

Simulation results of extended spiral hashing with 2
3=

s
t , the spiral storage approach

[28] with β = 2
3 , linear hashing [19], linear hashing with two partial expansions per full

expansion [13] and Ramamohanarao’s dynamic hashing [31] with g = 2 under split control
of the load control L are shown in Tables 5-(a), (b), (c), (d) and (e), respectively, where N =
106 , w = 0.5b and L = 0.8b, L = b and L = 1.2b.  From these tables, we observe that as the
size of home pages and of an overflow pages increased, storage utilization could decrease
in all five methods.  The reason is that the larger the size of a page was, the larger the
average unused space in a home page or an overflow page could be, which resulted in a
decrease of storage utilization.  Extended spiral hashing had the highest storage utilization
among these five methods.  Compared to the spiral storage approach [28], extended spiral
hashing not only reduced the cost for address calculation, but also had much uniform load
distribution due to the linear growth function, which resulted in higher storage utilization
and a lower average insertion cost.

Moreover, when N = 106 , b = 20, w = 10, and L = 16, extended spiral hashing could
achieve 96% storage utilization, as compared to 78% storage utilization in linear hashing
and 88% storage utilization in the spiral storage approach under the same conditions.  As
mentioned before, linear hashing with partial expansions and Ramamohanaro’s dynamic
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Table 5. Simulation results under split control of the load control (L): (a) ex-
tended spiral hashing hashing; (b) the spiral storage (c) linear hashing;
(d) linear hashing with two partial expansions; (e) Ramamohanarao's
dynamic hashing.
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hashing were proposed in order to improve the retrieval performance of linear hashing.
Compared to these two methods used to improved the performance of linear hashing, our
extended spiral hashing has achieved the same goal of partial expansions, i.e., to maintain
stable performance throughout  file expansions; in addition, our method uses a fixed growth
rate and requires no round-up pages.

Fig. 9 shows the change of storage utilization as a function of the number of inserted
data records, where s = 2, t = 3, b = 10, w = 5, and L = 8.  From Fig. 9, we observe that
storage utilization in the spiral storage approach was a little bit more stable than was that in
extended spiral hashing.  The reason is that the exponential growth function in the spiral
storage approach kept the distribution of records across pages fixed during a full expansion,
which provide constant performance as stated in [27,28] while the load distribution in ex-
tended spiral hashing as shown in Table 3 was not fixed during a full expansion.  Moreover,
storage utilization in extended spiral hashing was much more stable than was that in linear
hashing.  The reason is that when a split occurred, linear hashing always redistributed the
data records of a certain page i into page i and a newly added empty page.  The property of
stable storage utilization in extended spiral hashing distributed the overhead of insert/split
operations uniformly as data records were inserted while unstable storage utilization in
linear hashing could suddenly cause a large overhead of insert/split operations.

To compare the average insertion/retrieval cost in linear hashing and extended spiral
hashing when both approaches achieved the same storage utilization, we tried to run linear
hashing under different choices of L. Table 6 shows that storage utilization in linear hashing
could Increase as L was increased at the cost of increasing the average retrieval cost and

average insertion cost, where b = 10, w = 5, 2
3=

s
t  and N =106 .  From this table, we

observe that when both approaches had the same storage utilization (L = 70 in linear hashing),
extended spiral hashing could have a lower average retrieval cost and a lower average
insertion cost compared to linear hashing.

The reason is that as L increased significantly in linear hashing, the number of file
splits decreased .  Therefore, given a fixed N and the same storage utilization, the number of
home pages in linear hashing was smaller than that in extended spiral hashing.  At the same

Fig. 9. The relationship between storage utilization and the number of inserted data records.
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time, the number of overflow pages in linear hashing was greater than that in extended
spiral hashing.  Consequently, the average retrieval cost and the average insertion cost in
extended spiral hashing were better than those in linear hashing.  Moreover, when both
approaches had a similar average insertion cost (L = 20 in linear hashing), extended spiral
hashing had a lower  average successful search cost and higher storage utilization than did
linear hashing.  When both approaches had a similar average retrieval cost (L = 16 in linear
hashing), extended spiral hashing had higher storage utilization and a higher average inser-
tion cost than did linear hashing.

Table 6. The relationship between performance and L in linear hasing.

Tables 7-(a), (b) and (c) show the simulation results of extended spiral hashing with

2
3=

s
t , the spiral storage approach with β = 2

3  and linear hashing under split control of the

load factor (A), where N = 106 , b = 10 and  w = 5.  In all three methods, as A increased from

0.5 to 0.95, the average insertion cost increased.  The reason is that as A increased, the

number of overflow pages increased.  Since extended spiral hashing could provide a much
uniform load distribution, extended spiral hashing had a lower average insertion cost and a
better retrieval performance than did the spiral storage approach.  Compared to linear hashing,
extended spiral hashing had a higher average insertion cost because the number of file
splits in extended spiral hashing was larger than that in linear hashing.

Moreover, as A increased, which implied that the storage utilization threshold increased,
oscillation in performance during a full expansion increased as stated in [13,19].  Since the

growth rate ( 2
3=

s
t ) of extended spiral hashing was smaller than 2 in linear hashing, ex-

tended spiral hashing resulted in smaller oscillation during a full expansion compared to
linear hashing.  When A > 0.85, extended spiral hashing could have higher storage utiliza-
tion than could linear hashing.  The reason is that the higher A was, the higher was the ratio
of performance oscillation during a full expansion in linear hashing to that in extended
spiral hashing.
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Table. 7. Simulation results under split control of the load factor (A): (a) ex-
tended spiral hashing hashing; (b) the spiral storage; (c) linear hashing.

Fig. 10-(a) and (b) show the simulation results of extended spiral hashing with differ-

ent values of the growth rate 
s
t , where N = 106 , b = 10, w = 5, and L = 10, and where the

value of 
s
t   was 1.1, 1.2, ..., 1.9, respectively.  From these figures, we observe that as the

value of 
s
t  increased, storage utilization decreased and the average insertion cost decreased.

The reason is that the higher the growth rate was, the larger was the number of home pages
appended to the file after a full expansion, resulting in a decrease in storage utilization and
a decrease in the number of overflow records; therefore, the average insertion cost decreased.
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6. CONCLUSIONS

In this paper, we have proposed a new scheme (called extended spiral hashing) for

dynamic hashing in which the growth rate of a file is 
s
t  per full expansion , which is

smaller than two, as compared to a rate of two in linear hashing.  Since the growth rate of a
file is smaller than two, extended spiral hashing can provide better storage utilization than
can linear hashing [19].  Moreover, extended spiral hashing can maintain more stable per-
formance through out file expansions than can linear hashing.  From our mathematical
analysis and simulation study, extended spiral hashing can achieve nearly 96% storage
utilization as compared to 78% storage utilization obtained using linear hashing.  Com-
pared to schemes based on the spiral storage approach [28], extended spiral hashing not
only can reduce the cost of address calculation, but also has a much uniform load distribu-
tion due to the linear growth function, which results in higher storage utilization.  Moreover,
to compute the logical addresses, no history of split sequence need be traced, and only one
variable is needs to be recorded in extended spiral hashing (i.e., first or c) instead of a table
of indexes in [27] or a sequence of split points in [10].  Furthermore, extended spiral hash-
ing has a systematic way of handling file contraction.

In [13], Larson improved the performance of linear hashing by using generalized
linear hashing , where a full expansion was done in a series of partial expansions, which
smoothed the performance oscillation through out file expansions.  (Note that in Larson’s
linear hashing with partial expansions [13], the growth rate for each partial expansion is not
a constant.) In [30], Ramamohanarao further improved the performance of Larson’s linear

Fig. 10. (a) The relationship between storage utilization and the growth rate; (b) the relationship
between the average insertion cost and the growth rate.
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hashing with partial expansions [13] by fixing the growth rate of a file to be a constant

g
g 1+ , where g is the number of pages per group.  However, Ramamohanarao’s approach

to partial expansions resulted in many round-up pages.  Compared with these two methods
used to improved the performance of linear hashing, our extended spiral hashing has achieved
the same goal of partial expansions, i.e., to maintain stable performance through out file
expansions; at the some time our method uses a fixed growth rate and requires no round-up
pages.

Therefore, our extended spiral hashing also can provide better performance com-
pared  to these methods.  How to combine our extended spiral hashing with a different
expanding sequence using, for example, priority splitting [22,32], to further improve stor-
age utilization is a subject of future research.
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