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In this paper, we solve three geometric problems, including the ranking, convex hull
and closest pair problems, under the broadcast communication model.  To solve these
problems, we propose a general scheme, the p-division approach, which is based upon the
divide-and-conquer strategy.  In the 2-dimensional space, the time complexities of our algo-

rithms for solving these problems are all O n n
p

n
p( log )+ , where n is the number of input

points and p is the number of processors used.  Furthermore, our algorithms are all conflict-
free and optimal.  In the k-dimensional space, k ≥ 3, our ranking algorithm requires

O n
p

n
p n n

p
k k( log log )− −+1 2  time.

Keywords: broadcast communication, computational geometry, parallel algorithm, divide-
and-conquer, conflict-free

1. INTRODUCTION

The broadcast communication model consists of some processors sharing one com-
mon channel for communications [6, 12, 15, 17, 19-21].  In this model, all processors can
communicate with one another only through a shared communication channel.  Whenever
a processor broadcasts messages, any other processor can receive the messages via the
shared channel.  If more than one processor attempts to broadcast simultaneously, a broad-
cast conflict occurs.  When a conflict occurs, we have to use a conflict resolution scheme to
resolve the conflict.  The famous Ethernet, a local area network, is an implementation of
such model. An algorithm is conflict-free if no conflict occurs during execution of the
algorithm.   Of course, a conflict-free algorithm has better performance since no resolution
time is needed.
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Some researchers have solved problems under the broadcast communication model.
Dechter and Kleinrock [6], Marberg and Gafni [12], Ramarao [15], Tang and Chiu [17],
and Yang, Lee and Chen [21] have proposed sorting algorithms under this model.  Yang et
al. solved some  graph problems [19, 20] and the maximum finding problem [16] under this
model.

Computational geometry [14] has many applications in various areas, such as com-
puter graphics, pattern recognition, VLSI layout, computer-aided design and computer-
aided manufacture.  Thus, computational geometry has attracted the attention of many com-
puter scientists.  In this paper, we shall solve some geometric problems under the broadcast
communication model.  They are the ranking, convex hull and closest pair problems.

Many researchers have proposed sequential [2, 10, 13] or parallel [1, 4, 8, 9, 18]
algorithms to solve the convex hull problem.  Almost all of these algorithms are based upon
the divide-and-conquer strategy.  For parallel algorithms, Aggarwal et al. [1], and Atallah
and Goodrich [4] used the n  divide-and-conquer method, Fjallstrom et al. [8] used the

n
1
3  divide-and-conquer method, and Goodrich [9] used the n

d  divide-and-conquer method,

where d is an integer denoted as the depth of recursion.
For solving the closest pair problem, some sequential [5] or parallel [4, 7] algorithms

are available.  Bentley [5] proposed a sequential algorithm and Atallah et al. [3] proposed a
parallel algorithm to solve the ranking problem.  As with the algorithms for solving the
convex hull problem, the algorithms for solving these problems are almost all based upon
the divide-and-conquer strategy.

Since all three problems can be solved using the divide-and-conquer strategy, in this
paper, we shall propose a general scheme, the p-division approach, to solve them under the
broadcast communication model.  When the 2-dimensional space is considered, all of these

algorithms require O n n
p

n
p( log )+  time where n is the number of input points and p is the

number of processors used.  All of these algorithms are conflict-free.  Furthermore, we
shall prove that they are all optimal under the broadcast communication model.  When the
k-dimensional space is considered, k ≥  3, the ranking algorithm requires

O n
p

n
p n n

p
k k( log log )− −+1 2  time.

The rest of this paper is organized as follows. In Section 2, we shall give the general
scheme, the p-division approach, for solving the geometric problems. In Section 3, we shall
give the lower bound of time required for solving a class of problems under the broadcast
communication model. Sections 4 through 6 are devoted to a discussion of the ranking,
convex hull and closest pair problems, respectively.  Finally, concluding remarks will be
given in Section 7.

2. THE P-DIVISION APPROACH

Since all of the geometric problems we shall solve in this paper can be solved using
the divide-and-conquer strategy, we can generalize this strategy to the p-division approach.
Suppose that n input points are given.  The p-division approach divides the input data into
p parts, each consisting of 

n
p  points, where p is the number of processors used.  In each
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processor, a sequential divide-and-conquer algorithm is invoked.  Finally, the results ob-
tained in all processors are merged together.  The outline of the p-division approach under
the broadcast communication model with p processors is as follows.

Step 1: Sort the input points according to their x-values.  Then partition the input points into
p disjoint subsets, denoted as S1, S2,..., Sp, according to their x-values.

Step 2: Using a sequential algorithm, each processor takes one Si as its input instance to
solve the problem which we desire to solve.

Step 3: Each processor broadcasts its points one by one.  After one of the processors fin-
ishes its broadcast, all other processors update their status. In other words, merging
is done in this step.

To accomplish Step 1, we apply the sorting algorithm proposed by Yang et al. [21],
which is conflict-free.  In Step 2, a sequential algorithm is used to solve the problem in each
processor.  For all of the problems on the 2-dimensional space that we will solve in this
paper, there are optimal sequential algorithms, all of which need O(n log n) time if the input
size is n [5, 10, 11]. Step 3 merges the results obtained in Step 2.  Since the points are
broadcast one by one, Step 3 is also conflict-free.  Thus, the entire algorithm is conflict-
free.  The time required for each step is as follows:

Step 1:O n n
p

n
p( log )+ ;

Step 2: O n
p

n
p( log );

Step 3: O n( ).

Therefore, the total time complexity of our algorithm is O n n
p

n
p( log )+ .

3. LOWER  BOUNDS

Yang et al. [21] gave the lower bound of the sorting problem under the broadcast
communication model.  In this section, we shall extend the lower bound to a larger class of
problems and prove it with a similar technique.

A problem P with n inputs is said to have the neighboring property if there exists
linear ordering on the inputs so that any algorithm used to solve P has to at least perform
some operations on every pair of neighboring data elements under the ordering.  For example,
the sorting problem has the neighboring property.  Note that before the problem is solved,
the linear ordering of P is unknown.  In other words, if P has the neighboring property, then
every pair of input data elements may be one neighboring pair.  Otherwise, the problem has
been partially solved.  Let a1, a2,..., an be the linear ordering of P.  In the ordering, ak-1 is
called the predecessor of ak, 2 £ k £ n.

Lemma 1: Let a1, a2,..., an be the linear ordering of a problem P.  Suppose that it is stored
in p processors arbitrarily, and that the number of data elements stored in processor i is ni,
1 £ i £ p.  Let nj be the maximum among all ni’s, 1 £ i £ p.  If nj < n2 , then there exists one
case such that ak-1 and ak, 2 £ k £ n are not stored in the same processor [21].
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Proof: To prove this lemma, such a case should be generated.  Without loss of generality,
we assume that n is even.  Since the data stored in the processors are arbitrary, any pattern
for storing data in processors is possible.  In one of the storing patterns, processor i, 1 £ i £
p, stores the data in the positions n1 + n2 +...+ ni-1 + 1 through n1 + n2 +...+ ni of the ordering
a1a3a5... an-1a2a4.... an.  We claim that in this storing pattern, ak-1 and ak, 2 £ k £ n, will not be
stored in the same processor.  Two cases should be considered as follows.

Case 1: k is odd. If both ak and ak-1 are stored in processor i , 1 £ i £ p, then the
subsequence akak+2... an-1a2a4... ak-1, whose length is n2 , would be stored in processor i.
However, this is impossible since ni < n

2 . Thus, processor i can not store both ak and ak-1.
Case 2: k is even.  This case is similar to case 1.                                                              ¨

Theorem 1: Under the broadcast communication model, the lower bound for an algorithm
using p processors, p ≥ 1, to solve a problem P having the neighboring property with n
inputs is W(n) under the assumption that each input is preloaded into exactly one of the p
processors.

Proof: Suppose that ni data elements are preloaded into processor i.  Here,  
p

i in n
=∑ =

1
 .

Let nj be the maximum among all ni’s, 1 £ i £ p.  Let a1, a2, a3, ...., an be the linear ordering
of P.  Since P has the neighboring property, we have to at least perform some operations on
ak-1 and ak, 2 £ k £ n.  Two cases are to be considered.

Case 1: nj ≥ n
2 . For each data element in processor j, processor j either performs the

necessary operations on it and its predecessor, or j broadcasts it to other processors to
perform the operations.  This requires at least W( n

2 )  =  W(n) time.
Case 2: nj <  n

2 .  Without loss of generality, it is assumed that n is even.  Consider the
following  n

2  data elements: a2, a4, a6,..., an.  For each element ak where 2 £ k £ n and n is
even, by Lemma 1, there exists such a case that ak-1, which is the predecessor of ak, is not
stored in the same processor with ak.  In order to perform the necessary operations on ak and
ak-1, either ak or ak-1 must be broadcast.  At least  n

2  broadcasts are required if we want to
perform the necessary operations on a2, a4, a6,..., an with their predecessors, respectively.
Thus, at least W(n) time is required.

In both of these cases, this theorem holds.                 ¨

4. THE RANKING PROBLEM

In this section, we shall propose an algorithm to solve the ranking problem [3, 5].  Let
S be a set of points on a 2-dimensional plane.  Suppose that u, v Œ S, u = (xu, yu) and v = (xv,
yv). If xu > xv and yu > yv, then u is said to dominate v.  Let T = {v | v Œ S and u dominates v}.
The rank  of u with respect to S, denoted as Rank(u, S), is defined as |T |, which is the
cardinality of T.  For a given set S of points, the ranking problem is to calculate Rank(u, S)
for each point u Œ S.

For a point u = (w, z), w is said to be the x-value of u, denoted as x(u), and z is said to
be the y-value of u, denoted as y(u).  Let S1 and S2 be two sets of points.  If S1 « S2 = f  and
for any u Œ S1, v Œ S2, x(u) < x(v), then S1 is said to be on the left of S2, denoted as x(S1) < x
(S2).
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Now, we shall use the p-division approach to solve the ranking problem under the
broadcast communication model.  It is assumed that p processors, numbered as 1, 2,..., p,
are used.  And initially, the n input points are stored in these p processors evenly.  Our
algorithm is as follows.

Algorithm Ranking.
Input:  A set S of n planar points.
Output:  The ranks of all points in S.

Step 1: Sort the n points in S according to their x-values.  Denote the subset of points stored
in processor i as Si.  After sorting, x(Si) < x(Sj) if i < j.

Step 2: Each processor i computes Rank(u, Si) for each u Œ Si and sorts the points in Si into
an ascending sequence according to their y-values.

Step 3: i ¨ 1.  Repeat the following substeps p times.
       Step 3.1: Processor i broadcasts the points in Si one by one according to the ascending

sequence of the y-values.
       Step 3.2: Each processor j, j > i, updates the ranks of the points in Sj.  For each point u

Œ Sj, the rank of u is increased by the number of points in Si whose y-values
are less than y(u).  After this substep, for each point u Œ Sj, Rank(u, Sj » S1 »
S2 »...» Si) is obtained.

       Step 3.3: i ¨ i+1.

The problem in Step 3.2 corresponds to that of finding the ranks of all elements in
two sorted lists, consisting of the y-values.  This can be accomplished by the linear merging
algorithm on two sorted lists, which requires linear time.  Thus, the time required for each
step is as follows:

Step 1: O n n
p

n
p( log )+ [21];

Step 2: O
n
p

n
p( log ) ;

Step 3: O
n
p p O n( ) ( ).⋅ =

Hence, the time complexity of Algorithm Ranking is O n n
p

n
p( log )+ .

Theorem2: Under the broadcast communication model, the lower bound for an algorithm

using p, p ≥ 1, processors to solve the ranking problem with n points is Ω( log ).n n
p

n
p+

Proof: Under any parallel computation model, the time required for an algorithm using p, p

≥ 1, processors to sort n data elements is Ω(
log

)
n n

p
 since the lower bound for a sequential

sorting algorithm to sort n data elements is W(n log n). Combining with Theorem 1, we
obtain that the lower bound for sorting under the broadcast communication model is

Ω Ω(
log

) ( log )n
n n

p n n
p

n
p+ = +  since the sorting problem has the neighboring property.

Also, the sorting problem can be reduced to the ranking problem since the former is a 1-
dimensional ranking problem.                         ¨
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By Theorem 2, under the broadcast communication model, our algorithm for the
ranking problem is optimal.

Bentley [5] proposed a multidimensional divide-and-conquer strategy to sequentially
solve some geometric problems, including the ranking problem, the maxima finding prob-
lem and the closest pair problem.  For the ranking problem with n points in the k-dimen-
sional space, k ≥ 3, his algorithm requires O(n log k-1 n) time and the merging step takes
O(n log k-2 n) time.  Combining his algorithm and Algorithm Ranking, we have the follow-
ing results if we solve the ranking problem in the k-dimensional space:

Step 1: O n n
p

n
p( log )+ ;

Step 2: O n
p

n
p

k( log )−1 ;

Step 3: O n p n
p

n
p O n n

p
k k( log ) ( log ).+ ⋅ =− −2 2

Thus, the total time required for solving the k-dimensional ranking problem is

O n
p

n
p n n

p
k k( log log ),− −+1 2

 k ≥ 3.

5. THE CONVEX HULL PROBLEM

In this section, we shall propose an algorithm to find the convex hull of a set of planar
points [1, 2, 4, 8-10, 13, 18].  Let S be a set of points on a 2-dimensional plane.  The convex
hull  of S is the smallest convex region containing S.  It is well known that the vertices of the
convex hull of S, denoted as Hull(S), is a subset of S.  Therefore, for a given set S of points,
the convex hull problem is to find Hull(S) and to report these points in a clockwise or
counterclockwise sequence.

Given two sets S1 and S2 of points, suppose x(S1) < x(S2). The upper tangent (lower
tangent) of Hull(S1) and Hull(S2) is a straight line such that all the points in S1 » S2 are
below (above) the line.  For example, as shown in Fig. 1, the lines p1p2 and q1q2 are the
upper tangent and the lower tangent, respectively.  p1 and p2 are called the top points,

Fig. 1. The tangent lines of two convex hulls.

top right top left

bottom right bottom left
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and q1 and q2 are called the bottom points.  Specifically, p1(q1) is the top (bottom) right
point with respect to S2 since S2 is to the right of p1 and p2(q2) is the top (bottom) left point
with respect to S1.

Let S1, S2,..., Sp be p sets of points in which x(S1) < x(S2) < ... < x(Sp).  For Sr, 1 £ r £ p,
let t1, t2,..., tr-1 be the top left points on Sr with respect to S1, S2,..., Sr-1.  The point ti is called
the absolutely top left point of Sr if the upper tangent corresponding to ti has the smallest
slope among all the upper tangents corresponding to t1, t2,..., tr-1.  An example illustrating
the absolutely top left point is shown in Fig. 2.  The absolutely top right point, absolutely
bottom left point and absolutely bottom right point can also be defined in a similar
manner, respectively.

Fig. 2. The absolutely top left point.

Our algorithm for solving the convex hull problem is as follows.

Algorithm Convex-Hull.
Input:  A set S of n planar points.
Output:  The convex hull of S.

Step 1: Sort the n points in S according to their x-values.  Denote the subset of points stored
in processor i as Si.  After sorting, x(Si) < x(Sj) if i < j.

Step 2: Each processor i finds Hull(Si).
Step 3: i ¨ 1.  Repeat the following substeps p times.

Step 3.1: Processor i broadcasts the points in Hull(Si) one by one according to a
clockwise sequence.

Step 3.2: Each processor j, j π i, merges Hull(Si) and Hull(Sj) and then deletes the
points which are not in Hull(Hull(Si) » Hull(Sj)) from Hull(Sj) [10].   After
merging is performed, the top point and the bottom point of Hull(Sj) are
obtained.

absolutely top left point
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Step 3.3: i ¨ i + 1.
Step 4: Each processor i checks its Hull(Si).  If a point is both a top (bottom) left point and

a top (bottom) right point, check its two corresponding tangents.  If these two tan-
gents create a reflexive angle, then delete this point from Hull(Si).

Step 5: Select an interior point for Hull(S).  Sort the points remaining in all Hull(Si)’s
according to their polar angles with respect to the interior point.

We shall show that all the points remaining after Step 4 are the vertices of the convex
hull.  Then, our algorithm will find the convex hull after Step 5 is performed.  For simplicity,
we are only concerned with the properties of the top points.  The bottom points have the
same properties.

Proposition 1: Let S1, S2,..., Sp be p sets of points in which x(S1) < x(S2) < ... < x(Sp).
Suppose that r Œ Si, r is both the absolutely top left point and the absolutely top right point.
r œ Hull(S1 » S2 »...» Sp) if and only if the two corresponding upper tangents of r create a
reflexive angle.

As shown in Fig. 3, it can be easily seen that Proposition 1 is correct.

Fig. 3. A point which is both the absolutely top left and top right point. (a) A reflexive angle. (b) Not
a reflexive angle.
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Proposition 2: Let S1, S2,..., Sp be p sets of points in which x(S1) < x(S2) < ...< x(Sp).  Sup-
pose that r1, r2,..., rk, r1 π rk, is a consecutive clockwise subsequence of Hull(Si) in which r1

is the absolutely top left point and rk is the absolutely top right point.  Then, r1, r2,..., rk Œ
Hull(S1 » S2 »...» Sp).

Clearly, as shown in Fig. 4, Proposition 2 is correct.

In Algorithm Convex-Hull, after Step 3 is executed, the survivors in each Si are those
points fulfilling one of the following conditions.  (1). The points are absolutely top and/or
bottom points.  (2). The points are on the boundary of Hull(Si) and between the absolutely
left point and the absolutely right point. Step 4 deletes the points which are not on the final
convex hull. Thus, by Proposition 1 and Proposition 2, our algorithm works correctly.

The time required for each step in our algorithm is as follows:

Step 1: O n n
p

n
p( log )+ [21];

Step 2: O n
p

n
p( log ) [10];

Step 3: O n
p p O n( ) ( )⋅ =  [10];

Step 4: O
n
p( );

Step 5: O n n
p

n
p( log )+ [21].

Thus, the total time needed by Algorithm Convex-Hull is O n n
p

n
p( log )+ .

Preparata and Hong proved that the lower bound of a sequential algorithm for solv-
ing the convex hull problem is W(n log n) by reducing the 2-D maxima finding problem to
it [13].

Lemma 2: Under the broadcast communication model, the lower bound for an algorithm
using p, p ≥ 1, processors to solve the 2-D maxima finding problem with n points is

Ω( log ).n n
p

n
p+

Fig. 4. A part of a convex hull.
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Proof: Let u1, u2,..., un be the n input points, where ui = (ai, bi), 1 £ i £ n.  Suppose that a1 <
a2 <...< an and b1 > b2 >...> bn.  In this case, ui, 2 £ i £ n, must be at least compared with
ui-1; otherwise, we can not determine whether ui is a maximum or not.  Thus, the 2-D maxima
finding problem has the neighboring property.  Theorem 1 can be applied.  Besides, the
lower bound of a sequential algorithm for finding all maxima among n points is W(n log n)
[11], thus this theorem holds.                             o

With Lemma 2, we obtain the following theorem.

Theorem 3: Under the broadcast communication model, the lower bound for an algorithm
using p, p ≥ 1, processors to find the convex hull of n points is Ω( log ).n n

p
n
p+

By Theorem 3, Algorithm Convex-Hull is optimal under the broadcast  communica-
tion model.

6. THE CLOSEST PAIR PROBLEM

In this section, we shall give an algorithm to solve the closest pair problem [4, 5, 7]
under the broadcast communication model.

Let p1 = (x1, y1) and p2 = (x2, y2) be two points on a 2-dimensional plane.  The distance

between p1 and p2, denoted as Dis(p1, p2), is defined as  ( ) ( ) .x x y y1 2
2

1 2
2− + −  For two

sets, S1 and S2 of points, let Close(S1, S2) denote the pair of points p1 and p2, p1 Œ S1, p2 Œ S2,
such that Dis(p1, p2) £ Dis(pi, pj), for any pi Œ S1 and any pj Œ S2.  The closest pair problem
is that of finding Close(S, S) for a given set S of points.  Our algorithm is as follows.

Algorithm Closest-Pair.
Input:  A set S of n planar points.
Output:  The closest pair in  S.

Step 1: Sort the n points in S according to their x-values.  Denote the subset of points
stored in processor i as Si. After sorting, x(Si) < x(Sj) if i < j.

Step 2: Each processor i finds the x-value of the rightmost point in Si, denoted as ri.
Processor 1 also finds the x-value of the leftmost point in S1, denoted as r0.
Each processor i broadcasts its ri sequentially. Each processor i keeps ri-1 and
ri.

Step 3: Each processor i finds Close(Si, Si).  Denote Dis(Close(Si, Si)) as di.  Then,
each processor i sorts the  points in Si into an ascending sequence according
to their y-values.

Step 4: Find the minimum of all di’s. Denote it as d.
Step 5: i ¨ 1.  Repeat the following substeps p times.
        Step 5.1: Processor i broadcasts its ri-1, ri and its points one by one according to

an ascending sequence.
       Step 5.2: Each processor j computes tj = ri-1 – rj  if  j < i and each processor j

computes tj = rj-1 – ri  if  j > i.
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       Step 5.3: Each processor j uses the merging technique to find Close(Sj, Sj » Si)
if  tj £ d.  After this substep, Close(Sj, Sj » S1» S2 »....» Si) is obtained.

       Step 5.4: i ¨ i+1.
Step 6:  Find the minimum of all Dis(Close(Sj, S))’s and d.   The corresponding pair

of points are the answer.

This can be easily done in each step of Algorithm Closest-Pair except  in Step 5.3.  To
accomplish Step 5.3, we can use the merging technique proposed by Bentley [5].  The time

required for the merging procedure in Step 5.3 is O n
p( )  since there are O n

p( )  points in the

sets being merged.  Also, the time required for Step 3 is O n
p

n
p( log ) [5].   Thus, the total

time required for Algorithm Closest-Pair is O n n
p

n
p( log )+ .

Theorem 4: Under the broadcast communication model, the lower bound for an algorithm
using p, p ≥ 1, processors to find the closest pair of n points is Ω( log ).n n

p
n
p+

Proof: The 1-dimensional closest pair problem is a special case of this problem.  Furthermore,
the 1-dimensional problem has the neighboring property since we have to at least calculate
the distance between every pair of neighboring points.  Thus, the 2-dimensional problem
also has the neighboring property.  The lower bound of a sequential algorithm for solving
the closest pair problem is W(n log n) [14].  Combining this fact with Theorem 1, it is clear
that this theorem holds.                                               ¨

With Theorem 4, we conclude that Algorithm Closest-Pair is optimal under the broad-
cast communication model.

7. CONCLUDING REMARKS

In this paper, under the broadcast communication model, we have proposed a general
scheme, the p-division approach, to solve some geometric problems, including the ranking,
convex hull and closest pair problems.  All of these problems have been considered in a 2-
dimensional space.  The ranking problem has also been discussed for a k-dimensional space.

These problems possess a common property, the neighboring property.  Thus, their
lower bounds under the broadcast communication model can be proved using the same
technique.  Why can they be solved using the p-division approach?  Each of them can be
solved using a sequential divide-and-conquer method originally.  Furthermore, when one
problem is divided into more than two subproblems, the sequence of merging subproblems
is arbitrary.  If one problem has this property, it can also be solved using the p-division
approach under the broadcast communication model.
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