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In this paper, we solve three geometric problems, including the ranking, convex hull
and closest pair problems, under the broadcast communication model. To solve these
problems, we propose a general schemep-tligision approach, which is based upon the
divide-and-conquer strategy. In the 2-dimensional space, the time complexities of our algo-
rithms for solving these problems are @(n+Llog), wheren is the number of input
points and is the number of processors used. Furthermore, our algorithms are all conflict-
free and optimal. In thk-dimensional spacé > 3, our ranking algorithm requires

O(% Iog“% +nlog*? %) time.

Keywords:broadcast communication, computational geometry, parallel algorithm, divide-
and-conquer, conflict-free

1. INTRODUCTION

Thebroadcast communication modetonsists of some processors sharing one com-
mon channel for communications [6, 12, 15, 17, 19-21]. In this model, all processors can
communicate with one another only through a shared communication channel. Whenever
a processor broadcasts messages, any other processor can receive the messages via the
shared channel. If more than one processor attempts to broadcast simultanboustly, a
cast conflictoccurs. When a conflict occurs, we have to use a conflict resolution scheme to
resolve the conflict. The famous Ethernet, a local area network, is an implementation of
such model. An algorithm isonflict-free if no conflict occurs during execution of the
algorithm. Of course, a conflict-free algorithm has better performance since no resolution
time is needed.
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Some researchers have solved problems under the broadcast communication model.
Dechter and Kleinrock [6], Marberg and Gafni [12], Ramarao [15], Tang and Chiu [17],
and Yang, Lee and Chen [21] have proposed sorting algorithms under this model. Yang et
al. solved some graph problems [19, 20] and the maximum finding problem [16] under this
model.

Computational geometry [14] has many applications in various areas, such as com-
puter graphics, pattern recognition, VLSI layout, computer-aided design and computer-
aided manufacture. Thus, computational geometry has attracted the attention of many com-
puter scientists. In this paper, we shall solve some geometric problems under the broadcast
communication model. They are the ranking, convex hull and closest pair problems.

Many researchers have proposed sequential [2, 10, 13] or parallel [1, 4, 8, 9, 18]
algorithms to solve the convex hull problem. Almost all of these algorithms are based upon
the divide-and-conquer strategy. For parallel algorithms, Aggarwal et al. [1], and Atallah
and Goodrich [4] used then divide-and-conquer method, Fjallstrom et al. [8] used the

n% divide-and-conquer method, and Goodrich [9] uschbgedivide-and-conquer method,
whered is an integer denoted as the depth of recursion.

For solving the closest pair problem, some sequential [5] or parallel [4, 7] algorithms
are available. Bentley [5] proposed a sequential algorithm and Atallah et al. [3] proposed a
parallel algorithm to solve the ranking problem. As with the algorithms for solving the
convex hull problem, the algorithms for solving these problems are almost all based upon
the divide-and-conquer strategy.

Since all three problems can be solved using the divide-and-conquer strategy, in this
paper, we shall propose a general scheme-thiesion approach, to solve them under the
broadcast communication model. When the 2-dimensional space is considered, all of these

algorithms requir@(n+%|og%) time wheren is the number of input points apds the

number of processors used. All of these algorithms are conflict-free. Furthermore, we
shall prove that they are all optimal under the broadcast communication model. When the
k-dimensional space is considerekd,> 3, the ranking algorithm requires

OR1og“* D +nlog 2 1) time.

The rest of this paper is organized as follows. In Section 2, we shall give the general
scheme, the-division approach, for solving the geometric problems. In Section 3, we shall
give the lower bound of time required for solving a class of problems under the broadcast
communication model. Sections 4 through 6 are devoted to a discussion of the ranking,
convex hull and closest pair problems, respectively. Finally, concluding remarks will be
given in Section 7.

2. THE P-DIVISION APPROACH

Since all of the geometric problems we shall solve in this paper can be solved using
the divide-and-conquer strategy, we can generalize this strategyptdithision approach.
Suppose that input points are given. Thedivision approach divides the input data into
p parts, each consisting gf points, wherg is the number of processors used. In each
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processor, a sequential divide-and-conquer algorithm is invoked. Finally, the results ob-
tained in all processors are merged together. The outline pfdivésion approach under
the broadcast communication model withrocessors is as follows.

Step 1 Sort the input points according to theivalues. Then partition the input points into
p disjoint subsets, denoted 8sS,,..., S,, according to theix-values.

Step 2 Using a sequential algorithm, each processor take§@seits input instance to
solve the problem which we desire to solve.

Step 3 Each processor broadcasts its points one by one. After one of the processors fin-
ishes its broadcast, all other processors update their status. In other words, merging
is done in this step.

To accomplish Step 1, we apply the sorting algorithm proposed by Yang et al. [21],
which is conflict-free. In Step 2, a sequential algorithm is used to solve the problem in each
processor. For all of the problems on the 2-dimensional space that we will solve in this
paper, there are optimal sequential algorithms, all of which@gekbg n) time if the input
size isn [5, 10, 11]. Step 3 merges the results obtained in Step 2. Since the points are
broadcast one by one, Step 3 is also conflict-free. Thus, the entire algorithm is conflict-
free. The time required for each step is as follows:

Step 1:0(n+1og)y:
p 1:0(n png)

Step 2: O(R1og )y
p (pog p)

Step 3 O(n).

Therefore, the total time complexity of our algorithnOig + % Iog%) .

3. LOWER BOUNDS

Yang et al. [21] gave the lower bound of the sorting problem under the broadcast
communication model. In this section, we shall extend the lower bound to a larger class of
problems and prove it with a similar technique.

A problemP with n inputs is said to have tmeighboring property if there exists
linear ordering on the inputs so that any algorithm used to Sohas to at least perform
some operations on every pair of neighboring data elements under the ordering. For example,
the sorting problem has the neighboring property. Note that before the problem is solved,
the linear ordering d? is unknown. In other words, i has the neighboring property, then
every pair of input data elements may be one neighboring pair. Otherwise, the problem has
been partially solved. Leat, a,,..., &, be the linear ordering ¢. In the orderinga,., is
called thepredecessormnf a, 2< k< n.

Lemma 1: Letay, a,,..., &, be the linear ordering of a probld Suppose that it is stored
in p processors arbitrarily, and that the number of data elements stored in proagsor
1<i<p. Letnbe the maximum among alls, 1<i<p. Ifn < D then there exists one
case such tha, ; anda,, 2< k< n are not stored in the same processor [21].
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Proof: To prove this lemma, such a case should be generated. Without loss of generality,
we assume thatis even. Since the data stored in the processors are arbitrary, any pattern
for storing data in processors is possible. In one of the storing patterns, processat

p, stores the data in the positions- n,+...+n.; + 1 throughn, + n, +...+n; of the ordering
,8585... &,.1&as.... &, We claim that in this storing pattem, anda,, 2< k< n, will not be

stored in the same processor. Two cases should be considered as follows.

Case 1k is odd. If botha, anda,., are stored in processorl<i < p, then the
subsequencaay.,... a,1aa.... a1, Whose length i%, would be stored in processior
However, this is impossible sinog< n Thus, processdrcan not store botl, anda,.;.

Case 2kis even. This case is similar to case 1. |

Theorem 1: Under the broadcast communication model, the lower bound for an algorithm
usingp processorsp = 1, to solve a problerR having the neighboring property with
inputs isQ(n) under the assumption that each input is preloaded into exactly onepof the
processors.

Proof: Suppose that, data elements are preloaded into proceissétere, Zipzlni =n.
Let n, be the maximum among alls, 1<i<p. Leta,, &, a;, ....,a, be the linear ordering
of P. SinceP has the neighboring property, we have to at least perform some operations on

a.; anda,, 2<k<n. Two cases are to be considered.

Case 1n; = % For each data element in procegs@rocessoy either performs the
necessary operations on it and its predecess¢mmradcasts it to other processors to
perform the operations. This requires at Ié)s(sle) = Q(n) time.

Case 2n, < % Without loss of generality, it is assumed th& even. Consider the
following % data elementsy, ay, as,...,a,. For each elemeni where 2<k<nandnis
even, by Lemma 1, there exists such a caseathatvhich is the predecessor&f is not
stored in the same processor véth In order to perform the necessary operations amd
a1, eithera, or a; must be broadcast. At leasi broadcasts are required if we want to
perform the necessary operationsagray, as,..., &, With their predecessors, respectively.
Thus, at leasf2(n) time is required.

In both of these cases, this theorem holds. O

4. THE RANKING PROBLEM

In this section, we shall propose an algorithm to solve the ranking problem [3, 5]. Let
Shbe a set of points on a 2-dimensional plane. Suppose thatS, u = (x,, y,) andv = (X,,
yw- If X, > %, andy, >V, thenu is said tadominatev. LetT={v|ve Sandu dominates}.
Therank of u with respect t&, denoted aRanKu, S), is defined asT]|, which is the
cardinality ofT. For a given se®of points, theanking problem is to calculat&kanku, S
for each poinie S

For a poinu = (w, 2), wis said to be the-value of u, denoted a%(u), andz is said to
be they-value of u, denoted ag(u). LetS, andS, be two sets of points. § S =¢ and
foranyue S, ve S, x(u) <x(v), thenS is said to be on theft of S,, denoted a%(S)) < x

(&)
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Now, we shall use the-division approach to solve the ranking problem under the
broadcast communication model. It is assumedptipaocessors, numbered as 1, ...,
are used. And initially, thae input points are stored in theggrocessors evenly. Our
algorithm is as follows.

Algorithm Ranking.
Input: A setSof n planar points.
Output: The ranks of all points i8.

Step 1:Sort then points inSaccording to theix-values. Denote the subset of points stored
in processor asS. After sortingx(S) <x(§) if i <j.
Step 2:Each processarcomputeskanku, S) for eachu € S and sorts the points B into
an ascending sequence according to trealues.
Step 3:i « 1. Repeat the following substgptimes.
Step 3.1Processor broadcasts the points $1one by one according to the ascending
sequence of thg-values.
Step 3.2:Each processgrj > i, updates the ranks of the point§n For each point
€ §, the rank ol is increased by the number of pointsSinvhosey-values
are less thag(u). After this substep, for each point S, RanKu,§u S U
S u..uU §) is obtained.
Step 3.3:i « i+1.

The problem in Step 3.2 corresponds to that of finding the ranks of all elements in
two sorted lists, consisting of tlyevalues. This can be accomplished by the linear merging
algorithm on two sorted lists, which requires linear time. Thus, the time required for each
step is as follows:

Step 1: O(n+-7log 1) [21];
.O(R1oghn)y.

Step 2: (p og p)'

Step 3: O(% [p) = O(n).

Hence, the time complexity of Algorithm RankingQn +%Iog%).

Theorem2: Under the broadcast communication model, the lower bound for an algorithm

usingp, p = 1, processors to solve the ranking problem wigioints isQ(n+%Iog%).

Proof: Under any parallel computation model, the time required for an algorithmpging

> 1, processors to sartdata elements iQ(nIogn) since the lower bound for a sequential

sorting algorithm to som data elements &(n log n). Combining with Theorem 1, we

obtain that the lower bound for sorting under the broadcast communication model is

nlogn
a(n+ %90 = Q(”*‘%mgﬂ) since the sorting problem has the neighboring property.

Also, the sorting problem can be reduced to the ranking problem since the formeris a 1-
dimensional ranking problem. O
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By Theorem 2, under the broadcast communication model, our algorithm for the
ranking problem is optimal.

Bentley [5] proposed a multidimensional divide-and-conquer strategy to sequentially
solve some geometric problems, including the ranking problem, the maxima finding prob-
lem and the closest pgiroblem. For the ranking problem wittpoints in thek-dimen-
sional spacek > 3, his algorithm require®(n log “* n) time and the merging step takes
O(nlog*?n) time. Combining his algorithm and Algorithm Ranking, we have the follow-
ing results if we solve the ranking problem in khdimensional space:

Step 1:O(n+ N ogN):
ep (n D og p)
Step 2:0(Rog<* Dy,
p (pog p)
Step 3: O(n+ pE%lng_z %) = O(n|ogk_2 %)

Thus, the total time required for solving tkadimensional ranking problem is
O 1og“t D + njogk-2 Ny,
(plog™ p+nlog™ 1), k=3,

5. THE CONVEX HULL PROBLEM

In this section, we shall propose an algorithm to find the convex hull of a set of planar
points [1, 2, 4, 8-10, 13, 18]. L8be a set of points on a 2-dimensional plane. coimyex
hull of Sis the smallest convex region containfhglt is well known that the vertices of the
convex hull ofS denoted aBlull(9), is a subset & Therefore, for a given s8tof points,
the convex hull problemis to find Hull(S) and to report these points in a clockwise or
counterclockwise sequence.

Given two set$5, andS; of points, supposS)) < x(S,). Theupper tangent (lower
tangent) of Hull(S)) andHull(S)) is a straight line such that all the pointsSiru S, are
below (above) the line. For example, as shown in Fig. 1, thepipesndq,q, are the
upper tangentand thdower tangent, respectively.p, andp, are called théop points,

top right top left

bottom right bottom left

Fig. 1. The tangent lines of two convex hulls.
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andq, andq, are called théottom points. Specifically,p.(q,) is thetop (bottom) right
point with respect t&, sinceS; is to the right op, andp,(q,) is thetop (bottom) left point
with respect t&,.

LetS, S,..... S bep sets of points in whick(S) <X(S) < ... <x(S). For§, 1<r<p,
letty, t,,...,t.1 be the top left points 08 with respect t&,, S,,...,S... The point; is called
theabsolutely top left pointof S if the upper tangent corresponding;tbas the smallest
slope among all the upper tangents correspondingto..,t._;. An example illustrating
the absolutely top left point is shown in Fig. 2. Ehsolutely top right point, absolutely
bottom left point andabsolutely bottom right point can also be defined in a similar
manner, respectively.

absolutely top left point

Fig. 2. The absolutely top left point.
Our algorithm for solving the convex hull problem is as follows.

Algorithm Convex-Hull.
Input: A setSof n planar points.
Output: The convex hull of.

Step 1:Sort then points inSaccording to theix-values. Denote the subset of points stored
in processor asS. After sortingx(S) <x(S) if i <j.

Step 2:Each processarfinds Hull(S).

Step 3:i « 1. Repeat the following substgpsimes.

Step 3.1:Processor broadcasts the points kull(S) one by one according to a
clockwise sequence.

Step 3.2:Each processqrj # i, mergeHull(S) andHull(S) and then deletes the
points which are not iRull(Hull(S) U Hull(S)) from Hull(S) [10]. After
merging is performed, the top point and the bottom poilkiuf(S) are
obtained.
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Step 3.3 « i+ 1.
Step 4:Each processorchecks itdHull(S). If a point is both a top (bottom) left point and
a top (bottom) right point, check its two corresponding tangents. If these two tan-
gents create a reflexive angle, then delete this point ffolS).
Step 5: Select an interior point fadull(S). Sort the points remaining in allull(S)’s
according to their polar angles with respect to the interior point.

We shall show that all the points remaining after Step 4 are the vertices of the convex
hull. Then, our algorithm will find the convex hull after Step 5 is performed. For simplicity,
we are only concerned with the properties of the top points. The bottom points have the
same properties.

Proposition 1: Let S, S,,..., S bep sets of points in whick(S) < X(S) < ... <X(S).
Suppose thate S, r is both the absolutely top left point and the absolutely top right point.
re Hull(§u Su..u §) if and only if the two corresponding upper tangents@eate a
reflexive angle.

As shown in Fig. 3, it can be easily seen that Proposition 1 is correct.

®

Fig. 3. A point which is both the absolutely top left and top right point. (a) A reflexive angle. (b) Not
a reflexive angle.



COMPUTATIONAL GEOMETRY ON THEBROADCAST COMMUNICATION MODEL 391

Proposition 2: LetS,, S,...., S, bep sets of points in whick(S;) < x($) < ...<x(S). Sup-
pose that, r,,...,r, 1 # I, is @ consecutive clockwise subsequendéuii(S) in whichr,
is the absolutely top left point amglis the absolutely top right point. Then,r,,...,r e
Hull(Su Su..u §).

Clearly, as shown in Fig. 4, Proposition 2 is correct.

Fig. 4. A part of a convex hull.

In Algorithm Convex-Hull, after Step 3 is executed, the survivors in §aule those
points fulfilling one of the following conditions. (1). The points are absolutely top and/or
bottom points. (2). The points are on the boundatyuwf(S) and between the absolutely
left point and the absolutely right point. Step 4 deletes the points which are not on the final
convex hull. Thus, by Proposition 1 and Proposition 2, our algorithm works correctly.

The time required for each step in our algorithm is as follows:

Step 1:O(n+%|og%) [21];
Step 2: O({310g-0) [10];
Step 3: 0(% [p) = O(n) [10];
Step 4:0(%)?

Step 5:O(n+%log%) [21].

Thus, the total time needed by Algorithm Convex-Huﬂ)(sH%Iog%).

Preparata and Hong proved that the lower bound of a sequential algorithm for solv-
ing the convex hull problem &(n log n) by reducing the 2-D maxima finding problem to
it [13].

Lemma 2: Under the broadcast communication model, the lower bound for an algorithm
usingp, p = 1, processors to solve the 2-D maxima finding problem wiploints is

Q(n+DjogDy.
(n IDogp)



392 CHANG-BIAU YANG

Proof: Letu,, U,,..., U, be then input points, where; = (&, ), 1<i <n. Suppose that; <

a, <...<a, andb, > b, >...>b,. In this casey, 2<i < n, must be at least compared with

U.,; otherwise, we can not determine whetlés a maximum or not. Thus, the 2-D maxima
finding problem has the neighboring property. Theorem 1 can be applied. Besides, the
lower bound of a sequential algorithm for finding all maxima amopgints isQ(n log n)

[11], thus this theorem holds. O

With Lemma 2, we obtain the following theorem.

Theorem 3: Under the broadcast communication model, the lower bound for an algorithm
usingp, p= 1, processors to find the convex hullngboints isQ(”*'B'OQB)-

By Theorem 3, Algorithm Convex-Hull is optimal under the broadcast communica-
tion model.

6. THE CLOSEST PAIR PROBLEM

In this section, we shall give an algorithm to solve the closest pair problem [4, 5, 7]
under the broadcast communication model.
Letp; = (X4, Y1) andp, = (X, ¥2) be two points on a 2-dimensional plane. distance

betweerp, andp,, denoted a®is(p,, p.), is defined as\;’(xl -%,)? +(y, - Y,)*. For two

sets,S andS; of points, letClos€S,, S,) denote the pair of poings andp,, p. € S, p.€ S,
such thaDis(py, p,) < Dis(p;, p), for anype S and anyp,e S,. Theclosest pair problem
is that of findingClosd€S S) for a given se§ of points. Our algorithm is as follows.

Algorithm Closest-Pair.
Input: A setSof n planar points.
Output: The closest pair irs.

Step 1:Sort then points inSaccording to theix-values. Denote the subset of points
stored in processdrasS. After sorting x(S) <x(S) if i <j.

Step 2:Each processarfinds thex-value of the rightmost point i, denoted as.
Processor 1 also finds tlevalue of the leftmost point i§,, denoted as,.
Each processorroadcasts itg sequentially. Each processdeeps;., and
ri.

Step 3:Each processorfinds Clos€S, S). DenoteDis(Clos€S, S)) asd.. Then,
each processarsorts the points if into an ascending sequence according
to theiry-values.

Step 4:Find the minimum of altl’s. Denote it agl.

Step 5:i « 1. Repeat the following substgpsimes.

Step 5.1Processor broadcasts itg 4, I; and its points one by one according to
an ascending sequence.

Step 5.2Each processgrcomputes; =r,; —r; if j <i and each processpr
computes; =ri., —r; if j>i.
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Step 5.3Each processgruses the merging technique to fiGtbs€S, S U S)
if t <d. After this substefClos€S, SU SU S uL...u S) is obtained.
Step 5.4:i « i+1.
Step 6: Find the minimum of aDis(Clos€S, §)’s andd. The corresponding pair
of points are the answer.

This can be easily done in each step of Algorithm Closest-Pair except in Step 5.3. To
accomplish Step 5.3, we can use the merging technique proposed by Bentley [5]. The time

required for the merging procedure in Step S.G(i%) since there aré)(%) points in the
sets being merged. Also, the time required for Stepd{%log%) [5]. Thus, the total

time required for Algorithm Closest-Pair@(n + % Iog%) .

Theorem 4:Under the broadcast communication model, the lower bound for an algorithm
usingp, p = 1, processors to find the closest paingfoints isQ(n +%Iog%).

Proof: The 1-dimensional closest pair problem is a special case of this problem. Furthermore,
the 1-dimensional problem has the neighboring property since we have to at least calculate
the distance between every pair of neighboring points. Thus, the 2-dimensional problem
also has the neighboring property. The lower bound of a sequential algorithm for solving
the closest pair problem (n log n) [14]. Combining this fact with Theorem 1, it is clear

that this theorem holds. O

With Theorem 4, we conclude that Algorithm Closest-Pair is optimal under the broad-
cast communication model.

7. CONCLUDING REMARKS

In this paper, under the broadcast communication model, we have proposed a general
scheme, the-division approach, to solve some geometric problems, including the ranking,
convex hull and closest pair problems. All of these problems have been considered in a 2-
dimensional space. The ranking problem has also been discusskdliforamsional space.

These problems possess a common property, the neighboring property. Thus, their
lower bounds under the broadcast communication model can be proved using the same
technique. Why can they be solved usingftivision approach? Each of them can be
solved using a sequential divide-and-conquer method originally. Furthermore, when one
problem is divided into more than two subproblems, the sequence of merging subproblems
is arbitrary. If one problem has this property, it can also be solved usipedilision
approach under the broadcast communication model.
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