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In the past, we have demonstrated how fuzzy concepts can easily be used in the
Johnson algorithm to manage uncertain scheduling on two-machine flow shops. This paper
extends application to fuzzy flow shops with more than two machines. A new fuzzy heuris-
tic flow-shop scheduling algorithm (the fuzzy Palmer algorithm) is then designed since
optimal solutions seem unnecessary for uncertain environments. Also, the conventional
Palmer algorithm is presented as a special case of the fuzzy Palmer algorithm with special
assigned membership functions.
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1. INTRODUCTION

In a flow shop [14], jobs are processed by a series of machines in a predefined order.
For jobs scheduled in a two-machine flow shop, Johnson proposed an algorithm to achieve
a minimum makespan [8]. For jobs scheduled in a flow shop of more than two machines,
no optimal solution except exhaustive search has ever been proposed. Palmer proposed a
heuristic method to achieve a nearly minimum makespan [13].

In the past, the processing time for each job has usually been assigned or estimated as
a fixed value. In many real-world applications, however, the processing time for each job
may vary dynamically with the situation. Several theories, sufilzvag set theoryprob-
ability theory D-S theory and approaches basedaantainty factorshave been developed
to manage uncertainty. Among them, fuzzy set theory is more and more frequently used in
intelligent control because of its simplicity and similarity to human reasoning. Although
fuzzy set concepts are mainly used in linguistic domains, they are also used in numerical
domains, where each number is assigned a membership value. Examples are Chanas and
Kolodziejczyk's fuzzy network flow capacity [1, 2], Gazdik’s fuzzy network planning [4],
Hanet al’s fuzzy duedate scheduling [5], Hoagal's Fuzzy LPT scheduling [6], Klein's
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fuzzy shortest path [9], Nasution's fuzzy critical path [12], McCahon and Lee’s fuzzy project
network analysis [10] and fuzzy job sequencing [11], Clatray’s fuzzy project planning
[3], and so on.

In [7], we used fuzzy concepts in Johnson’s algorithm for two-machine fuzzy
scheduling. In this paper, we attempt to generalize this idea to the Palmer algorithm for
flow shops with more than two machines. Since the processing time for each task may vary
dynamically and may involve uncertainty in some real-world applications, optimal solu-
tions seem unnecessary, and the Palmer algorithm is thus sufficient for uncertain
environments. Also, the conventional Palmer algorithm will be presented as a special case
of the fuzzy Palmer algorithm with special assigned membership functions. The fuzzy
Palmer algorithm is then a feasible solution for both deterministic and uncertain scheduling
in flow shops with more than two machines.

2. REVIEW OF THE PALMER HEURISTIC ALGORITHM

We will now state am-machine n > 2) flow-shop problem with a makespan criterion.
Given a set oh independent jobs, each havimgasks Tis, T, -, Tras T12, T22, -, Tamayns
Tmn) that must be executed in the same sequenoemachines®;, Py, ..., Py), scheduling
seeks the minimum completion time for the last job. Since this problem is NP-hard, Palmer
proposed the following heuristic algorithm to solve it in polynomial time [13]:

The Palmer heuristic algorithm.

Input: A set ofn jobs, each having (m > 2) tasks executed, respectively, on eachnof
machines.
Output: A schedule with a nearly minimum completion time of the last job.

Step 1:For each jold, , find the valuer as follows:
av2g . .
= izl—(m—2| +Dt; +(M=20+ Dty
Step 2:Sort the jobs in descending orderg¥; if two or more jobs have the same

value ofr;, then sort them in an arbitrary order.
Step 3:Schedule the jobs on the machines in the sorted order.

3. THE FUZZY PALMER SCHEDULING ALGORITHM

In the fuzzy Palmer scheduling algorithm, each processed task is a fuzzy set. Fuzzy
operations are then used to schedule uncertain jobs and to find the fuzzy completion time.
The fuzzy Palmer scheduling algorithm using the fuzzy averaging ranking method is stated
below. Note that other ranking methods can also be used in our fuzzy scheduling algorithm.
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3.1 Notation

Notations used in this paper are listed below.

. n: the number of jobs;

.m: the number of machines;

. Tj: thei-th task for thg-th job,i =1, 2, ...mandj =1, 2, ...n;

.tj: the fuzzy execution time (a fuzzy set)yf;

- tj: thek-th possible execution time &f 1<k < |suppt;)|, where suppy) is the
support of the fuzzy séf;

- u(ty): the membership value f ;

. Py thek-th machinek=1, 2, ...m;

- pe: the fuzzy execution time (a fuzzy set)Ryf,

- py: thej-th possible execution time pf, 1 < j < [supgpy)l;

- u(py): the membership value of; ;

.f: the final completion time (a fuzzy set) of the whole schedule.

3.2 The Fuzzy Palmer Scheduling Algorithm
The proposed fuzzy Palmer scheduling algorithm is stated as follows.
The fuzzy Palmer scheduling algorithm.
Input: A set ofn jobs, each witlm tasks to be executed, respectively, on each of
machines; each task has a processing time membership function.
Output: A fuzzy schedule with a completion time membership fundtion
Step 1:For each jold,, find the valuer; using the fuzzy addition operation as follows:
av2g . .
mo= Yy —(Mm=2i+t; +(M=2i + Dt 14,
i=1
Step 2:For eachn, find its average valug;“using the following formula:

[supp(7T)|
Z (.u(njk) x r[jk)
n.ave = k=1
j Isupp(7Tj)|

kgl H(TTy )

wherer is thek-th possible value of;.

Step 3:Sort the jobs in descending ordergf*'s if two or more jobs have the same
value of 7}, then sort them in an arbitrary order.

Step 4:Set the initial completion timg, p., ..., pn, for machine®,, P,, ...,P,, to zero
with a fuzzy value of 1.

Step 5:Schedule the first job, in the sorted list to the machines such thats
assigned t®,, T, is assigned t@,, ..., andT;is assigned t®,

Step 6:Setp, = p;+ t; using the fuzzy addition operation.
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Step 7:Setpg.qy = find-longer-timép;, Pi.ay) + tiy . 1 = 1, 2, ..., 1), where the
find-longer-time procedure is used to find the fuzzy start time for machine
P(i+1)-
Step 8:Remove task; from the sorted list.
Step 9:Repeat Steps 5 to 8 until the sorted list is empty.
Step 10:Set the final completion timfe= p,,.
After Step 10, scheduling is finished, and a fuzzy completion time with a member-
ship functionf has been found. THimd-longer-timeProcedure, which is similar to that in
[7], is stated as follows.

The Find-longer-time Procedure.

Input: Two fuzzy sets with completion timgs,andp..,, for each machine.
Output: The start timeS (a fuzzy set) for the next job to be executed on machihe
Procedure:
(al) FOR each fuzzy spt, k =r andr+1, DO the following:
(b1) Sortpy in descending order @f's, where X j < |suppgy)|.
(b2) Build a new fuzzy sétwith a termu(l )/l added at the front of it, and set

I, == andu(l, ) = 0 as a starting point.
(b3) Set each other elemégt= p; andu(ly) = max u(py), w1l
END FOR

(a2) Merge the,s k=r andr+1) into a fuzzy lisSin a descending order pf's; the
label P, is also attached to each element to represent its source set, that is,
S={(u(s)/s, Ph(sl))a (u(s))/s, Ph(sz) ) oo
U(Sisuppp,)i+Isuppt, . )1 )/ Sisupp, i+Isuppt, . )1 + Prestisuppg,)i+Isuppg, , JH)}s
wher®; denotes the source setspf
(a3) Attach a pointer to the first elemeuk, )/ I, for each,, k =r andr+1.
(a4) FOR each element(§)/s, Prs) in S i = 1 to |suppg)| + [suppg...)| , DO the
following:
(cl) Procedgsuch thak # h(s) is satisfied as follows:
(d1) get the element which the current pointer points to;
(d2) move the pointer to the elemp(hmj)/ ij, wherelkj >3 andlk(j+1
(c2) Sew(s) = Min[u(s), 1u(l)l;
(c3) IFs =s.4,
THEN sai(s) = MaXq u(s), u(s.1)] and remove the term
((s-1)/s1, Ph(%_l)) from S,
END FOR
(a5) Normalize and output the firain ascending order gf(without thePy) subterm).

<s:
)—Si

After Step (a5)sS the start time for the next job to be executed on machibehas
been found. Details of this procedure can be found in [7]. The following example shows
how the fuzzy Palmer algorithm works.
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3.3 An Example

Assume a group of five jobs is to be processed in a three-step operation. The first
step is degreasing, the second is painting, and the third is drying. Assume also the fuzzy
execution times of these jobs are as listed in Table 1.

Table 1. The processing time of the five jobs in the example.

Job ty b ty

J {1.0/4} {1.0/7} {1.0/3, 0.9/4}
J {0.5/4, 1.0/5} {1.0/5} {1.0/6}

Js {1.0/5, 0.9/6} {1.0/2, 0.8/3} {1.0/4}

J, {1.0/1} {0.9/4, 1.0/5} {1.0/2, 0.9/3}
Js {1.0/2, 0.2/4} {1.0/5} {0.7/2, 1.0/3}

Using the fuzzy Palmer scheduling algorithm, the execution process is as follows.
@IZD . .

Step 1:Setrr; = 3 —(3-2i+1t; +(3-2i + Dt 5,5,
i=1

= =2t +2t;,.
Step 2:For eachy;, find the average valug;™. The results are shown in Table 2.

Table 2. The results of 77 for this example.

Jobj 3 J, 3 3 Js

n?ve -11 2.7 -2.9 29 0.4

Step 3:The complete sequence i%,{J,, Js, J;, J3}.
Step 4:Setp, = p, = ps = {1.0/0}.
Step 5:AssignJ, (the first job in the sorted order) to machines for execution.
Step 6:Set p, = py+ t1, = {1.0/0} + {1.0/1} = {1.0/1}.
Step 7:Set p, =find-longer-time(py, p2) + tx
={1.0/1} + {0.9/4, 1.0/5}
={0.9/5, 1.0/6};
Setp; =find-longer-time(p,, ps) + ts4
={0.9/5, 1.0/6} + {1.0/2, 0.9/3}
={0.9/7, 1.0/8, 0.9/9}.
Step 8:Removel,.
Step 9:Repeat Steps 5 to 8 for the other jobs. The final results are shown in Table 3
and Fig. 1.
Step 10: The final completion timé=p; = {0.2/29, 1.0/30, 0.9/31}.



402 TZUNG-PEI HONG AND TZUNG-NAN CHUANG

Table 3. The scheduling results for this example

Jobj | p; (afterty is added) p. (aftert, is added) ps (afterty is added)
J | {1.0/1} {0.9/5,1.0/6} {0.9/7,1.0/8,0.9/9}
J, | {0.5/5,1.0/6} {0.9/10,1.0/11} {0.9/16,1.0/17}
Js | {0.5/7,1.0/8,0.2/9,0.2/10} {0.9/15,1.0/16} {0.7/18,0.9/19,1.0/20}
J, | {0.5/11,1.0/12,0.2/13,0.2/14} | {0.9/22,1.0/23} {0.9/25,1.0/26,0.9/27}
J; | {0.5/16,1.0/17,0.9/18,0.2/19, {0.9/24,1.0/25,0.8/26} {0.2/29,1.0/30,0.9/41}
0.2/20}

Pl tll tIZ tl5 K tll j:: tlj

: O [ G

Fig. 1. The final schedule results for this example.

4. REDUCING TO THE ORIGINAL PALMER
SCHEDULING ALGORITHM

In this section, the fuzzy Palmer scheduling algorithm is shown to be equivalent to
the original Palmer scheduling algorithm in environments where the latter is applied. For
the original Palmer scheduling algorithm to work, the task time must be known and definite.
That is, each task must have a time with a single membership value = 1, and all other time
membership values = 0. In this environment, the two algorithms can be proven to be equiva-
lent as follows.

Theorem 1: If Fuzzy setA = {1/a} and Fuzzy seB = {1/b}, then find-longer-timéA, B)
= {1/maxa, b}.

Proof: This has been proven in [7].

Theorem 2:The execution sequences using the fuzzy Palmer algorithm and using the original
Palmer algorithm are the same for definite tasks if, when there is a tie, the rules that allocate
jobs to the processors are the same.

Proof: Let oty andft, denote, respectively, the definite execution time in the original Palmer
algorithm and the fuzzy execution time in the fuzzy Palmer algorithm foifgasRince the
time for each tasK, is definite, the fuzzy execution timig; = {1/ots}. Then,
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m/'2g X .
frr, = izl —(Mm=2i+Dft; +(m=2 +Dft .0,
mm/2g ) .
= 3 —(m-2i+D{1/ot;} +(m-2i +1){1/ ot ..}

Izl[leD
={1/ gl (=(m=2i +1) xot; +(M=2i +1) X0t )}
={l/om}.
This implies that

™ = orr;.

The sorted job list resulting from Steps 1 to 3 of the fuzzy Palmer algorithm is then
the same as that yielded by the original Palmer scheduling algorithm. Since the tasks are
scheduled according to the sorted list in both algorithms, the proof is complete. O

Theorem 3: If the schedule time from the original Palmer scheduling algorithdf; then
the fuzzy schedule timfé from the fuzzy Palmer scheduling algorithm isdf}/

Proof: Without loss of generality, we may assume that the final scheduling oddés 3,

using both algorithms (from Theorem 2). We will prove by induction that the intermediate
scheduling results yielded by the two scheduling algorithms are the same. First, the cor-
rectness of the theorem fayris proven. In this case, the original Palmer scheduling algo-
rithm initially sets the execution timef, to op,,) for P, to P,, to 0, and the fuzzy Palmer
scheduling algorithm initially sets the fuzzy execution tfme= {1/0} = {1/op¢}, for k =1

to m. The first jobJ; is then put into the processors by the two algorithms. The execution
time op, yielded by the original Palmer scheduling algorithm becomes

new op =old op, + oty;
=0 +0t11
= Otll .
The execution timep, yielded by the original Palmer scheduling algorithm becomes
new op = Max(new op, old op,) + oty
= l\/laX(Otll, 0) +0t21
= Otll + Otgl.
In general, we can get
new oR = Max(new op., old op) + Ot

ot,,.

M=~

The execution timdp,, yielded by the fuzzy Palmer scheduling algorithm becomes

new fp =old fp, + fty,
= {1/0}+{1/ot,;}
= {16t}
={lhewop;}.
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The execution timdp,, yielded by the fuzzy Palmer scheduling algorithm becomes

newfp, = find-longer-timénew fp, old fp,) + ft,;
= find-longer-tim¢1l/new op, 1/0) +ft,;
= {1/Max(new op, 0)}+{1/ot,;} (from Theorem 1)
={1/(new op + oty,)}
={1/(oty; + ot)}
= {1/new op}.

In general, we can get

new fp =find-longer-tim¢newfp,,, old fp) + ft,,

k
={1/ 3 ot;}}
1=1
= {1/newopy}.
Next, by induction, we assume thpt is {1/op} for k = 1 tom afterJ; is scheduled and
prove that the results are also validdgf. The execution timep, yielded by the original
Palmer scheduling algorithm becomes
new op =old op + Ot;.q).
The execution timep, yielded by the original Palmer scheduling algorithm becomes
new op = Max(new op, old o) + Otys.1).
In general, we can get
new op = Max(new o4, old op) + Ots.y).
The execution timdp,, yielded by the fuzzy Palmer scheduling algorithm becomes
newfp, =old fp, + fty )
= {l/old op} + {1/ Oty1)}
={1/(old op, + Otys.1)}
= {1/new op}.
The execution timdp,, yielded by the fuzzy Palmer scheduling algorithm becomes
new fp =find-longer-timgnew fp, old f,) + ftys.q)
= find-longer-timg{1/new op}, {1/ old op}) + ftyey
= {1/Max(newop,, old op,)} + {1/ Otys.1)} (from Theorem 1)

= {1/(Max(new op, old op) + Otys.1))}
= {1/newop,}.
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In general, we can get

new fR = find-longer-timénew fR,, old fp,) + ftys
= find-longer-timg{1/new op.i}, {1/ old op}) + ftys
= {1/Max(new op., old op)} + {1/ Ots.1)}
= {1/Max(new op, old op) + Ots1))}
= {1/new oR}.

Therefore, after all jobs are schedulfgy, = {1/op,}. According to Step 10 of the fuzzy
Palmer scheduling algorithm, the completion tfifriefp,. According to the original Palmer
scheduling algorithm, the completion tidgis op,,. So,ff =fp,, = {L/op}={1/df}. This
completes the proof. O

5. CONCLUSIONS

In this paper, we have proposed the fuzzy Palmer algorithm for scheduling uncertain
jobs in a flow shop with more than two machines. The fuzzy Palmer algorithm can yield a
scheduling result with a membership function for the final completion time. The results
can then help managers gain a broader overall view of scheduling. Also, the conventional
Palmer algorithm has been shown to be a special case of the fuzzy Palmer algorithm with
special assigned membership functions. The fuzzy Palmer algorithm is then a feasible
solution for both deterministic and uncertain flow shops with more than two machines. In
the future, we will try to apply other characteristics of fuzzy sets to the scheduling field.
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