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A class of uni-directional Cayley graphs based on alternating groups is pro-
posed in this paper. It is shown that this class of graphs is strongly connected and
recursively scalable. The analysis of the shortest distance between any pair of nodes
in a graph of this class is also given. Based on the analysis, we develop a polynomial
time routing algorithm which yields a path distance at most one more than the
theoretic lower bound. Furthermore, comparisons among uni-directional hypercubes,
uni-directional star graphs, and uni-directional alternating group graphs are given.
These observations validate the superiority of uni-directional alternating group graphs
among known uni-directional topologies.
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1. INTRODUCTION

Due to rapid advances in larggerconnection networksuch asnassive parallel
computersthe search for large uni-directional graphs with fairly nice topological and sym-
metric properties has received much attention in the literature recently [5-9, 11, 16, 17].
Although most graphs studied as interconnection network models for parallel computers are
un-directed, un-directed links in such models is normally realized by two directed links in
practice. A generic architecture of a node in parallel computers is shown in Fig. 1, where each
switch supports direct-in and direct-out channels. Usually a crossbar is used to allow all
possible connections between input and output channels within the switch. Thus, the
search for uni-directional graphs which possess properties similar to those of their un-
directed counterparts is an immediate and meaningful design consideration. Other applica-
tions of uni-directional graphs include the desighigh speed networker high perfor-
mance computinfi7, 18].
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Fig. 1. A generic node architecture.

A class of graphs callegioup graphs oiCayleygraphs provide a very natural and
rich framework for interconnection networkslypercube$13, 15],star graphs [1, 2] and
alternating groupgraphs [12] are examples of Cayley graphs. Recently, Chou and Du [7]
proposed a two different schemes to define the orientations of the edges of a hypercube.
These two uni-directional schemes are callkétC1, andUHC2,, respectively. Day and
Tripathi [8] proposed a scheme callg, to define the orientation of edges in a star graph.
In this paper, our aim is to propose a uni-directional scheme for alternating group graphs [12]
and to explore its properties. In addition, we shall compare some properties of the uni-
directional alternating group graph with thoseJbfC1,, UHC2, andUS,.

2. THE UNI-DIRECTIONAL MODEL

Let(n) ={1, 2,.....n} andp be a permutation, such thet p; ps... ., Wwherep, € (n) for
all 1<i<n. Furthermore, ldtdenote the identity permutationaj. Ifp, >p wherei <j, the
pair p; andp; constitute arinversion A permutation is said to lven(resp.odd) if its
number of inversions is even (respd). A well known fact regarding permutation represen-
tation is thap can be represented by dgclestructure, i.e p = CiC,...C&18....8, Whereg; is
a nontrivial cycle of lengtlt| > 2, for 1<i <k ande isinvariant, i.e., g| = 1, for 1<i <1 [3].
As an example, consider the permutapien3 1 2 4 6 5. The cycle structurepa$ (1 3 2) (4)
(5 6), where (4) is an invariant.

Define an associative, binary operation (called a produptice®) = p(q(x)). Letg be
a permutation with only a cycle such that (1 2i), 3<i <n. DefineQ ={g | 3<i<n}, and
let eachy; in Q be called generatof3]. A uni-directionaln-dimensional alternating group
graph, denoted YAG,(V,, E,), has the vertex s#t, of all the even permutations @f) and
the edge sdf, ={(p,9) | p, e V., q=p - h, for somehe Q}. Fig. 2 gives two examples of
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Fig. 2. (a)UAG; and (b)UAG,.

UAG,, wheren= 3 anch = 4, respectively. Clearly, each edg&/iG, is embedded in a circuit
of length three. Thus if a packet is mis-routed from vextécan always return @in three
hops.

The following Lemma is given without proof.

Lemma 1: UAG, is strongly connected far > 3.

Given a grapl(V, E), anautomorphisnof V is a permutatioi of V satisfying the
property that if ¢, v) € E, then ((u), a(v)) € E. Observe that the set of all automorphisms of
V forms a group under.”; the function composition operator. Furthermdsds vertex
symmetridf and only if, foru, v € V, there exists an automorphisnsuch thatu(u) = v.

Lemma 2: UAG, is vertex symmetric.

Recall that each vertex M, is an even permutation ¢fy. For 1<i < n, let
={p.p,-p, OV,|p, =i}. Consider the subgraph BAG, induced byv,, denoted by
UAG,, whose edge set is representeds)y Without loss of generality, consider any two

subgraphsUAG, and UAG,. Letx [V, andy [V, such thak = pip...pj p..d and x =
PoP...pci pr..j. Define an isomorphisim(X) =y. It can be easily verified that {fp, q) OE!
then (h(p),h(g)) JE!. Furthermore, it is obvious that by removing the last digiom all
the nodes iUAG, the resulting graph is isomorphiclé\G, ;. Thus, the following Lemma
guarantees th&lAG, is recursively scalable.

Lemma 3: UAG, can be decomposed intosubgraphs, namelYJAG!, UAG?, ...UAG!
each of which is isomorphic t0AG, ;.
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3. DESIGN AND ANALYSIS OF THE ROUTING ALGORITHM

Foruyve V,, itis clear thaty, v) € E, if and only if {, u- v) € E,. By extending the
notion of an edge IWAG,, we can see thatif=u - h;- h,...h, whereh,e Q for 1<i <t, then
| =v*u-h;-h,...h. Therefore, the path frootov is equivalent to the path from)* tol. For
p=vi-u=p p..p.€ V, itisour ultimate goal to find a sequence of generators drawn from
Q so that eachy; in p will eventually be migrated to thg-th position inl. This process
essentially sortp, in p to the right (i. e.pi-th) position.

Lemma4:Letpe V,. 1and 2 irp will automatically be sorted when all the other entrigs in
are sorted.

Givenp, p....p, € V, with some satisfying Xi #p = 3, we can easily see that it takes
three steps to moyg back to the right position. Assume thgtr(...r,,) and & s,...s,,) are
two cycles op containing neither 1 nor 2. In order to sort each and every element in the first

cycle, we first apply the generatg%_l) nod x 1O MoVer;, where (<i < x -1, to the second

position. Then, for the second cycle, we apggolx)modyto moves, where & j<y-1, to the

second position, anglis accordingly moved to the first position. Now, applying the corre-
sponding generata; will sortr;, we moves andr;., to the first and second positions,
respectively. Next, we appgg‘ to sorts, and move.; ands., to the first and second
positions, respectively. The number of steps needed to sort all the elements in either cycle
(of interest) by alternating the above process between the two cycles is at least one more
than the respective cycle length. Thus, the following lemma is immediately obtained.

Lemma 5: If cyclec = (t; t,...t) does not contain 1 or 2, then at leastl steps are needed to
sort all the elements imback to their correct positions.

Suppose each nontrivial cycle is associated with a weight which is one more than its
cycle length. Following the above development, the shortest distance between any two
nodes can be obtained by first partitioning the nontrivial cycles into 2 groups such that the
total weight in one group is as close to the total weight of the other group as possible, and
by then alternating the sorting process discussed in the previous paragraph between these
2 groups. The former step is the weighted set partition problem, which is NP-complete (p.
223, [10]). Before giving a heuristic to efficiently and effectively perform obtain the partition,
we shall explore the issue of the shortest distance between twopaadeisin UAG, a bit
further. Letp =c;...c &...8, and letD, denote the shortest distance frpto |.
1.p=12p,..p, and each cycle is associated with a number [c| + 1. It suffices to study

the following three cases for dealing with the problem of partitiodint.{..,I,} into two
setsA andB such thalaisA I > 2“63 l.

(a)2|iEA i —2|i€|3 i = 0: Dp= ZlieAuB li = (n— /’) +k=n+k—.

(b) Z|i€A l; _ZlieB [ =1: Sincep is an even permutation, this case cannot occur.

(c) Otherwise: It takes one step more than case (1)(a) does. That {g,+k—/+1).
2.p=21ps..p, andc, = (1 2). As before, ldt=|c| + 1, for 1<i <k. It suffices to study the

following 3 cases for dealing with the problem of partitionihgl,...,1 } into two setsA
andB such that2|ieA > ZHEB l;. Consider the following three cases:
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@ Ziea l; —Zics l; = 0: The number of even length cycles is even. Since cyalél be
automatically sorted, the number of odd length cycles is ofldmdB. This case
will not occur.

(b)ZcaliZeali=1:D=(n—r-2) + kK- 1) =n+k—-r - 2.

(c) Otherwise: Using the same argument as for case @)E)n—7—-2) + k—-1) +1
=n+k-r-2.

3.p=1pP2Pz.. P11 2 Pjes--- Po ANAC, = (2. j). Definel; =G| + 1 for 2<i<landl, = [ci| - 1. It
suffices to study the following 3 cases for dealing with the problem of partitiomjnig, {
l3,...,1} into two setsA andB such thaﬁhes li> Ziea l;andl, is inA. Consider the following
three cases:

@Zicali—Ziceli=0:Dy=Ecaceli=(N—r—-1) +k-1)=n+k-r-2.

(b) 2“65 l; _ZliEA i =1: It can be seen that this case can not occur.

(c) Otherwise: Using the same argument as for case @)@E)n—+—-1) + k—1+ 1)
=n+k-¢-1.

4. Letp=p; 2Ps..p 1 p+1..p,andc, = (1p, pi..j). Movep, back to the correct position.
Then, the case can be :
(@) 2 1ps..p_1 P Pres--Po- if L =]. In this case, the analysis is similar to that for case (2).
(b) 2pi.. 1 L pa-- P if pr#j. The analysis of this case is similar to that for case (3).
5. Letp=2p,..p1 1 pa-.Pnande; (12p;p..J). Following the same argument as for case (3),
letl, = [ci| — 2. The following discussion is straightforward:

(a)ZIieA l; —Zics l; = 0: This case will not occur.

(b)Ziceli—Eeali=1:D=(N—r-2) + k—1)=n+k-/-3.

(c) OtherwiseD,=(n—7—-2) +k—1+1) m+k—r—2.

6. Letp=pi Pz .. P11 P Pt 2 Pea-. Po @NAC; = (1 Pre+] 2 Po+i). Continue to route the

element in the first position back to its correct B}lositionwtmtd {1, 2}. Consider the
following cases:

(8)p =2 1ps...pn, if m =my: The discussion is similar to that for case (2).

(b) p=1 2ps...p,, if My =m, + 1: The discussion is similar to that for case (1).

(©) p=1p, ps...pn, if M >m, + 1: The discussion is similar to that for case (3).

(d) p = 2p; ps...pn, if My <myp: The discussion is similar to that for case (5).

7. Letp=p1P2..P1 1 Pist-- Pt 2Pjea-.- Po@nde; = (1 pl"'i) andc, = (2 P ). The argument

m m
of this case is quite similar to that for case (6). We leave this as an exercise to the readers.
Theorem 6 summarizes the above discussion.

Theorem 6:If p( e V,) is of the fornc, ¢,...G.e €, ....€, then

D=n+k-torn+k—t+1. ifp,=1andy,=2.
=n+k—t—-3om+k—¢—2.ifp,=2ands, = 1.
=n+k—t—-2om+k—¢-1.ifp,# 1 andp, = 2.
=n+k—t— 2om+k—¢-1.ifp, =1 andp, # 2.
=n+k—-t-3om+k—-¢-2.if1,2€e c,

<iKk,3<cl,
and 1, 2 are not successive.

=n+k—t—3om+k—-¢-2.if1, 2e ¢,



424 JUNG-SING JWO AND TAI-CHING TUAN

<iKk, 3<c
and 1, 2 are successive.
=n+k—-t—4om+k—t—3.if le ¢, 2ec andi #j.

Since the cycle set partition is NP-complete, we shall develop a polynomial time greedy
heuristic to perform distributed routing frgn¥ p, p....p, to | in the following. This heuristic
always produces a routing distance at most one more than the theoretical lower bound [12].
Let vertexr =r, I,...r, be a node in the routing path frarto|. Its immediate successdrcan
be determined by using Algorithm 1 given below.

Algorithm 1 : Letc = (01 2. Gn) andg, < ¢, 2<j<m
evaluate the cycle structuremf
if (r,e {1, 2}) then
if (r,e {1, 2}) then
if (r =1) then
the destination is reached;
else
Select any nontrivial cycle inr andc; = (1 2);
r’'=r. gqm;
end
else
if (exist a cyclec; inr andr, ¢ ¢) then
r’'=r. gqm;
else
There exists only one nontrivial cyaden r andg; =r;
=l —{1, 2}I;
if (¢>1) then
F=0 g
else
r'=r. grz;
end
end
end
else
r'=r-g,.
end

The worst case analysis of employing Algorithm 1 successively to route pdrsek
to vertex! leads to the following Lemma.

Lemma 7: LetD be the diameter &a§JAG,; then,

D:BD”%2 ,ifnisevenand”%ziseven.

:3D%2+1 . if niseven and %2 is odd.

=30 B"'E—ZDH, if nisodd and H‘E—Zﬂiseven.
=30 [{15—2@ 2, if nisodd and H‘E—Zﬂisodd.
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4. CONCLUDING REMARKS

Table 1 shows comparisons amaG,, UHC1, andUHC2,. It can be seen that if we
fix the cardinality of the vertex set for the four uni-directional schemes theoretically,then (1)
uni-directional alternating group graphs have the smallest diameter, and (2) uni-directional
alternating group graphs have far less indegree and outdegree than uni-directional hypercubes
(of interest) do. The vertex symmetric propertyJ&G, allows a distributed computing
structure in one region of the network to be reatldyslatedinto another region without
affecting the quality of the original embedding [1PHC1,,, UHC2, andUS, do not have the
vertex symmetric property thougfHC1, andUHC2, can be decomposed into two vertex-
symmetric components [6]. These observations show the superiority of uni-directional
alternating group graphs.

Several extensions of this study are possible. (a) More topological properties for
UAG, need to be explored. (b) Communication mechanisms, such as broadcating and
multicasting, orlUAG, need be studied.

Table 1. A comparison amondAG,, UHC1,, UHC2, andUS.,.

Networkg No. vertices Indegree értex Diameter

(Outdegree) Symmetry

| - -
UAG, % n-2 yes 3*%. if nis even anan2 is even,
(n-2) 3*L22+1_ if nis even anc:ni—2 is odd,

3* B"E—ZDH if nis odd andBszD is even
3 [52[J2, if nis odd and 52[Js odd.

UHC1, 2" Egﬂor [%D no n+1, if nis even,
( gDor EED n+2, if nis odd.

UHC2, 2" Egﬂor [%D no n+2, ifn =3,
([%Dor ED n+1, if n = 3.

us, n! qu;lﬂor B%lﬂ no <5*(n-2) +1.

(5 0or 12D




426

JUNG-SING WO AND TAI-CHING TUAN

ACKNOWLEDGEMENTS

We are grateful to three anonymous reviewers whose incisive comments and criticism

helped us to improve the presentation.

10.

11.

12.

13.

14.

15.

16.

17.

REFERENCES

S. B. Akers, D. Harel and B. Krishnamurthy, “The star-graph: an attractive alternative to
then-cube,” inProceedings of International Conference on Parallel Proces4i887,
pp. 393-400.

. S. B. Akers and B. Krishnamurthy, “A group-theoretic model for symmetric interconnec-

tion networks,"IEEE Transactions on Computek®l. 38, No. 4, 1989, pp. 555-566.

. N. Biggs Algebraic Graph TheoryCambridge University Press, New York, 1979.
. J. A. Bondy and U. S. R. Murt@raph Theory with ApplicationsNorth-Holland,

Amsterdam, Netherland, 1976.

. F. Comellas and M. A. Fiol, “Vertex symmetric digraphs with small diameter,” Technique

Report No. 9201, Department de Mathematica Aplicadai Telematica, Universitat Politecnica
de Catalunya, Spain, 2/1992.

. S.C. Chern, T. C. Tuan and J. S. Jwo, “On uni-directional hypercubes,” Technical Report

No. 9401, Department of Applied Mathematics, National Sun Yat-Sen University, Taiwan,
1994.

. C. H. Chou and David H. C. Du, “Unidirectional hypercubes Piaceedings of

Supercomputing'9@990, pp. 254-263.

. K. Day and A. Tripathi, “Unidirectional star graphk)formation Processing Letters

\ol. 45, No. 3, 1993, pp. 123-129.

. V. Faber, W. Moore and W. Y. C. Chen, “Cycle prefix digraphs for symmetric intercon-

nection networks,Networks \Vol. 23, Vol. 8, 1993, pp. 641-649.

M. R. Garey and D. S. Johns@amputers and Intractability: A Guide to the Theory of
NP-Completenes$V. H. Freeman and Company, 1979.

Y.O. Hamidoune, A. S. Llado and O. Serra, “The connectivity of hierarchical Cayley
digraphs, Discrete Applied Mathematicgol. 37, No. 3, 1992, pp. 275-280.

J. S. Jwo, S. Lakshmivarahan and S.K. Dhall, “A new class of interconnection network
based on the alternating groupl@tworks Vol. 23, No. 4, 1993, pp. 315-326.
Lakshmivarahan and S. K. Dh&lhalysis and Design of Parallel AlgorithmdcGraw

Hill, New York, 1990.

S. Lakshmivarahan, J. S. Jwo and S. K. Dhall, “Analysis of symmetry in interconnection
networks based on Cayley graphs of permutation groups: a suPaegllel Computing

\ol. 19, No. 4, 1993, pp. 361-407.

F. T. Leightonintroduction to Parallel Algorithms and Architectures: Arrays, Trees,
HypercubesMorgan Kaufmann, 1992.

L. M. Ni and P. K. McKinley, “A survey of wormhole routing techniques in direct
networks,”IEEE Computenol. 26, No. 2, 1993, pp. 62-76.

S. T. Tan and David H. C. Du, “Embedded unidirectional incomplete hypercubes for
optical networks,TEEE Transactions on Communicatjfl. 41, No. 9, 1993, pp. 1284-
1289.



UNI-DIRECTIONAL ALTERNATING GROUPGRAPHS 427

18. R.J. Vetter and David H. C. Du, “Distributed computing in an environment based on high
speed optical networkslEEE Computer\Vol. 26, No. 2, 1993, pp. 8-18.

Jung-Sing Jwo (B R2{E) is an associate professor in the Department of Computer
and Information Sciences at Tunghai University, Taiwan. Dr. Jwo received a B.S. degree in
mechanical engineering from National Taiwan University, and M.S. and Ph.D. degrees in
computer science from the University of Oklahoma at Norman, Oklahoma. He has worked at
the Tatung-Fujitsu Computer Company. His research interests include Internet applications,
network computing, interconnection networks, high performance computing, distributed
and parallel computing. Dr. Jwo has published papers in Networks, IEE Proceedings, Infor-
mation Processing Letters, Parallel Computing, Parallel Algorithms and Applications, Com-
puters & Mathematics with Applications, and other professional journals.

Tai-Ching Tuan (E§ &%) received his doctorate in computer science from North-
western University, Evanston, IL, in 1986. From 1983 to 1995, he was in academia at George
Mason University, VA, USA, the University of Oklahoma, Norman, OK, USA, and National
Sun Yat-Sen University, Taiwan. From 1995 to 1997, he was with the US Department of the
Army. Dr. Tuan was awarded the Superior Civilian Service Award by the US Department of
the Army in 1997. He is now Principal System Architect with the Science Applications
International Corporation, McLean, VA, USA. Dr. Tuan is a senior member of IEEE and has
published papers in the SIAM Journal on Discrete Math, IEEE Transactions, Information
Processing Letters, BIT, IEE Proceedings, Networks, and other professional journals. His
research interests include C4l (command, control, communication, computer and intelligence)
information warfare, high performance computing, distributed and parallel computing, the
graph theoretical approach to optimization/approximation, and theoretical computer science.



