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Petri net (PN) synthesis can avoid the state exploration problem, which is of expo-
nential complexity, by guaranteeing the correctness in the Petri net while incrementally
expanding the net. The conventional Petri net synthesis approaches, in general, suffer the
drawback of only being able to synthesize a few classes of nets. However, the knitting
technique, originally proposed by Chao [1-4], can synthesize Petri nets beyond assymetric-
choice nets. In addition, one major advantage of the knitting technique is that the resultant
Petri net is guaranteed to be live, bounded, and reversible — the well-behaved properties.
Therefore, the cumbersome reanalysis and modification procedures that are inevitable for
the conventional Petri net synthesis methods can be avoided. Most current synthesis tech-
nigues cannot handle systems with shared resources. Zhou et al. [5] presented the condi-
tions for a PN containing Sequential Mutual Exclusion (SME) to be live, bounded, and
deadlock-free. The major motivation of this work is to generalize Zho et al.’s pioneering
work [5] and to extend the knitting technique to construction of classes of PNs that involve
synchronization and shared resources according to the synthesis rules. In addition, the
knitting technique developed prior to this work concentrated on the structural relationships
among the pseudo-processes only and was not related to the marking. This paper is the first
work to consider marking in the PN synthesis with the knitting technique.

Keywords:Petri net, knitting technique, synchronization, deadlock, SME, liveness,
boundedness, shared resource

1. INTRODUCTION

The Petri net (PN) behavior depends not only on the graphical structure, but also on
the initial marking of the PN. Therefore, it cannot be determined by means of static analysis,
such as dependency analysis, only; rather, it can be obtained through reachability analysis.
The size of a reachability graph is determined not only by the structure of the net, but also
by the initial marking. In general, the larger the initial marking (i.e., the more tokens are
involved), the larger the reachability graph. It has been shown that the complexity of the
reachability analysis of PNs is exponential [6].

Petri net synthesis can construct large nets without the requirement of reachability
analysis. Any synthesis technique should obey the following three principles:
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(1) Preservation: The synthesized net should preserve all well-behaved properties.

(2) Simplicity: To reduce the complexity of synthesis, the rules must be as simple as
possible.

(3) Generality: The rules should be as powerful as possible to generate as many
classes of nets as possible.

The synthesis rules developed in the knitting technique are based on the above
principles. New paths are added according to two guidelines, which do not disturb the
reachable markings of the old net, and which ensure that the new path is live, bounded, and
reversible. A temporal matrix (T-Matrix) is used in the knitting technique to record the
structural relationships (concurrent, exclusive, sequential, cyclic etc.) among processes and
to detect rule violations when a new generation is created from one node to another. There
are four types of path generations; namely TT, PP, TP, and PT; depending on whether the
generation is from a transition or a place to a transition or a place. One of the following
three actions is taken, depending on the structural relationship between the two nodes and
the type of generation: (1) forbidden, (2) permitted, or (3) permitted; however, more new
generations are needed. In the previous version of the knitting technique, TT (PP)-genera-
tions were permitted between two sequential or concurrent (exclusive) processes while TP
(PT) generations were forbidden since they could create unbounded (nonlive) PNs.

An algorithm was developed [2, 7] accordingly to update the T-matrix with polyno-
mial time complexity (since only structural information is needed). We have implemented
this algorithm in an X-Window/Motif environment. It can synthesize protocols [1] among
multiple parties and has been applied to synthesis of communication protocols and auto-
mated manufacturing systems [7]. In [8], we extended these rules to synthesize General
Petri Nets (GPNs) whose arcs have multiple weights. This technique can synthesize nets
more generally than cdree-choice(FC)™, extended free-choig&FC)” orassymetric-
choice net4AC)"™ [MUR 89a]. FC is a subset dEFC, which, in turn, is a subset AC.

Other contributions in this direction have been as follows. Esparza & Silva [9] pro-
posed two rules to synthesize live and bounded free-choice PNs. Their TT- and PP-handles
[10] are similar to the TT- and PP-paths in [1]. Similar to [1] but rephrased in another way,
they also showed that circuits without TP- and PT-handles have good structural properties.
However, they did not explicitly apply them to synthesis using the notiorstofictural
relationship In [9], Rule RF1 refined a macroplace by means of a state machine, and RF2
added a marking structurally implicit place (MSIP) to an FC net. RF1 in [9] corresponds to
the PP rule in [1] and add paths between places. RF2 in [9] corresponds to the TT rule in
[1], adds paths between transitions and increases the degree of concurrency. However, one
needs to decide whether the subnet can be reduced to a macroplace (in RF1) and whether a
place is an implicit place (in RF2). The knitting technique [1], however, requires no check-
ing of the generated paths; rather, it uses the T-Matrix to check automatically whether the
generation points and joints satisfy certain constraints. This is simpler than checking many
different subnets and a linear algebra equation for MSIP in [9]. In addition, the T-Matrix
can record self-loops and find the maximum concurrency with linear time complexity. Al-
though [10] added the RF3 rule to synthesize EFC nets, [10] was unable to synthesize ACs
which can be synthesized easily using the knitting technique.

*1.Vpe P, [op|< 1 ore (ep) = {p}.
*2.Vpy, P2 € Pyepinep#0= e p=ep,
*3.Vp, P e Pepinep,z0=ep,cep,0rep, ep,
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Datta & Ghosh [11-12] also proposed two rules that are similar to the TT and PP rules
[1]. Instead of using the T-Matrix, they used labeling rules to guide the augmentation. One
can show that the synthesized nets are free-choice nets. These two techniques do not have
explicit algorithms and the associated complexity. Chen, Tsai and Chao [13] proposed a
synthesis procedure to compose two modules with two TT paths. An algorithm to find P-
invariants and its complexity was presented. All three techniques do not allow PT and TP
generations such as those in Rules TT.3 and PP.2 given in section 3 of this work.

The knitting technique is a rule-based interactive approach. It expands the PN in a
structural fashion based on a set of rules. While it takes exponential time complexity to
determine marking properties, it may take polynomial time to determine structural properties,
such as structural liveness (SL) and boundedness (SB). It aims to find the fundamental
constructions for building any PNs. There are two advantages of the knitting technique: (1)
reduction of the complexity of synthesis as an interactive tool and (2) provision of knowl-
edge of which construction is building which class of nets. It, therefore, opens up a novel
avenue to PN analysis.

Rather than refining transitions, this technique generates new paths tiNg B,
producing a larger PNN, based onwo guidelines (1) The new generations are obtained
in such a fashion that all the reachable markinds; iremain unaffected iN,; hence, all
the transitions and placesi stay live and bounded, respectively. KR)is kept live and
bounded by making the new paths live and bounded. This notion is novel compared with
other approaches and can synthesize more general PNs than others can.

Using the knitting technique, designers start with a basic process, which is modeled
by a set of closed-circuits including sequentially-connected places and transitions with a
home-place (defined in section 2) marked with a certain number of tokens. The tokens may
represent a number of resources which can be present in a system each time. Then parallel
and exclusive processes or operations are added according to the system specifications.
Closed circuits for the operations are added according to the resources required by the
operations involved. Since expansions are conducted among the nodes (transitions or places)
in a global way, the knitting technique is thus called. This approach is easy to use due to the
simplicity of the rules and leads to a final well-behaved PN. Another advantage of this
knitting technique is that it is easily adapted to computer implementation to make the syn-
thesis of PNs a user-friendly process [2, 7].

The knitting technique, however, cannot synthesize certain classes of nets. For
instance, there is no order of firing among the members of a set of transitions that are
exclusive to each other. Sometimes, these transitions must execute one by one. In addition,
if the synthesized net is initially safe, it stays safe for any reachable marking. It is marking
monotonic; that is, it will not evolve into a deadlock due to addition of tokens. Certain
classes of nets will evolve in such a way as to become unsafe and marking nonmonotonic,
and will allow any positive synchronic distance.

The above limitation springs from the fact that some generations are forbidden. Al-
lowing forbidden generations will produce new classes of nets. To maintain well-
behavedness, new generations must accompany the above forbidden generations. Based
on this fact, this paper develops a set of new rules to generate new classes of nets. First, we
remove the restriction of forbidding the generation of a new TT-path between two exclu-
sive transitions. We add another new TT-path such that the above two exclusive transitions
are sequentialized with a synchronic distance of one. These two transitions are both exclu-
sive and sequential to each othest new temporal relationship, sequentially exclusive,
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denoted as “SX” of. Second, because of this relationship, in order to maintain completeness,
new rules must be developed to deal with generations between transitions that are “SX” to
each other or between one that is “SX” to some transitions and another that is not. Section
4 is devoted to this new rule, which produces new classes of nets with the property of
marking nonmonotonicity. Application of this new rule to synthesis of nets with resource
sharing will be illustrated.

One important difference between the new rule and the previous ones is that it con-
siders marking rather than the structural relationship. Because of the reachability problem,
the previous knitting technique dealt with structures by disregarding marking to avoid ex-
ponential complexity of synthesis. As a result, the nets synthesized was limited. By con-
sidering localized markings which are structurally constrained, the reachability problem
can be avoided. The new rule is constructed accordingly.

Automated manufacturing systems [5] often share resources, such as machines, robots,
and material transporters. Because of the nature of resource sharing, processes in a system
may enter a deadlock state while waiting for the completion and, hence, the release of the
resource, of another process. There are two forms of resource sharing: Parallel mutual
exclusion (PME) and sequential mutual exclusion (SME) as proposed by Zhou et al. [5]. A
PME, as shown in Fig. 1, models a resource shared by independent processes, and an SME,
as shown in Fig. 2, models sequentialization (synchronization) of PMEs. In a PME, any
independent process may monopolize the use of a resource, thus creating an unfair situation.
The SME eliminates this unfairness problem by serializing or synchronizing the indepen-
dent processes.

Py P,
e An F-part available A G-part available ®<—
t, —_— + t,
Basic process
AVG Available
ackward
Transfer an F-part Transfer a G-part generation
Ps y p
t, t,
I I [

Fig. 1. An example of PME (after [5]).
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Fig. 2. An example of sequential mutual exclusion (after [5]).

The PN models of SMEs have deadlocks due to either an inappropriate structure of
the net or incorrect allocation of shared resources. Zhou et al. [5] discovered that a Petri net
with SME could become nonlive and nonreversible when inappropriate tokens were dis-
tributed in the net. In their pioneering work, they derived the sufficient conditions under
which a net containing SMEs was live, bounded, and reversible. They also pointed out that
an algorithm is needed to detect sequential and mutual exclusions automatically and to
verify the conditions for boundedness, liveness and reversibility. In this work, we present
an alternative approach to study SME and PME. Further, we generate the sufficient and
necessary deadlock-free Conditions (DFCs) for SMEs [5]. Most synthesis approaches,
including top-down/bottom-up [10, 14-15], peer entity generation [16], and the knitting
technique [1-4], do not deal with processes sharing resources. We were thus, motivated, in
this work, to extend the knitting technique so that it can also handle Petri net with shared
resources.
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This paper is organized as follows. The preliminaries, which includes the terminology,
the synthesis rules for pure and interactive generation, and some examples of how to apply
these rules, are presented in section 2. The synchronization rule is discussed in section 3.
Section 4 presents the synthesis-synchronization rules between an SME and another SME
or LEX. The use of these rules is illustrated in section 5. Section 6 concludes this paper.

2. PRELIMINARIES

We refer the reader to [17] for various PNs terminology. A brief review is presented
below for better understanding of this paper. A marked P&Véessibleif and only ifMye
R(N, M) ¥ Me R(N, Mg). Most concurrent systems are designed to achieve cyclic behavior,
so their Petri net models should be reversible, i.e., their initial marking, which stands for the
resources available at the beginning of every iteration, should be reachable from any other
marking. We call aiteration the period from the initial marking to other markings and
back to the initial marking for the first time. Note that the corresponding firing sequence
may not include all the transitions in PN. This section consists of three parts, namely,
terminology, synthesis rules, and examples of Petri net synthesis using the knitting technique.

2.1 Terminology

We letN denote a Petri net, with markidMyand initial markingvl,. The marking at
placep is denoted asy(p). We also leR(N, M) denote the reachability set of a Petri Net
with a current marking/.

Definition: A marked Petri nd\l is B-bounded if and only if(p) < B, Vp € P (the set of
all places) antl € R(N, M), where B is a positive integer. If B =N s safe.Nis live if
and only ifvt e T (the set of all transitions), and M € R(N, M), = a firing sequence
of transitions leading to a marking which enableN ts reversible if and only ¥, € R(N,
M), ¥V M e R(N, Mg). Niswell-behavedif Nis live, bounded, and reversibl®l; = M (A)
— Mqy(B) is defined asyp e A, if = (p e B), thenmy(p) = m(p), elsemy(p) = m(p) — mu(p).
The operation ‘+' is defined similarly.

We will now definehome placgpseudo procesand related terms in the following.

Definition (Home Place):WhenY transitiong, are enabled in the initial marking of a PN,
each placey, € « t, is defined as home place

Definition (Basic Process)A basic process is a cycle in which )y, [e n| = [n; o] = 1,
wherei € [1, 7] (wherez> 1 is an integer), and (2) a plagds marked with a token.

In other words, in a basic processe T, |et|=[te| =1, and/pe P, pp|=|pe|=1. b

t; ps tz pa] in Fig. 1 is a basic process, gnds a home place. Note that the basic process is

the first step in Petri net synthesis using the knitting technique since it is live, bounded, and
reversible. Every other synthesis step is an extension of the basic process. We begin the
synthesis with a well-behaved Petri net (basic process) and guarantee the preservation of
well-behavedness after each synthetic operation without any analysis; hence, the knitting
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technique can be used to synthesize large and complex Petri nets. In the knitting technique,
the basic structure of the Petri nets ispseudo proces@SBH, which is defined in the
following.

Definition (Pseudo Process, Generation Point, and Jointp pseudo proces$SB), I1,

in a PN is either a basic process or a directed path in which any node (transition or place)
has only one input node and only one output node except for its two terminal nodes: the
starting node is defined as theneration poing; and the ending node as ot j;.

Definition (Virtual PSP): A virtual PSP(VP) is a two-node PSP.

It should be noted that a virtual PSP contains no node other than the generation point
and joint. Examples of PSP and VP will be presented after we define the structural relation-
ship between two PSPs. Prior to that, we have the following definitions:

Definition:
If IT, andI, in a PN are in the same elementary cycle, then
o I1, ©I1,, i.e., they are sequential (SQ) to each other,
if the cycle has tokens,
if the DEP fronil, to IT, does not contain any tokens,
thedl, — I1,; i.e., I, is sequential earlier (SE) thab;
elsell, « IT,; i.e.,I1; is sequential later (SL) thath,.
A special case of “SE” (“SL”) is “SP” (“SN”") if the(ny) of I1; equalsng(n;) of I'T,.
¢ else if the cycle contains no tokens, thiror I1,; i.e., they are cyclic (CL) to each other.

Definition: Let DEp;= [Ny n, ... 1] and DEP2 §nn;---n; [1,],where DEPIn DEP2 =
{ny}, I1; andIl, are twoPSFs and there are no DEPs (called bridges) from a nodg (
DEPL1 to a node#(n,) of DEP2 and vice versay, is called gprime start node. If n, € P,
thenIl, T I1,, I, || T1if none ofll, | T1,, I1; <> I1,, andIl,; o IT,hold.

Note thafl1, ||TT, implies thain, € T orII; andIl,are in two separate components of
a non-strongly-connected PN. Also, in any synthesized PN using the TT and PHyules,
cannot be both concurrent and exclusivElfaising the above definition. This is, however,
not true for PNs which cannot be synthesized using the TT and PP rules.

In Fig. 1, |, ps ts] is a PSP whose generation point and jointgaadts, respectively.
[ps ts ps ts ps] @and [ps t p7 ts pg] in Fig. 3 share the same prime= p; and, hence, are
exclusive to each othert, po ts] and f4 p; ts pg] in Fig. 4 share the sante=t, and, hence,
are concurrent to each other. In Fig.pitl] — [ts psts]. PSP psts] in Fig. 4 is a VP.

The structural relationship between two nodes is defined as follows.

Definition (Structural Relationship between Two Nodes)if two nodes are in the same
PSP, they are sequential to each other. If they are in two different PSPs, their structural
relationship follows that of the two PSPs.

Itis easy to see that if we execute a safe PN one iteration involyinigenIT; — IT,
implies thatl1; is executed earlier thdm,, I, T IT,implies that there is no need to execute
IT, to complete the iteration, aibtl ||T1, implies that boti 1, andIT, need to be executed to
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complete the iteration. Intuitively, two PSPs sequentiato each other if they are subject
to an intra-iteration precedence relationship; i.e., if both are executed in one iteration, then
one is executed earlier than the other. Theycareurrentwith each other if they can
proceed in parallel. They aexclusiveto each other if it is possible to complete one itera-
tion with only one of them being executed.

Thus, a Petri net consists of a set of PSPs which is enabled if it possesses a token; this
PSP executes, and the associated token disappears. New tokens are subsequently gener-
ated to enable other PSPs. The set of PSPs holding tokens represents the state of the Petri
net.

A new PSPII") is generated from a nodelily to another node ifi;. If IT, =TIT;(e.
0., [Psts pr ts Pg] in Fig. 3), it is a pure generatioRG); otherwise (e.g.t{ ps t,] in Fig. 4),
it is aninteractive generationIG). Pure-generation processes do not involve interactions;
they are pure growth processes, i.e., monogenesis. If bakrbeation poinandjoint of
IT" are places (transitions), then it iPB(TT) generation the corresponding path is called

ty

Ps

Fig. 3. An example of a Petri net with or without an elementary circle and a path with tokens.
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Fig. 4. An example of a Petri net.

aPP - path(TT - path). Thetgy(t) of a PP-path is the output (input) transition of its
generationpoint (joint). See Fig. 3 fot, = t, andt; = t; of the PP-pathg t, p; ts pg].
The py(p,) of aTT - pathis the output (input) place of itenerationpoint (joint). In Fig.
4, ps is both thepy andp, of TT-path {5 ps ta].

We define the local exclusive set and local concurrent set as follows.

Definition (Local Exclusive Set):A local exclusive set (LEX) dfl; with respect tdl,, Xy,

is the maximal set of all PSPs which are exclusive to each other and are equal to or exclu-
sive tolT;, but not td1,. That isXy = LEX (IT,, I'Ty) = {I1, | IT, = IT; or I, T IT;, = (I, ]| ITy),

Vﬂzl, 1_[22 € Xiky 1_[21 T l_[zg}

Definition (Local Concurrent Set): A local concurrent set (LCN) &1; with respect tdl,,

Ci = LCN (IT1;, ITy), is the maximal set of all PSPs which are concurrent with each other and
are equal to or concurrent with, but not withr1,, i.e.,Cy = C(I1;, ITy) = {I1, | IT, = IT; orIT,

|| l_[i, -/ (l_[Z||l_[k), ‘v’ﬂzl, l_[zz (S Ciky 1_[21”]_122}
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In Fig. 5,Xy4 = {I1y, I, Is} and X,, = {I1,, I1,}. In Fig. 6,Cy, = {I1,, I35} and C,; =
{I1,, I1;}. Note thatC; andX; may not be unique. All the PSPs@f (Xy) must be
involved when we generate a PP(TT)-path between mutually exclusive (concurrent) PSPs;
otherwise, deadlock or unboundedness may occur. As will become clear later; the follow-
ing two tuples are dual to each other: (LEX, TT, ||) and (LCN, PP, ).

_ P, .
entity 1 entity 2

Fig. 5. An example of Rules TT.3 and TT.4.

The definition of the LEX (LCN) between two PSPs can also be applied to the LEX
(LCN) between two transitions (places). ThuUEX(t,, t,) [LCN(p., py)] is a set of transi-
tions or places, instead of PSPs. Ggtl) denote the set of dll4(IT;) involved in a single
application of the TT or PP rule. To avoid the unboundedness problem, it is necessary to
have a new directed path from each PSR;jito each PSP iX.

Suppose that a Petri net models a set of processes or entities interacting with one
another by sending and receiving messages. An entity is an active element (with a token in
its home place) such that it can execute some tasks independent of other entities. Initially,
each entity has aome place(or places) with @#okeri* indicating that it is ready to start.

Each entity conducts a set of tasks in serial (which can be considered as transitions), and
then returns to the original ready state. Each state can be considered as a place. Executing

*4. The synthesis rules still hold if a home place has multiple tokens. We adopt a token here to simplify the
discussion.
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1>

Fig. 6. Interactive PP generations (Rules PP.1 and PP.2).

a task is like firing a transition. At the completion of each task, the token leaves the original
state(s) and enters the next state(s) by firing transitions. Thus, the token moves from the
home placehrough consecutive places by firing a sequence of transitions. Eventually, the
token will return to thdaome placeforming a cycle as shown in Fig. 1. As stated earlier,

the synthesis of a PN begins with a basic process. bHsis procesgan be expanded
through a series of synthetic operations, i.e., path generations.

Definition (Generating PSP and Joint PSP):For a PSPPI, the PSP containing it (jr1)
is called the generating (joint) PSPI®df denoted a¥l, (IT;).

2.2 Rules

The synthesis rules developed for the knitting technique are based on the above
principles. The synthesis rules presented below are complete in the sense that depending
on the structural relationship betweg(p,) andt; (p;), different rules are proposed. Some
are forbidden (e.g., whep|t;), and some require the generation of additional PSP, All
t;, pg andp; in the rules refer tdI"s, rather than those O, andIT,.

We present the synthesis rules below with examples given in subsection 2.3. To
make understanding the rules easier, the reader may choose to view the examples first.

The Synthetic TTandSynthetic PP ruleare formalized as follows.
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TT Rules: For all” fromt,e I, tot;e IT; generated by the designer,

(1) TT.1 If tg Tt ande* ty ¢ t; = ¢ or only one of them is in a circle which was solely
generated using Rule PPthen display “Disallowed, delete this PSP and gen-
erate another PSP” and return.

(2) TT.2 If ty« t orty, =t; and without firingt;, there does not exist a firing sequeoce
fire t,, then insert a token in a place bf*; this place becomes a new home
place.

If Iy =TT, then display “You may generate anott@&t and return.

(3)TT.3 (a) TT.3.1 Generatel® — pathfrom a transitiort, of eachll, in X;; to a place
Py in thelT".

(bYT.3.2 Generate a virtu@®T — pathfrom a placep; to a transitiori; of each
IT; in X,

(4) TT.4 If there was no path frotpto t; prior to this generation or if both are in a circle
which was generated using the PP rtilen (1) generate a neWr — pathfrom
ty to t’ such thaty, t;, ty andt;’ are in a circle, and (2) Go to step 2.

PP Rules:For anl1” from pye I, top, € II; generated by the designer,
(1) PP.1 If py || p;, then display “Disallowed, generate anotti&tand return.
(2) PP.2
(a) PP.2.1 Generatel® — pathfrom a transitiort, of [T to a placey, of each]; in C.
(b) PP.2.2 Generate a virtual — pathfrom a placey, of of eachlly in Cy to the
transitiont, of IT".

Note also that some generations may require the application of more than one rule.
For instance, a backward (i.& « t) IG may require that both Rules TT.2 and TT.3 be
applied. Itis rather awkward to explicitly express and apply both rules on all such occa-
sions in the above TT rules, which will not be simple if all such rule combinations have to
be considered. The old rules TT.3 and TT.4 have been interchanged in the above TT rules
for this purpose to avoid explicit expressions of rule combinations. Note also the partial
dual relationship between tid andPP rules. Replacing transitions with places and vice
versa, and reversing each arc in Rule TT.3, we obtain Rule PP.2. In [9], the corresponding
net obtained is called its reverse-dil, These rules have been proved in [8] to satisfy the
two guidelines. To save space, we will not duplicate it here. Rather, we will present some
examples .

Note that Fig. 6 is not aiC; hence, this approach can synthesize PNs more generally
than can th&C proposed by Esparza & Silva [9-10] and Datta & Ghosh [11-12].

2.3 Examples of Petri Net Synthesis

This section provides examples of synthesized PNs. To save space, we will present
Rules TT.2, TT.3, TT.4, and PP.2. For other rules, the reader is can refer to [8].

Backward GeneratiofTT2): Fig. 1 shows a backward generatidnpft,]. A token is
added tq, by Rule TT.2.

Interactive TT GeneratioffT.3andTT4): Fig. 5 shows an interactiviel — generation
fromt, of entity 1 tots of entity 2. Xy = {IT;, I15, [1s} and X, = {I1,, I1,}. We apply TT.3.1
to generatet{ pg] and s ps]. As will become clear later, this is done to prevent deadlock.
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TheIl%, [t, psts], is unboundedecause ifl; fires infinite times to deposit infinite tokens in
placeps which can never be consumed, tipeiis thusunboundedf we always fire transi-

tions inIl, instead of those ifl,. The VP fromps to t;usingTT 3.2 (Fig. 5) will consume

the tokens irps. We will now apply Rule TT.4 to generatg p; t,]. Otherwiseps can
become unbounded by firing transitions in entity 1 infinite times but not firing any transi-
tion in entity 2. Next, we will apply Rule TT.3 again. Now, transitions in entity 1 cannot
fire infinite times without firing any transition in entity 2; thus, they are synchronized and
the unboundedness problem disappears. Note that without the TP-paths obtained using
Rule TT.3.1, the net becomes deadlocked. Another TT fgathe {7 ps t; ], is generated

by Rule TT.3 withXy = Iy and Xy = IT;.

Interactive PP Generatio(PP.2): Fig. 6 shows an interacti®P generationfrom ps to

pi. Cgq = {I1;, I13} and Cg = {I1, I1,}. Note that if a token ips is diverted tgs and, hence,

to p, none of the transitions in PN will be enabled, i.e., the PN will nbt&e Hence, by
RulesPP2.1 andPP.2.2, respectively, two VP9{t,] and [; p;], are generated. Another
two paths, i, ts p; t; Ps ts p;] and p, ts p;], are generated. Since for these two generations,
C, =11, andCy, = IT;, no other generations are needed, by RRR2.1 andPP.2.2.

3. THE SYNCHRONIZATION RULES
We will first define the following terms for the description of synchronization rules:

Definition (Decision Place, p): A decision place is the common generation place of a set
of exclusive PSPs.

Definition (Control Transitions, tc): The control transitions are the output transitions of a
decision place.

For examplep; in Fig. 3 is a decision placé, andt, of Fig. 3 are control transitions.
The synchronic distance is a concept closely related to the degree of mutual depen-
dence between two events in a condition/event system. The definition is as follows.

Definition (Synchronic Distance): The synchronic distance between two transitigns
andt, in a Petri net (4V,) is defined byd;, = Max{o (;) — o (t,), 6 € L(M), i =1, 2}, where
o(t),i =1, 2, is the number of times transitipappears iro. L(M) is the set of all firing
sequences for the net with the marking. The synchronic distance bdiyeedIl,
follows that betweel, in IT, andt, in IL,.

For example, in the net shown in Figdg,= - because if we have a tokerpinthere
exists a firing sequenae=t; t, t3ts t; t; t, t5 ... in whicho (t;) =« ando (t;) = 0.

Now, a TT-path,t; ps ts], is generated frorty in T, = [pa t, p; ts pe] to ts iNT1; = [pats
Ps ts Pg), [1; T I1,, as shown in Fig. 3. This was referred to as “exclusive TT interaction” in
[1], which forbids such a generation for the following reason. Eachtfifines, it injects a
token intopy. After an infinite number of such firings, will become unbounded. Therefore,
a single TT-path generated between these two exclusive transitions with synchronic dis-
tanced =« is insufficient.
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The two alternative PSPs, however, can still be synchronized. This is done by gener-
ating a path with a tokert,[p, t3], fromt, tot;, and a TT-path,t{ pst)], fromts tot,, as
shown in Fig. 4. The Petri net after the synchronization generation is bounded, live and
reversible. Note that if there is no tokerpi the net becomes dead since PSBs|ts]
executes earlier than PSP, ts pg], and the generation frotpto t; becomes a backward
generation. In order to remove this deadlock, a token must be insertpglantmrding to
Rule TT.2. py is a new home place.

Note thatt, andts fire twice and once, respectively, within one iteration to restore the
initial marking. Thusgs; = 2. An arbitrary positive synchronic distance of Y can be
created by sequentializing Y exclusive transitions. In general, we should avoid a TT-gen-
eration between two transitions with synchronic distance greater than 1 in an iteration,
which may cause unboundedness. For instance, assume that we generate a new; T T-path [
P10 ts], and thatp,obecomes unbounded after infinite number of iterations. One can avoid
this unboundedness by applying Rule TT.3 assumingstisastill exclusive tds. That is,
we also generate a VP framp tots. As a result, Rule TT.3 still applies. Note that we may
put more than one token inf®’ without destroying the well-behavedness. In this case, the
SX structure relationship does not capture the true behavior among the transitions that are
SX to each other. For this reason, we retain the EX for them but enhance it with a synchronic
distance identical to the total number of tokens addEr.tdt takes linear time complexity
to updated; against the exponential one required for analysis of the net.

We will now give another example in which two asynchronous entities can be
synchronized. There were two entities in the Petri net shown in Fig. 5 prior to the synthesis.
The synchronic distance between any two transitions of these two independent entities,
respectively, is infinity. A single TT-path generated between them is insufficient. The two
entities, however, can be synchronized. This is illustrated in Fig. 5.

The above examples have some properties in common: (1) a single TT-path genera-
tion will cause unboundedness, and (2) both exclusive-and independent-processes can be
synchronized.

We will now develop the synchronization rule for exclusive- and independent-
processes. For exclusive processes, synchronization paths must be generated between the
control transitions of the exclusive PSPs. For independent processes, however, synchroni-
zation paths can be generated between any two transitions of the independent processes,
respectively.

Summarizing the above discussion, we have the following rule for synchronization:

Synchronization Rule: If a TT-path is generated froto t;, and there was no path from
ty tot; prior to the generation oty (f t; andt; is a control transition), then generate another
TT-path fromt; to t; such that these two TT-paths are in a cycle, angdfif,, then both;
andt; must be control transition with the same decision place.

This rule must be checked concurrently along with other TT rules. For instance, after
the above cycle (with a token) generation, the following TT-path generation may become a
backward generation; then, Rule TT.2 must be applied to insert a token in this TT-path.
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4. RULES FOR TT GENERATIONS INVOLVING SMES AND/OR EXS

This section will discuss rules for nets with SMEs. Since SME manifests a new
structure, new rules are required for TT generations within an SME and among SMEs to
maintain the completeness of the knitting rules. There are three cases of TT-generations,
namely, within an SME, between two SMEs and between an SME and a LEX. In addition
to “CN”, “EX” and “SQ”, t; may be “SX” tot;, which corresponds to the generation within
an SME. For “SX”, we can apply Rule TT.3 between LEX1 and LEX2 without affecting
the well-behavedness. The mutual synchronic distance (MS&hong PSPs in LEX1 or
LEX2 is, however, no longer infinite. We denote LEX1 and LEX2 as SME1 and SME2,
respectively. Thus, an SME is not only a term indicating a specific behavior, but also a set
of PSPs that are mutually exclusive but sequentialized with each other, having a finite
MSD. In other words, unlike PSPs in a LEX, no process in SME can fire infinitely without
firing any other process in the SME. Rule TT.3 cannot be relaxed unconditionally. In other
words, not all PSPs in SME1 or SME2 may participate in the generationdWitk, this
may create deadlocks or unbounded places $jraoelt; may never execute, which is not
true ford™ of finite values.

Relaxing Rule TT.3 creates new rules and also generates more classes of nets, allow-
ing us to uncover more aspects behind well-behaved nets and enhancing the approach of
synthesis-based analysis. In the rest of this paper, whether Rule TT.3 is relaxed or not, we
will uniformly say that TT-generations are applied frigto X;;. Therefore, when Rule
TT.3 is relaxedXy; (Xg), changing its original meaning somewhat, may be SME1 (SMEZ2).

PSPs in both SME1 and SME?2 are executed sequentially, and some TT-paths within
the generation may be backward. We need to determine whether or not and how many
tokens need to be added. These issues will be studied first, followed by presentation of the
newly expanded knitting technique: the synthetic-synchronization rules and the proof of
the preservation of the well-behavedness of these new rules.

TT-Generations within An SME

In this subsection, we will study the first case, i.e., TT-generations within an SME
and application of this case to resource sharing in an FMS. The remaining two cases will
be investigated in the next subsection. Again, there are two types of genefatiwas]
andbackward Similar to Rule TT.2, backward generation entails tokens injectedilifito
The difference is that insertion of a single token may not avoid the deadlock. An example
is shown in Fig. 2, where a TT-path is generated backwardtirtmt,. Tokens must be
inserted intqs such thaMy(py) < My(ps) in order to avoid deadlocks. For instancéJdf
(py) = 4 andMq(ps) = 3, the system comes to a total deadlock after the firing sequence
tLittittit.ty; the corresponding marking is (0, 1, 3, 0, 0, 0). The deadlock can be removed by
adding one more token pg, which enables; to fire, thus removing the token trappegin
In general, the least number of tokens to be inserted depends on the maximum marking at
both the decision place apgwhich determines,;. We have the following theorem:

Theorem 1: The necessary and sufficient condition for the SME to be deadlock-free is that
the number of tokens" to be inserted into a plags, of a TT-generatior]*, fromt, of I,
tot; # (tc of IT)), is
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S MAx([olgj +1= My (o). o). )

Proof:

Necessary Condition: In an SME, deadlock occurs when the following situations happens:
(a) all theM,,{(pp) tokens are trapped in a placdbtthat is sequentially befotg (b) there

is no token which can flow into the decision plpseand (c) there is no token If". If
deadlock does not exist, then at least one of the above three situations dose not happen. By
definition of the synchronic distance, updiptokens can be accumulatedIp If Situation

(a) does not happen, no token needs to be added in any plateanid there must be more
thandy; tokens inM,.{Pp) such that after puttindy; tokens intd1;, I, can still be activated

at least once, using the remaining token8ljn{(pp); thus, not all thévl,,.{pp) tokens are
trapped iMl;. HenceMna(Po) = dg + 1 andn*=D. If Situation (b) does not happen, then no
token need to be added ifdi¥, and there must be at least one more thaiokens inpp.

Hence Mpad{Po) = dg + 1 andn¥=D. If (c) does not occur, then since token(s) can flow into
IT" from the execution dfl,, then either there are at leadj; ¢ 1) tokens irp,, (hence, no
tokens need to be addedIi¥) or at leastdy + 1— Mpa{Pp)] token(s) are added 1@"
because if the number of tokens addedtas insufficient, then the tokens untrapped from

IT; will flow through the home place and be trapped agaif;inCombining these three
situations, one finds that if there is no deadlock in the SME, then Eq. (1) must be satisfied.

Sufficient Condition: There are two cases:

(1) Mmad(Po) = dg; + 1: Assume there is no tokerpip that isn” = 0. The maximum number
of tokens which can be accumulatedinis dy, by the definition of the synchronic
distance. The remaining token(s)gs can flow througHl, up tod, times without
being trapped, putting at least a token Ifittto release some token(s) fréipsuch that
the tokens temporarily accumulatedIpcan flow out. Becaudd, can execute up to
dy; times continuously, it can put updg tokens td 1", which is enough to flush out up
to dy; tokens inll;. Hence, there is no deadlock.

(2) Mmax{(Pp) <dg + 1: Givem"= dg; — Mima{pp) + 1, the maximum number of tokens which
can be accumulated It iS Mnad{Pp). Thedg — MnadPo) tokens in[1¥ can be used to
finish the remainingly — Mma{pp) executions ofI;. The remaining (at least one) token
can start the first execution B, which can put up tdy token(s) intd1* and, thus, can
flush out all the tokens accumulatedIn Hence, there is no deadlock.

Using the example in Fig. 2, in whiph = ps andMpmadpp) = 1,dg; = 3,n" =M(ps) =3+ 1-1=
3, itis also easy to see that Theorem 1 is a generalized version of the sufficient deadlock
free condition (DFC) in [5].
Calculatingdy; andMma{pp) is, in general, a reachability problem. This is, however,
not so for synthesized nets because we calculate them in an incremental fashion. Upon
each new generatiod,; is determined when the corresponding SME is first formed and
equals the number of tokens inserted Iito M,,,{po) equals the minimum marking of all
home places which are “SE” g, which can be updated upon each backward TT-generation.
Note that the net shown in Fig. 2 can be synthesized using the knitting technique. It
models a manufacturing system composed of two workstations and a shareggydbot (
loading/unloading these workstations. Thus, instead of analyzing a limited set of SMEs
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[5], we can synthesize well-behaved PMEs and SMEs. The above net can be interpreted
using the terminology of the knitting technique as follows. The single resoypgésat
utilized by Process 1p{t; p, t, ps], and Process 2p{ t; ps t4 ps], which are exclusive to
each other without the presence of other nodes and arcs. The net containing only these two
processes is a 2-PME. This 2-PME can be sequentialized by adding prasgssgsand
[ts p.t]. This results in a cyclep{t, p, t, ps t3 ps ts pu, to which we must add a number of
tokens to ensure that the net is live. Otherwise, none of the transitions is firable and, hence,
the net is deadlocked. By putting three tokensppt@rocess 1 executes before Process 2.
Hence, they become sequentially mutually exclusive (SME), not only mutually exclusive,
to each other. Note that Process 1 is executed before Process 2. Hence, they are no longer
exclusive to each other. We can add tokens,tmgtead to p to maintain the liveness of
the net. In this case, Process 2 is executed before Process 1. Now, we can addsprocess [
ps t;] to the net withps holding three tokens, by Eq. (1), to complete the synthesis process.

Mo(po) can be viewed as the number of available jobsMytpds) as the number of
empty slots available in W2. The requiremii(p,) < My(ps) precludes large number of
available jobs being dispatched to the system in a fixed time interval. Physically, worksta-
tion W1 has processed three parts and W2 has three processed parts with no available
empty slots. Now, W1 is processing the fourth part along with the robot; however, this part
cannot enter into W2 to release the robot which is needed by W3 to load the part from
W2— a deadlock.

Note that prior to sequentialization, an SME is a LEX. We will first define the full
and partial SME as follows:

Definition (Full SME, Partial SME): If all the control transitions of a decision place are
“SX” to each other, the SME is a full SME; otherwise, it is a partial SME.

For the TT-generation between an SME/LEX and another SME/LEX, when the SME
is partial, that is, the exclusive processes are not all synchronized, there is no ordering of
executions of PSPs in the SME and other PSPs corresponding to the same decision place,
po. As a consequencg(t) may never fire and, thus, cause deadlock (unboundedness).
Hence, Rule TT.3 must be applied. In the sequel, we will assume that all the SMEs under
consideration are full and, without loss of generality, that, other than the intra-SME
generations, all the TT-generations are from a control transition of a SME/LEX to a control
transition in another SME/LEX.

TT-Generations from SME1 to SME2

Since PSPs within an SME are exclusive to each other, it seems that Rule TT.3 is still
applicable. The only difference is that not all the PSPs in the SME may be involved in the
generation. Consider two SMEs, each containing a pair of PSP$"with [Fig. 7(a)]. We
generate a TT-path from a PSP of the SME on the left to a PSP of the SME on the right.
Each SME is a LEX prior to the sequentialization. Figs. 7(b)-(c) show two such cases. The
former preserves the logical correctness while the latter causes a deadlock becduse both
andT1; or bothIT, andIT, must execute to complete one iteration. In Fig. 7(b), PRHS;,

IT, andIl, are executed in this order. However, in Fig. 7(c), if there is no token in p8, then
I1, is waiting for the token in p8 to be generated by the executibiy, afhich, in turn, is
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Fig. 7. (a) Two SMEs. (b) Synchronization of two SMEs with liveness, boundedness
and reversibility. (c) Synchronization of two SMEs with deadlock.
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waiting for the execution dfl;. ButIl;is waiting for the token ip, to be generated by the
execution ofl1,, and thid1, is waiting for the execution @1,; hence, a deadlock. It can be
removed by putting one token in p8. Note that Rule TT.3 is relaxed in the sense that not all
the PSPs in the SME need to be involved in the generation.

If t, and/ort; are in partial SMEs, then Rule TT.3 cannot be relaxed. Hence, in the
sequel, we will only consider TT-generation between two full SMEs. Similarly, when the
MSD among PSPs in a single SME may be greater than one, there is no ordering of execu-
tions of PSPs in an SME. The tokerpatf these PSPs can flow to any PSP in the SME,
and Rule TT.3 seems not to be relaxed. This, however, is not true as will become clear
later. In what follows, we will first show, in Lemma 1, that the ratio of the firing number of

o
ty to that oft;, U—?, should asymptotically be 1 aftgror t; fires infinite times.

The TT-generation must be performed for enough tokens to be injected intbtthe
fire t;, to avoid deadlock, and no persistent accumulation of tokens iA*th® avoid
unboundedness. Based on this, we have the following:

Lemma 1: After a TT-generation between two full SMEs, the necessary condition for

. 04,-0,

preserving well-behavednesss lim —-—=0. If k> 0 (< 0), then the synthesized
- 9

net is unbounded (deadlocked), whegéo;) is the total number of firings afs (t's).

Proof: If k> 0, then agy — =, an infinite number of tokens is accumulated inlMMeand
the synthesized net is unbounded. Similarli,<f0, then thd1¥ needs to have an infinite
number of tokens in the initial marking to enatketo fire an infinite number of times,
implying that the synthesized net has a deadlock. Hence, the necessary condition for pre-
serving well-behavednesskis= 0.

We will discuss only the case of MSID' = 1 among PSPs in an SME; the casg#"of
1 will be left for future research.

Whend™= 1, PSPs in an SME execute sequentially and alternatively. Yer)ebe
the total number of firings of PSPs in SME1 (SME?2) and ldb be the number of PSPs
in SME1 and SMEZ2, respectively.

Based on Lemma 1, we have the following theorem.

Theorem 2: For TT-generations from SME1 to SMEZ2, if neitherorb is a factor of the
other, then Rule TT.3 cannot be relaxed.

Proof: Consider the TT-generation from a P$E, in SMEL1 tor PSPs in SME2 and infi-
nitely larget, = 7, which is divisible by botla andb. Then, because the MSD among PSPs

in each SME is onell; fires o = % times, and the total number of firings of theSPs
g,-0, T,

in SME2 is ¢, = r*T—b" . We havek = lim —7— :a—J(l-%) #0 for any integer

since neithea norb is a factor of the other. Because in the abowndo are infinitely

large, finite changes af will not alter the above conclusion b 0. Thus, we have to

apply Rule TT.3 to preserve well-behavedness. The same conclusion applies when the

TT-generations are from arbitramy PSPs in SMEL to arbitrary PSPs in SME2.
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Thus, Rule TT.3 can only be relaxed wizeor b is a factor of the other. Otherwise, it has
to be applied to all PSPs in SME1 and SMEZ2; Xg.= SME1 andX,; = SME2.

g b ; ; "
Theorem 3:If 3 Is aninteger, then applying Rule TT.3 by makifyg= I1; andX;, a set

containing arbitrar)% PSPs of SME2 preserves well-behavedness.

b

Proof: By makingr = a in the proof of Theorem 2, we hake 0.

Similarly, we have the following corollary:

Corollary 1: If bis a factor of, then applying Rule TT.3 d; of SME2 and a set contain-

ing arbitrary% PSPs of SMEL1 preserves well-behavedness.

In the above discussion, we considered only the case Wgeseonly a PSP in
SMEL. A generation with multi-PSR; can be decomposed into the ones of single-PSP
Xg'S. Thus, in the remainder of this paper, all the theorems and lemmas will be for genera-
tions of single-PSK only.

Note that tokens may have t