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Given two disjointed objects, the minimum distance (MD) is the short Euclid-
ean distance between them. When the two objects intersect, the MD between them
is zero. The minimum directed Euclidean distance (MDED) between two objects is
the shortest relative translated Euclidean distance that results in the objects coming
just into contact. The MDED is also defined for intersecting objects, and it returns a
measure of penetration. Given two disjointed objects, we also define the minimum
directedL~ distance (MDLD) between them to be the shortest size either object needs
to grow proportionally that results in the objects coming into contact. The MDLD
is equivalent to the MDED for two intersecting objects. The computation of MDLD
and MDED can be recast as a Minkowski sum of two objects and finished in one
routine. The algorithms developed here can be used for collision detection, compu-
tation of the distance between two polyhedra in three-dimensional space, and robot-
ics path-planning problems.

Keywords minimum distance, minimum directed distance, Minkowski sum, collision
detection, path planning

1. INTRODUCTION

Determining the minimum distance between two convex polyhedra is an important
problem in robotics, image processing, CAD systems, computational geometry, and other
areas of information processing which deal with geometrical data. All work that is developed
for automated path planning requires at its lowest level the ability to detect whether or not
collision has occurred. The ability to compute distance and interference efficiently will result
in a substantial reduction in the overall time required for most path-planning algorithms. In
general, a path planning algorithm needs to ascertain for any position in the workspace not
only if a collision has occurred, but also how close it is to occurring if it has not. For instance,
a “generate-and-test” type path-planning algorithm requires tests for whether configuration
and trajectory are collision-free, and methods for searching intermediate subgoals [2].

Several techniques have been reported for calculation of the minimum distance be-
tween convex polyhedra. In particular, Gilbert, et al. [5] defined an object by means of the
convex hull of its vertices and provided a quick procedure to compute the distance between
3D objects. Their approach performs an iterative sequence of distance minimizations to
obtain elementary subsets of the original shape until a subset containing the global minimum
is attained. Bobrow [1] proposed an approach which casts the problem as a constrained
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nonlinear minimization. His algorithm uses a direct approach to minimize the nonlinear
distance function, which generates a sequence of search directions along the surfaces of the
objects to obtain the global minimum. The computation time of this algorithm is roughly
linear with the number of faces. Lin and Canny [6] proposed an incremental distance calcu-
lation starting with a candidate pair of features, one from each polyhedron, that checks the
closest points that lie in these features. The algorithm then steps to the next closest pair of
features until the closest points are found. The minimum distance between three-dimen-
sional segments was developed in [8]. The computational efficiency of two-dimensional
algorithms for polygons was given in [4,10]. The distance between boxes was considered in
[9]. The above minimum distance algorithms are asymptotically fast, but they only return a
zero value for intersecting objects.

Distance is used as a measure of how far a robot part is from colliding with an obstacle.
When the two objects intersect, the distance between them is zero. This gives no informa-
tion about the intensity of the intersection. The general objective of a penetration measure
is to quantity the depth of intersection for object modeling. A minimum directed Euclidean
(or translated) distance was proposed in [2,3] to define the intensity of penetration and uses
the negative of the minimum Euclidean distance by which the two overlapping objects must
be relatively translated so as to have no interior point in common. The minimum directed
Euclidean distance is equivalent to the distance between the two objects if the objects are
disjointed. Buckley [2] proposed a method to compute the minimum directed Euclidean
distance between two-dimensional convex polygons and used this measure in a penalty
approach in collision-avoidance robot motion planning. The result shows that the
nonintersection constraint provides useful information in the case of body intersection, and
that path planning can be done according to the flexible trajectory paradigm. Cameron &
Culley [3] applied the Minkowski sum technique to compute the minimum translated dis-
tance between two convex polyhedra in a three-dimensional space. However, the complexity
and completeness of their algorithm was not analyzed.

As one step toward reducing the number of computations needed for path planning,
the aim of this research is to present efficient algorithms to compute the minimum directed
distance functions between two convex polyhedra. The polyhedral representation of 3D
objects is widely used in robotics and computer graphics research. We define a new mini-
mum directed_~ distance (MDLD) between convex polyhedra and derive its relationship
with the minimum directed Euclidean distance (MDED) proposed in [2,3]. In its simple form,
the measure of the° distance between a point and a convex polyhedron is the maximum of
the distances of the point from the half-space which passes through the faces of the
polyhedron. Our computation of the MDLD and MDED functions and the Minkowski sum
of two convex polyhedra are based on the boundary model of the polyhedron.

The following is an outline of the paper and its contents. In Section 2, the minimum
directedL~ distance is defined, and its properties as well as its connection with the minimum
directed Euclidean distance are also derived. Efficient algorithms for computing both MDLD
and MDED are proposed in Section 3. Several examples and applications are illustrated in
Section 4. Finally, Section 5 provides conclusions with regard to the proposed approach.
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2. PROBLEM FORMULATION AND PRELIMINARIES

We will assume that two objed®sandA are convex polyhedra iR space for further
discussion. When= 2, objectsP andA are two-dimensional convex polygons, and when
r = 3, objectsP andA are three-dimensional convex polyhedra. Some terminology with
regard to polyhedral objects used in this paper are introduced here. A convex polyhedron in
three-dimensional space is characterized by its faces, edges, and vertices. A face of a three-
dimensional polyhedron is a 3D convex polygon. A plane in 3D indicates a set which
satisfies the plane equatiorix+d = 0. A line means a straight line of infinite length passing
through two point& andb, and line segmerab indicates a segment of a line connecting
two end pointsa andb. An edge is a line segment connecting two vertices. For two-
dimensional polygons, the terms face and edge are usually interchangeable. The closest pair
of features between two objects is defined as the pair of features which contain the pair of
closest points between objects. The pair of closest points means the minimum Euclidean
distance points between two objects.

Letp (pe R) be the translational vector of the reference point of polyheelrok

convex polyhedro® with mfaces can be represented by the set

P={xe RINT(x—p) +d<0},
where

N =[ny,...,ny] € R™ andd =[d,,...,d,]" € R™
Matrix N is anr by m matrix whoseth columnn; is the unit outward normal vector of titie
face of polyhedrof®. Vectord is anm dimensional vector, andj is the magnitude of the
vector from reference poit perpendicular to thigh face, measured in the negatiye
direction. Let the vertices &f be represented by

U =[U,....,u] € R™,
wherek is the number of vertices, ang...,u, are the vertex translational vectors relative to
the reference point &f. A grown convex polyhedrop of convex polyhedroR is defined
as

B ={xe R|N(x—p) +d<s se R"ands>0}.

and a proportionally grown polyhedrd?i(e € R,e = 0) of convex polyhedroR is defined
by

P.={xe RN(x—p) +d<[1,..., 1T€}.
Similarly, a convex polyhedrof with n faces and vertices is represented by the set
A={xe R|AT(x-q) +b< 0},

where
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A=[a,...ale R,  b=[by,..b]Te R"

Moreoverq(ge R') is the translational vector of the reference poimt,@ind its vertices are
represented by

V=[v, ...,u] € R¥,
wherev,, ...,V are the vertex translational vectorsfafelative to its reference point.
The following definitions and notations are used in the paper and are defined below.

Definition 1: The maximum value of vectgrmax(y), is given by
mafy) = maxyi, ....¥n}, ye R

Definition 2: The integer functioarg{ maxy)} is the index (or argument)such that

¥i = maxy).

Definition 3: The minimum value of vectgy min(y), is given by
mi) =min{yy, ...,¥.}, ye R

Definition 4: The integer functioarg{ min(y)} is the index (or argument)such that
i ¥ min(y).

-P: polygon whose vertex vectors are the negations of the vertex veckvehein
the reference point ¢t is at the origin.

P.: Minkowski sum of? and A, and it is the set of translations of the reference point
g of Q that bring it into interference with and has its new reference point at ppijnte.P,
={q:PnAzI}.

d(x, P): minimum distance (MD) between point objg@nd objecP, and

d(xP) = mirfx -y,

d..(x, P): minimum directed.~ distance (MDLD) between a point objecand an
objectP, and
d..(x, P) =maxNT" (x — p) +d) =—min(-NT (x — p) — d).

A contour ofd..(x, P) =€ gives all the boundary faces®ffor € greater than zero. When

g P, MDLD d.(x, P) (=maxNT (x —p) +d) > 0) is the shortest size that needs to grow
proportionally, resulting in point being on the boundary &, and that resembles &n-
norm distance. Whexe P, d..(X, P) (=—max-NT (x — p) — d ) < 0) is the negative of the
shortest distance thatneeds to translate, resulting in poirjtist touching the boundary of
P. Note thatl.(x, P) | ,.q=maxN" (@—p) +d) =max-N" (p—q) +d) =d.(x, P9 - ,

where

Pe={xe R|-N"(x—q) +d< 0}
is the Minkowski sum of point objegtand objecP.

dy(X, P) : minimum directed Euclidean distance (MDED) between paind objecP,

ana & 0P) = $60) %2
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Examples of MD, MDLD and MDED between point obje@nd convex polygoR in
two-dimensional space are shown in Fig. 1. MDOLIEX, P) returns the orthogonal distance
from pointx to the half-space determineddmg{ max{NT (x — p) +d )}, andd,(x, P) returns
the minimum distance from poirtto the corresponding closest face. Assume that the
orthogonal projection of point to the closest plane is denotedxby If pointx” is on the
nearest face, thed,(x, P) = d..(x, P); otherwised,(x, P) > d.(x, P). Thus, in general, we
have the relationshig,(x, P) > d.(x, P). In other wordsd..(x, P) determines only the
distance between the closest pair of features of a point and a face. Halveyd®?)
determines the distance between the closest pair of features in all cases, including a pair of
a point and an edge, and a pair of a point and a vertex.

MDED = MDLD <Q

(@ x0OP (b) xOP

Fig. 1. Geometrical illustration of MD, MDLD, and MDED between a point objeatd a convex
polygonP in two-dimensional space; (a) poiis outside of, and (b) poink is inside ofP.

We can now define the minimum directed distances (MDD) between two convex poly-
hedraA andP. In concept, the distance problem for two objécésmdP can be reduced to
the problem of finding the distance from a point object and the Minskowd$?sum

d(A, P): minimum distance (MD) between convex polyhedemdP, and
d(AP) = xmyrgp"x =¥, =d(X,P)|,=q -

d.(A, P): The minimum directed~ distance (MDLD) between convex polyhedra
andP, d.(A, P), is given byd.(A, P) = d.(x, Pa)l x=q.

Note that
dL(A, P) =d.(X, Pl x=q = d(X, Ap)l x=p = d(P, A), 1)

whereAs is the Minkowski sum ofA and P. Thusd..(A, P) is a symmetric distance function.

Fig. 2 shows an example of Eq. (1) in 2D. WAamdP are disjointed(..(A, P) is the shortest

size either object needs to grow proportionally that results in the objects being in contact
and, hence, returns a measure of distance bettvardP. In the two-dimensional cas,

(A, P) can be geometrically interpreted as
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(@)d_(A.P)=d (a,P,)

(b)d (P, A=d (p.A)

Fig. 2. lllustration ofl.(A, P) = d.(X, Pl x=q = d(x, Ap) x=p = d.(P, A), in 2D; (a)d(A, P) = dL.(q, P,
and (b)d.(P, A) = d.(p, Ap).

d.(A, P) =maxe,, g5}, for AMP =0, 2

wheree, is the smallest value efsuch tha#, andP intersect, and; is the smallest value of

€ such thatA andP, intersect. If the objects overlap,(A, P) is the negative of the shortest
distance needed to translate one object with respect to the other until there is no intersection.
Fig. 3 shows the geometrical interpretation of MDLD in 2D.

d,(A, P): minimum directed Euclidean distance (MDED) between convex polyAedra
andP, and

d(AP) if AnP=0

LAPIZ(AP) if AnPzD"

Examples of MDED are also shown in Fig.@ne computational difficulty in the above
formulation is that the Minkowski sum generally has a very complicated shape in higher
dimensions. Nevertheless, not every face of thé&geeeds be considered to find the
minimum distance. This is the focus of the following section.
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(a) P andA and disjointed

MDED=MDLD<0

(b) P andA are overlapping

Fig. 3. Geometrical interpretation of MDLD, MD, and MDED between two convex polyyansl
P in 2D; (a) disjointed case, and (b) overlapping case.

3. MDD ALGORITHMS

In this section, we shall develop efficient algorithms for computing the minimum di-
rected distance functions for two convex objects. We shall first develop the boundary-
model approach to represent the Minkowski $trwhich is most suitable for computing
the proposed minimum directed distances between convex polyhedra.

If A andP are convex polyhedra, then 8tis also a convex polyhedron, with points
on its boundary representing the configuration with which obfeatsdP come into contact.

The faces oP, correspond to modes of contact between the objects such that they can slide
along each other, and these modes can be classified as (1) face-vertex (FV) contact, (2)
vertex-face (VF) contact, and (3) edge-edge (EE) contact. This set of three types of interac-
tion cover all possible types of contact between polyhedra. Other forms of contact are
special cases. For instance, an edge-face contact requires at least two contacts from among
the above three contact types.

For FV contact cases, a supporting fac®pfs obtained when a face Bfslides
against a vertex df. Let
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n'(x-p)+d <0 (©)

be the half-space corresponding to a fade ttfien, the vertex ¢k with a maximum value of
(—niij) forj=1,..], can slide again§ (see Fig. 4(a)), whetas the number of vertices &f
Thus, the se®, should satisfy

n'(x-p)+d <e, i=0,1.., m-1 @
where

g =max{-n'v;,j =1...,[} =min(V'n)),
andm s the number of faces Bf For eaclith face ofP, let j = arg(min(V™n;)); theith face

of P andjth vertex ofA are called a face-vertex (FV) contact pair, and the corresponding
minimum distancé between them is

d=n/(g-p)+d +min(V'n)=n’(q-p)+d -e. ®)
The contact pair which has a maximum valué iof Eq. (5) among all possible face-vertex
contact pairs is called a face-vertex closed pair.

For VF contact cases, a supporting fac®ofs obtained when a face éfslides
against a vertex d? (see Fig. 4(b)). Let

1 (x- di=e
M (x-p)* =2

= max{-nihy -nih, -nihe}

(a) FV contact

alf(X-q)+ b,=0

;a,0ep)+b,=f,

:
f, =-ayu, .
= max{-a;U, -a;U, -a,Us}

(b) VF contact

Fig. 4. lllustration of the supporting faces of Minkowski dBngenerated by (a) face-vertex contact,
and (b) vertex-face contact.
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a’(x-0)+h <0 ©)

correspond to a face &f then, the vertex d? with a maximum value of—(afuj )forj= 1,.,
k, can slide againgt, wherek is the number of vertices Bf Thus,P, should also satisfy

-a'(x-p)<f-h, i=0,1..,n-1 @
where
f =max{-a'u,,j=1,...k =min(U"a),

andn is the number of faces 8f For eachth face ofA, let j = arg(min(U"a)); theith face
of A andjth vertex ofP are called a vertex-face (VF) contact pair, and the corresponding
minimum distancé between then is

d=a'(p-ag)+b +min(U'a)=a"(p-q)+b - f. ®)

The contact pair which has a maximum valud iof Eq. (8) among all possible vertex-face
contact pairs is called a face-vertex closed pair. The three-dimensional case is exactly analo-
gous for the FV and VF contacts in the two-dimensional case.

The EE contact mode occurs only in the three-dimensional case. In EE contact cases,
not every pair of edges will generate a supporting faé.of etu,us be an edge d?, and
let vyv, be an edge o&; then, edges,up andv,v, can come into contact if there exists a
normal vecton (see Fig. 5)

Uyl XU, U,

UgUg XU, U, "2 ©)

n=

N (xp)=ete,

Fig. 5. lllustration of the supporting faces of the Minkowski Sungenerated by edge-edge contact
in 3D.
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such that
e =n"u,=n"ug=maxn’u,j=1, ...kt =20

and
&=-n"v,=-n"v, =max-n"v,,i =1, ...]} 2 0.

In addition, the supporting face generated by the EE contact is the half-space represented by
nN(x—p) <e+e. (10)

These two edges become an edge-edge contact pair, and the minimum dibttaeen
the two linesu,ug andv,y, is

d=n"(g-p-ea-e. 1)
The edge-edge pair which has a maximum valdeashong all possible edge-edge contact
pairs is called an edge-edge closed pair (hamediaafg®and edg¢ of A).

For two-dimensional convex polygonal objects, we only need to consider the FV
contact for all faces d® and the VF contact for all facesAifthus, an analytical form of the

setP, can be obtained. For cases of FV contact, we obtain the grown Bbject
P={xeR|N"(x—p) +d—e<0},

where
g =maq{-n'v;,j=1..,} =max(-V'n), edR".

For the VF contact case, we obtain the grown objéct
A°={xeR|-AT (x—p) +b—f< 0},
where
f =maq{-a'u,,j=1...,.Kk =max(-U'a), f OR".
The seP, is, thus, the intersection & and A° and is the set
P, = D(DR'IﬁATgx—pHEg:?%OE 12)
In addition, the seAs is, then, the set represented by

A, = mDRrIEAT gx—qhg__f%og 13)
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Fig. 6 shows an example of the two-dimensional Minkowski Byobtained by the bound-
ary-model approach. For the three-dimensional case, the expression in (12) is only a good
approximation foP,.

N 1 Vel
q 2 l
a3 L n3

(a) Object P and A

0|

(b) Minkowski sunmP,

Fig. 6. An example of the two-dimensional Minkowski sBgn(a) the object& andP, and (b)Pa
obtained by the boundary-model approach.

For two disjointed convex polygons in 2D, there are three possible types of closest
pairs of features: (1) a pair of vertices, (2) a vertex and an edge, and (3) a pair of edges. Case
(3) occurs when the closest pair of features is a pair of parallel edges, and the minimum
distance between them is easy to obtain. Case (2) (a vertex and an edge) is important
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because it covers case (1) (a pair of vertices). Algorithm MDD2, which computes the MDLD,
MD, and MDED functions for two-dimensional convex polygons, works in the following
way. First, it computes the MDLD functions between pqiand objects foP andA°, and
searches for the closest pair of features from the vertex-face closed pair and the face-vertex
closed pair. If objectd andP are overlapping, there is no need to continue. Otherwise, it
finds the closest pair of features from the face-vertex closed pair and vertex-face closed pair,
and then checks whether the closest pair of features is a pair of vertices or not. Details of
algorithm MDD?2 are stated below.

Algorithm MDD2: Minimum directed distances for two convex polygérendP.
Input: convex polygon# andP
Output: MD d(A, P), MDLD d.(A, P), and MDEDd,(A, P)

Initial : x =q ; reduceA to a point
Step 1 Computed.(q, P) ; face-vertex closed pair
Step 2 Computed..(q, KC) ; vertex-face closed pair
Step 3 d.(A, P) =maxX{ d.(q, P), d.(q, A°)}
If (d..(A,P)<0), then overlapping case
dy(A, P) =d..(A, P)
dAP)=0
otherwise, ifd.(q, P) > d.(g, A°)), then .disjointed case

i=zarg{maxNT(q—p) +d-e)}
j =arg{min(V "n;)}
d(A, P) =d(vertexj of A, edgd of P) ; face-vertex closed pair
dy(A, P) =d(A, P)
or if @.(g, P) <d.(q, A%)), then
i =arg{max-AT(q—-p) + b-f)}
j =arg{min(U"a)}

d(A, P) =d(vertexj of P, edge of A) ; vertex-face closed pair
dy(A, P) =d(A, P)
or if d.(q, P) =d.(q, A°), then : disjointed case

i =arg{maxN" (q—p) +d-e)}

j=arg{max-AT(q-p) +b-f)}

d(A, P) =d(edgei of P, edgg of A) ; parallel edges
d:(A, P) =d(A, P)

Assume that an operation means an “inner-product” of two vect&'ssjpace. The
first step in Algorithm MDD2 requiresrt-ml) operations, the second step requirgsk)
operations, and the last step requires four operations to solve the simple problem of comput-
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ing the minimum distance between a point and a line segment. Thus, the computational
complexity of MDD?2 is Ofl+nk). The complexity can be further reduced ton®f) as will
be discussed next.

The search fom FV contact-pairs in Step 1 of MDD2 can be done in linear time for
convex polygon® andA as follows. Assume that tith face ofP and thgth vertex ofA is
a FV contact-pair; then, it is required that

-n'v,2-nv,, t=0,1..,n-1,
or
n'(v,-v;)20, t=0,1..,n-1,

wheren is the number of vertices of polygén Because of the convexity of polygBnthe
above inequality constraints can be reduced to the following two constraints:

n' (v, -v;)20
and
niT(Vj+1 _Vj)Z 0

The procedure of algorithm FVCP for searchim§V contact-pairs is given in detail in the
following.

Algorithm FVCP:
Input: Two convex polygonB andA, whereP andA containm andn faces, respectively.
Output: mFV contact-pairs.
Step 1 {Find the FV contact-pair of,.}
11 registeFV=—oo
12 fort=0ton-1do

13 FV=max{FV, -nJv.};
14 ifFV= -ngv, thens=t,
15 endfor
Step 2 {Finding the FV contact-pair of, wherei = 1, 2, ...m-1.}
21 t=s
22 fori=1tom —1do
2.3 whilen” (vu—w) <0orn (Ma—w) <0 do
24 t=(+ 1) modn;
25 end while
26 end for

The Algorithm FVCP for searching FV contact-pairs consists of two major steps. In the
first step, we find the contact-pair of of P by searching each vertex&f Thus, this step
takes Of) time to findmax —-nJv,, t = 0, 1,...n-1} for the facen, and its corresponding
contact-paiks, wheres=arg(maxX —njv,,t =0, 1,...n-1}). Inthe second step, we utilize the
property described above to find the contact-pair of the faces,...,n,_; with their corre-
sponding contact-pairs simply by sequentially searching the verjegs..., andvsin ccw
order. This step has @) time to find the contact-pairs of faaesns,,...,n,_; of P. Therefore,



366 CHING-LONG SHIH AND JANE-YU LIU

the algorithm FVCP for computing the FV contact-pairs has() time complexity. For

the VF contact case, tlmeVF contact-pairs can be computed in a similar way. Thus, the
procedure used to compute the FV and VF contact-pairs of two polyjandA has

O(n + m) time complexity. Therefore, the computational complexity of MDD2 is reduced to
O(n + m).

For two nonoverlapping convex polyhedra in three-dimensional space, there are six
possible types of closest pairs of features: (1) a pair of vertices, (2) a vertex and an edge, (3)
a vertex and a face, (4) a pair of edges, (5) an edge and a face, and (6) a pair of faces. Cases
(5) and (6) occur when the closest pair of features is two parallel faces and/or edges. Cases
(3) and (4) are most important for computing the MDLD function. Cases (1) and (2) are
degenerated cases of Cases (3) and (4) and only need to be considered in computing the MD
and MDED functions. The MDD3 algorithm which computes MDLD, MD, and MDED for
two three-dimensional convex polyhedrandP works in a way similar to that of algorithm
MDD2 except that it considers additional edge-edge pairs, and it is listed below.

Algorithm MDD3: Minimum directed distances for two convex polyheiendP.
Input: convex polyhedré andP
Output: MD d(A, P), MDLD d.(A, P), and MDEDd,(A, P)

Initial : x =q ; reducéA to a point
Step T Computal..(q, p) ; face-vertex closed pair
Step 2 Computed..(g, A¢) ; vertex-face closed pair
Step 3 Computed,,,among edge-edge pairs ; edge-edge closed pair
Step 4 d.(A, P =maxd.(q, p). d.(q, A°), e
If (d.(A, P <0), then ; overlapping case
d,(A, P =d.(A P
dAP)=0

otherwise, ifd.(q, p) > d.(0, A¢), Omay, then ; disjointed case
i=arg{ maN'(q—p) +d-e)}
j=arg{ min(V 'n) }
d(A, P =d(vertexj of A, facei of P) ; face-vertex closed pair
d(A, P) =d(A,P)
orifd.(g, Ac) >d.(0, p), dmay, then
i =arg{ max(-A" (q—p) +b-1)}
j=arg{ min(UTa) }
d(A, P =d(vertexj of P, facei of A) ; vertex-face closed pair
d(A, P) =d(A,P)
or ifd.(q, A°) =d.(q, ) >8ya), then
i =arg{ max(N"(q—p) +d—e)}
j=arg{ max-AT(q—p) +b-f)}

d(A, P =d(facei of P, facej of A) ; parallel faces
(A, P) =d(A, P)
or if §max>d-(q, P), d-(g, A°)), then
d(A, P) =d(edgei of P, edgg of A) : edge-edge closed pair
(A, P) =d(A P)

Or if 6rex= (0, B) > (g, &%), then
i =arg{ max(N" (qp) +d— e}
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d(A, P) =d(edgg of A, facei of P) ; parallel face and edge
(A, P) =d(A P)

or if §nax=d..(0, A°) >d.(q, P)), then
j=arg{ max(-AT(q-p) +b-f)}
d(A, P) =d(facej of A, edgei of P) ; parallel edge and face
(A, P) =d(A P)

The above algorithm first computes the MDLD function between pémtd setP
and searches for the vertex-face closed pair. Second, it computes the MDLD function
between point; and setA® and searches for the face-vertex closed pair. It then finds the
maximum valué,,.,, of the minimum distances in Eq. (11) among possibldge-edge pairs
which are generated during the first two steps, as shown in Fig. 7. The edges can become a
contact pair if each lies in the boundary of its face-vertex closed pair and vertex-face closed
pair found during Steps 1 and 2. If obje&@ndP are overlapping, then it stops. Otherwise,
it finds the closest pair of features among the closed pairs found in Steps 1, 2, and 3, and then
checks whether the closest pair of features is a pair of vertices or a pair containing a vertex
and an edge.

face-vertex /

closed pair

Fig. 7. Possible candidate edge-edge pairs for computing MDLD. The candidate edge-edge pair lies on
the boundary of its face-vertex closed pair and vertex-face closed pair.

For the MDD3 algorithm, the first step requiresHml) operations, the second step
requires Q+nk) operations, and the third step requires araxfhck) operations. The last
step requires many fewer operations than does Step 3 to compute the minimum distance
between a point and a 3D convex polygon or between two line segments [8]. The problem of
finding the minimum distance between two segments can be transformed into the problem of
finding the minimum distance between a point and a parallelogram in 3D. Computing the
minimum distance between a point and a convex polygon in 3D is a simple task and can be
solved in at most max,K) operations. Thus, the computational complexity of MDD3 is O
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(ml+nk+c(I+k)). The complexity can be further reduced torn®@(+c(I+k)) when both

polyhedraA andP have fixed orientations during motion, and growth obstaelesd A°

are only computed once.
Although the FV constact pairs in Algorithm MDD3 cannot be done in linear time as

we have shown in Algorithm MDD2, the computation of MDLD using the boundary model

of the Minkowski sum only requires consideration of cases with FV, VF, and EE contacts.

Compared to exhaustive searching, the number of operations required to compute MD and

MDED is reduced to about one-third. Moreover, the penetration measure for two intersect-

ing objects can also be obtained using the proposed approach.

4. EXAMPLES AND APPLICATIONS

The examples used in testing algorithm MDD3 include platonic solids listed in Table 1.

The data structure of a convex polyhedron has a field for its faces, edges, vertices, the
position of the reference point, and its orientation. Each face is represented by its outward
normal vector and its distance from the origin. Its data structure also includes a list of
vertices which lie on its boundary. Each edge is described by two connecting vertices and
its two neighboring faces. Each vertex is characterized by its x, y, and z coordinates with
respect to its reference point. Examples were run on an IBM PC which had a 33Mhz 486 CPU.
Fig. 8 shows two examples of the minimum directed Euclidean distiai#cd>) obtained

using the MDD3 algorithm.

Table 1. Platonic solids used in 3D examples.

L

Tetrahedron Cube Octahedron Icosahedro
Number of vertices 4 8 6 12
Number of faces 4 6 8 20

(a) cube and icosahedron

(b) cube and cube

Fig. 8. Example results of algorithm MDD3 for the minimum distance between two platonic solids; (a)

cube and icosahedron, and (b) cube and cube.
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The resulting minimum distance has been verified by using the traditional optimization
(reduced gradient) routine. The computational time needed for the MDD3 algorithm for
objects listed in Table 1 is summarized in Table 2. If etand A° were computed in
advance, the subroutine could generally be run in several milliseconds (about 3 to 8
milliseconds). Numerical data in Table 2 indicate that algorithm MDD3 roughly increased
linearly in computation time with the total number of vertices and faces.

Table 2. Running time (in milliseconds) of MDD3 between two platonic solidsand P with

/ without computing P and A°.

A\P Tetrahedron Cube Octahedron Icosahedron
Tetrahedron 744 | 2.4 1098 / 3.4 10.25 / 48 19.38 / 6.1
Cube 11.24/ 3.2 1542 |/ 5.4 1544 / 5.1 28.12 | 7.2
Octahedron 9.78 1 4.9 14.35 | 5.2 14.89 / 4)9 29.13 / 7.4
Icosahedron 18.25/6.0 26.48 | 7.4 28.15 / 6|8 57.65 / 84

In the first application, we will illustrate the procedure used in applying the proposed
MDLD function to detect the intersection between a line segment and a convex polygon P in
a two-dimensionat-y space. The line segment may represent a line path of a point object
while the polygon represents either a polygon obstacle or a configuration-space obstacle.
The line segment in two-dimensional space can be represented by a degenerated polygon as
shown in Fig. 9(a). Thus, the intersection detection problem becomes a standard problem
which algorithm MDD2 can solve. Consider a line segment with two end pgiateip,,
and a unit vectan which points to poinp, from pointp,, as shown in Fig. 9(a). Line segment
pop: in 2D can be represented by a polygon with two vertgesdp,, and satisfying two
planar half-spaces as below:

(a) 2D case

(b) 3D case

Fig. 9. Collision detection between a line segment and a convex polytredad2D case, and (b) 3D
case.
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N"(x—p) <0 and AT (x—py) <0,

wheren =z x u, “X" is the vector cross-product operation, arid the z-axis unit vector.
Therefore, the collision intersection problem between a line segment and a convex polygon
is reduced to that of finding the MDLD. This methodology can be directly applied to three-
dimensional cases, where a line segment in three-dimensional space is represented by a
convex polyhedron having one edps., and two verticegy, andp,, as shown in Fig. 9(b).

In the second application, we will illustrate a “generate-and-test” 2D path-planning

algorithm for a point robot by using the proposed MDLD as a key function. The input is a set
of stationary convex polygonal obstacles, the “initial” position, and the “final” position. If
the robot is not a point object, then we can reduce the problem to a point robot problem by
working on the configuration space. The procedure is as follows.

Algorithm 2DPATH: 2D path planning
Input: “initial” and “final” positions
Output: Collision-free line-segment path passes the subgoals in the subgoal list

{S ="initial”, S,,...,S = “final"}

Initial : starting point S = “initial”, and target point=Gfinal”,
subgoal list =5 = “initial"}

Step I Detect intersection with a line segment path.
Connect starting S point and target G point.

Identify the obstacles intersecting the straight line path between S and G. If
no obstacle is found, then go to Step 2; otherwise go to Step 3.

Step 2 Update subgoal list.
If target point G is equal to “goal”, then place “goal” into the subgoal list and
finish. Otherwise, place target G into the subgoal, let the new starting point S
= G and the new target point G = “goal”, and go to Step 1.

Step 3 Search the nearest obstacle.
Search the nearest obstacle among colliding obstacles to the starting point
and go to Step 4. The nearest obstacle is the one which has the minimum
distance to starting point S.

Step 4 Group connecting obstacles.
Does the nearest obstacle intersect other obstacles? If so, add these ob-
stacles to the nearest obstacle list. Repeat adding of those obstacles which
intersect obstacles in the list to the nearest obstacle list. Go to Step 5.

Step 5 Select midpoint.
Straight line L, which passes through S and G, divides all the vertices in the
nearest obstacle list into two groups. Search the farthest vertex from the
group which has the smaller average distance from vertices to the line L. The
farthest point is the one with the largest distance to straight line L. Assign the
selected farthest vertex as the new target point G and go to Step 1.
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In the above algorithm, Steps 1, 3, and 4 are easily solved by the MDLD function
developed here. Itis noted that Step 4, which connects overlapping obstacles, can be done
in advance and requires very little time during path planning. An example of the result of the
proposed algorithm in selecting one subgoal is shown in Fig. 10. The 2DPATH algorithm is
quite fast, and the planned trajectories are near the shortest paths. Fig. 11 shows a result of
path planning done by the 2DPATH algorithm with only seven vertices visited and fifteen
line segments generated. Algorithm 2DPATH was tested in the environment as shown in
Fig. 11 with 100 randomized “initial” and “final” points. The average running time on an IBM
486-33 PC was about 45 milliseconds. The algorithm proposed here differs from previous
approaches in three important ways, (1) detection of the trajectory in admissibility, (2) the
means of generating alternative immediate points, and (3) the generated subgoal in forward
order. The above algorithm can be modified for use in the 3D path-planning problem. 3D
path planning can be reduced to 2D path-planning in a 2D path plane that passes “initial”
and “final” points. The 2D polygonal obstacle’s vertices are obtained from the intersection
of the edges of obstacles and the 2D path plane.

obstacle 1

,
,/ nearest B
obstacle -~

obstacle 2

Fig. 10. Example of decision made by algorithm 2DPATH.

5. CONCLUSIONS

Computation of the proposed minimum directed distance has been recast as the
Minkowski sum of a two convex object problem. The proposed boundary-model approach
can generate analytical expressions for the Minkowski sum of two convex objects 2D; hence,
MDLD can be expressed in analytical form. For the 3D case, only a few edge-edge pairs need
be considered during computation of the minimum distance between two convex polyhedra.
The algorithm developed here can be used for collision detection, computation of the dis-
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Fig. 11. A path planned by the 2DPATH algorithm in 2D.

tance between two polyhedra in three-dimensional space, and robotics path-planning
problems. The advantages of using the Minkowski sum in computing distance measures
between two convex polyhedra are: (1) the measure of the separating distance or degree of
penetration can be considered; (2) MDLE, MD and MDED functions can be computed in one
routine; and (3) computation complexity is linear in 2D, and computation is fast in 3D.
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