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An object algebra is presented as a formal query model for object-oriented databases.
The algebra serves not only to access and manipulate the structure and behavior of objects, but
also supports the creation of new objects and the introduction of new relationships into the
schema.  It provides a more powerful and flexible tool than do messages for effectively dealing
with complex situations and meeting associative access equirements.  Operands as well as the
results of operations in the proposed algebra are formally characterized as pairs of sets - a set
of objects capturing the states and a set of message expressions comprised of sequences of
messages modeling the object behavior.  The closure property is achieved in a natural way by
letting the results of operations possess the same characteristics as do the operands in an alge-
bra expression.  Some operators of the algebra resemble those of the relational algebra but
with different syntax and semantics.  Additional operators are introduced to complement them.
A class is shown to possess the properties of an operand by defining a set of objects and deriv-
ing a set of message expressions for it.  Furthermore, the result of an object algebra expression
is shown to have the characteristics of a class whose superclass/subclass relationships with its
operand class(es) can be established, thus providing a mechanism to properly and persistently
place it in the class lattice (schema).

Keywords: closure, database system, object algebra, object-oriented data model, object-ori-
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1. INTRODUCTION

Although the relational data model was found to be suitable for handling conven-
tional business applications, the first normal form restriction motivated extensions to sat-
isfy the requirements of new application areas.  Early extensions relaxed the first normal
form by allowing set-valued attributes.  A still a more advanced extension is based on com-
plex objects, where sets and tuples are arbitrarily nested [1, 2].  To achieve object sharing
within complex objects, object identity was introduced.  A more advanced step towards
satisfying data intensive application requirements was the development of object-oriented
systems.  Object-oriented systems evolved to satisfy the demand for a more appropriate
representation and modeling of real world entities in application domains such as CAD/
CAM, OIS and AI.  To satisfy the requirements of such applications, it was recognized that
an integration of object-oriented concepts with database technology leads to more appro-
priate representation methods, and many object-oriented data models have, thus, been de-
veloped [3-7].  However, there is no agreement on standardization within the realm of
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object-orientation.  The boundaries for a standard query model have not been set up, nor
has an object-oriented query language been well defined.  This is one of the common criti-
cisms of object-oriented databases [8].

Comparing the relational model with an object-oriented model shows that the latter is
more powerful in the modeling stage but does not support a standard formal query model.
While the non-atomic domain concept is supported by the nested relational model [1, 2],
we see inheritance, identity and encapsulation among the features that the nested relational
model lacks.  Identity provides for object sharing and object independence.  Inheritance
provides for structure and behavior sharing.  Encapsulation provides for abstraction.
Furthermore, in the nested relational model, if a relation r has an attribute with domain
relation r1, then r1 can not have any attribute with domain r; however, such domain restric-
tions are relaxed in object-oriented models.  As a result, an object-oriented query model
should benefit from such features and, hence, should be at least as powerful as the rela-
tional query model.

It is true that object-oriented databases support implicit queries for simple operations.
For instance, the message name(), when sent to an instance in the student class, returns the
name of the particular student.  Another example can be seen in sending the message courses
() to a student and the message grade() to the result of the first message.  Although it is
handled due to the implicit join [9] present in object-oriented models, this corresponds to
an explicit join in the relational model.  The two messages courses() and grade() form a
message expression.  In general, a message expression is defined as a sequence of mes-
sages m1...mn, with n ≥ 1.

While simple message expressions make object-oriented systems superior to the re-
lational model, an object-oriented query language is still needed for more complex situa-
tions and to support associative access. In other words, although the modeling power of an
object-oriented database supports implicit joins [9] by allowing instances in a class to form
the domain for an attribute in another class, an explicit join is necessary for introducing new
relationships into the model; otherwise the manipulative power of the model will be restricted.
Allowing an explicit join raises the problem of closure maintenance.  Therefore, it is neces-
sary to have an object algebra that facilitates the introduction of new relationships while
maintaining the closure property; otherwise the relational model will be more powerful.

Our approach is to retain the closure property of an object algebra without violating
object-oriented concepts.  An object-oriented model should be more powerful than the
relational model in both the modeling and the manipulation phases.  It is more powerful in
the modeling phase due to such features as inheritance, encapsulation, identity and complex
objects.  It is more powerful in the manipulation phase due to the handling of both stored
and derived values through various methods.

In this paper, we describe an object algebra for object-oriented data models.  Our
object algebra is a superset of the relational algebra, but with different semantics and operands.
Also, as the schema of an object-oriented data model may contain cycles, and due to the
growing interest in recursive queries, we handle recursive queries since they are of great
interest to the application areas of object-oriented databases, e.g., CAD/CAM and Software
Engineering applications, which are modeled in terms of recursive definitions.  Therefore,
even if recursive queries are not peculiar to object-oriented query languages only, query
languages supporting advanced applications must include some forms of recursion.  Al-
though only linear recursion is considered in our work, this includes an important set of
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recursive queries since most recursive queries encountered in real cases are linear.
Furthermore, efficient processing strategies have already been developed to handle linear
recursion [10].

The main idea of our work is that an operator should handle objects and their behav-
ior uniformly.  Therefore, an operand in our object algebra, as well as the output of any of
the operations, has a pair of sets - a set of objects and a set of message expressions.  The set
of objects includes all the objects that qualify for membership in a class and in all of its
direct and indirect subclasses; hence, the set of objects is, in general, heterogeneous.  The
set of message expressions includes message expressions applicable to objects in the former
set of the pair.  By using such pairs as operands and in the output, closure is maintained in
a natural and consistent way.  Furthermore, a message expression leads to the invocation of
behavior and acts as a behavior constructor because it leads to the execution of methods
underlying the constituting messages in sequence as if they all form a single method in-
voked by the message expression.

Using object algebra operators, we build object algebra expressions and show that
every object algebra expression has the characteristics of a class.  Moreover, we derive the
inheritance (sub/superclass) relationship between the result of an object algebra expression
and the operand(s).  Therefore, the result of any object algebra expression can be persistent.
In [11], we go further and seek the proper placement of a query result in the lattice.  Other
aspects of our on-going research on object-oriented databases can be found in [12-18].

To sum up, operands and the result of a query are defined in such a way as to not
violate object-oriented constructs while retaining the closure property.  Behavior, like objects,
is also uniformly handled; creation of methods as well as objects in terms of other existing
ones is facilitated.  The addition of new classes is facilitated, where we specify the charac-
teristics of a class derived in terms of existing ones and handle its proper placement in the
lattice.  By considering the problems identified by Klug as well as his relational approach to
overcoming them [19], aggregation functions are supported in a consistent way so that the
result can be used as an operand.  Recursive queries are handled without any need to have a
PROLOG-like query language.

The rest of the paper is organized as follows.  The related work is discussed in section
3.  In section 3, the data model is described, and the basic terminology used in the formal-
ization is introduced.  We give the characteristics of a class, and later in section 4, we derive
the same characteristics for the result of an object algebra expression.  We define a set of
objects and a set of message expressions as the constituents of pairs forming operand(s) and
the output of a query.  In section 4, we define the object algebra by constructing object
algebra expressions.  We derive characteristics of the result of an object algebra expression
which are the same as the characteristics of a class.  Some illustrative examples are given in
section 5.  Section 6 is the conclusion.

2. RELATED WORK

A query language must be a component of any database system [20].  Consequently,
Kim identifies a query language among the requirements of object-oriented systems despite
the use of messages to manipulate the database [21].  Thus, several query languages, such as
those of IRIS [5], GemStone [7], ObjectStore [22], Postgres [23], O2 [24, 25], EXODUS
[4, 26], ORION [9, 27], OSAM* [28, 29], PDM [30, 31] and ENCORE [32] in addition to
others [33-48], have been proposed.  These languages are based on different paradigms.
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Some query languages are based on the functional paradigm [30, 31] while others [9, 27]
are based on the message-passing paradigm.  Still other languages are based on extensions
to the relational paradigm, such as extensions to QUEL [4, 23] and extensions to SQL [24].
The algebra described in [35] contains only the operations of the relational algebra.  The
authors did not mention anything related to closure.  They only presented a generic map-
ping scheme to flatten data models.  The work described in [41] presents a monoid compre-
hensive calculus-based query unnesting algorithm.  The query language of IRIS [5] is based
on both the functional and the relational paradigms, where functions are used in Object-
oriented SQL (OSQL) constructs.  An object-oriented temporal algebra is described in [47],
in which the authors paid much attention to formalism.  The work described in [40] pre-
sents an access method for supporting nested queries in object-oriented databases.

O2 [24] has an object algebra which handles values as well as objects, and this leads to
a kind of mismatch in which some operands violate encapsulation while others do not.  The
query languages of [4, 23, 34, 49] use nested relations as their logical view of object-ori-
ented databases.  A nested relation is allowed as an operand in addition to other operands
with object-oriented features.  In order to use nested relations to represent objects, a large
amount of data has to be replicated in the representation.  Our approach described in this
paper does not suffer from such mismatches for both operands and the output of a query are
identified via a pair of sets with no violation of encapsulation.  Finally, the work described
in [42] describes the design and implementation of a graph-based visual query language for
the O2 object-oriented database system.

Queries in Gemstone violate encapsulation because they are formed over the attributes
of an object.  A similar query language is that of the ObjectStore database management
system [22].  In addition, such query languages do not facilitate the introduction of new
relationships or the construction of new objects, which are two of the facilities provided by
our approach.  Postgres, a successor to INGRES [50], is an extended relational data model
that utilizes relational query processing techniques.  Such extended relational models with
abstract and procedural data types are still considered value-based, record-oriented models.
They aim to add extensibility and object management capabilities to the relational model.

EXCESS, the query language of EXODUS, has an underlying relational query
processor.  In EXCESS, new types created during query processing do not participate in
inheritance in any way - they do not inherit any attributes or methods except those explic-
itly specified by the types from which they were created, nor do they become part of any
inheritance hierarchy. A major drawback of the algebra described in [26] is that values are
the output from any query.  PDM modifies the relational algebra to handle functions; i.e.,
the operators and the results are functions.  Major restrictions are that object identity is not
supported, and that only union compatible items are allowed as operands for set-based
operators.  Osborn’s object algebra [51] is an extension of the relational algebra.  Major
drawbacks of Osborn’s algebra are that it does not support encapsulation, and that the
closure property is not thoroughly maintained; set operations do not accept atoms or aggre-
gate objects produced by other operations.

In the algebra of ENCORE [32], the output of a query is of the Tuple type, which is
essentially the nested relational representation since it allows nesting of tuples.  To insure
type consistency of the result, in ENCORE, union compatibility is imposed on the algebra
operators.  A drawback of the algebra of ENCORE is that two identical queries do not give
the same response.  This is because every resulting collection is a newly identified object in
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the database.  For this reason, operators for eliminating duplicates are defined in this algebra.
Such operators become unnecessary when the result from a query possesses the character-
istics of a class that is properly and naturally placed in the lattice, as in our algebra. Another
algebra which is similar to that of ENCORE is the one described in [52].  However, this
algebra does not use methods, and it returns values rather than objects as the output from a
query; consequently it does not generate object identifiers.

The first version of the query language developed for ORION [27] preserves objects
in the database.  A major drawback of this language is that a query on a class returns either
the value of a single attribute or some objects of the class.  Also, when more than one class
are involved in a query, those classes have to be nested with respect to each other.  However,
in the second version of the query model of ORION [9], although the result of a query
operation is a class, the improper placement of resulting classes in the lattice leads to dupli-
cation of class contents; hence, ORION violates the reusability feature of object-oriented
systems.  Moreover, it is an overhead to have a class as the output of a temporary query, is
the case with ORION.  To retain the closure property, the model described in [53] follows
the approach proposed for ORION [9] and makes the result of a query a direct subclass of
the root, TOP-CLASS.  Furthermore, the result of a query does not have user defined
methods; it very much resembles a set of tuples in a relation, so encapsulation is not respected.
In this paper, we describe the output of a query based on the minimum requirements of an
operand, and from such characteristics, we show how to derive the characteristics of a class
when it is required to have the result persistent [11, 12].  In OSAM*, operands in a query are
the database itself and all the subdatabases derived from the original database by means of
query operations; the result of a query is a subdatabase.

To sum up, these languages are classified as either object-preserving [4, 7, 22, 27, 28,
46] or object-creating [9, 24, 30-32, 51, 53].  This a distinction is made due to the disagree-
ment about whether it is possible to have all required relationships defined in the modeling
phase.  We and others [32, 51] argue that the definitions of new relationships and the cre-
ation of new objects should be supported by a query model.  A new relationship may have
either a stored or a derived value and may be handled by the introducing of an attribute or a
method to the definition of a class, respectively.  For the attribute case, objects in the class
to which the relationship is added are extended to include values for the new attribute [14].
For the method case, on the other hand, the behavior is extended without any stored value
being added because the value of the relationship is determined by invoking the corre-
sponding method as needed.  A new object may be formed by collecting values from either
objects in different classes or from the constituents of an object nested to an arbitrary level.
However, it is necessary to resolve problems that arise due to the creation of objects;
otherwise, there will be inconsistencies.  One such crucial problem is closure maintenance
[28].  In other words, the output of a query should be allowed as an operand in the model.
Unfortunately, a major drawback of the languages already described in the literature [7, 27,
51, 52] is that they do not maintain the closure property.  Others [4, 23, 24, 30, 31, 34, 49]
introduce non-object-oriented constructs for maintaining the closure property.  Although
operands in such languages have object-oriented properties, the outputs are relations which
do not have the same structural and behavioral properties as the original objects.
Consequently, the result of a query cannot be further processed by the same set of language
operators. On the other hand, although some query models [9, 53] try to retain the closure
property, in [9], the operands and the output from a query are classes, and in [53], the
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output is a class with some restrictions make it much more like a relation.  In this sense, this
paper presents an intuitive approach to closure maintenance.  We handle the output from a
query neither as a value nor as a relation.  Instead, we identify the output from a query as
having the characteristics of an operand; a pair of sets consists of a set of objects and a set
of message expressions which can be used to handle the objects in the former set.  Moreover,
while many of the query languages cited in this section characterize the output from a query
as a relation, we show how it is possible to derive a class from any pair of sets obtained as
the output from a query.  In this way, the output from a query can be identified as a class
with the same characteristics as the other classes in the schema, without violating reusabil-
ity [9] or restricting class facilities [53].

3. THE DATA MODEL

3.1 Informal Description

In this section, we describe the data model features deemed necessary as they relate
to the object algebra.  Consider the class hierarchy shown in Fig. 1, where the state struc-
tures of the classes are indicated and the set of objects, from Fig. 2, included in each class is
identified.  In Fig. 1, any pair iv:d represents an attribute defined such that iv is the attribute
name and d is the underlying domain.  A domain specified between braces indicates that a
set is expected as the value of that attribute.  For instance, children:person specifies a set of
persons as the children of a person.  List values are also allowed by specifying the domain
between square-brackets.  For example, x:[person] means that x takes lists of objects from
the  person class as its values.  Not shown in Fig. 1 is that a class definition includes a set of
methods (operations) that embodies the behavior of its objects to support encapsulation
and information hiding.  As shown in Fig. 1, classes are arranged in a hierarchy with the
general class OBJECT at the root, i.e., a direct or indirect superclass of all other classes.
Furthermore, a subclass may include additional attributes and behavior definitions.  Some
example objects are given in Fig. 2, where oi represents an identifier.  To retain the object-
oriented features, it is important for the operators of the object algebra to uniformly handle
both the state and the behavior of an object.  Furthermore, an object has an identity and a
value.  A value may be a single value, a list of values or a set of values drawn from a domain.
A domain is either atomic or non-atomic; an atomic domain may be any of the conventional
domains, including integers, characters etc.  A non-atomic domain includes the set of ob-
jects of a class represented by their identities.

Fig. 1. An example class hierarchy.

OBJECT

Student Staff

ResearchAssistant

Person DepartmentCourse

Legend

Class

Inheritance Connections

Nesting Connections
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o1 <“Jack”, 21, “M”,  f>
o2 <“Mary”, 42, “F”, { o1, o7}>
o3 <“Michel”, 5, “M”, f>
o4 <“John”, 65, “M”, { o8, o6}>
o5 <“Susan”, 25, “F”, f, 5, {o16, o11},  o10>
o6 <“Smith”, 45, “M”, { o1, o7}, 50K, o10>
o7 <“Tom”, 18, “M”, f, 3, {o13, o14},  o10>
o8 <“Adams”, 40, “M”, f, 43K, o10>
o9 <“George”, 22, “M”, f, 5, {o16, o11}, o10, 15K, o10>
o10 <“Computer Science”, o8>
o11 <“CS565”, “Database Theory”, 3, f>
o12 <“CS101”, “Introduction to Programming”, 3, f>
o13 <“CS211”, “Design of Programming Languages”, 3, {o12}>
o14 <“CS330”, “Data Structures”, 3, f>
o15 <“CS450”, “Database Design”, 3, {o13, o14}>
o16 <“CS578”, “Parallel Machines”, 4, f>

Fig. 2. Example objects from the classes shown in Fig. 1.

3.2 Basic Notations

For a class c, we use the following notations:

∑ Wbehavior(c) is the set of messages used to invoke the methods defined in or inherited by

class c. In other words, every method T is invoked via a corresponding message and

implements a predefined function f : d1 ¥ d2 ¥ ... ¥ dn Æ dr, where d1 is the domain of the

receiver, d2, d3, ..., dn are the domains of the arguments of f and dr is the domain of the

result of the application of f on objects of d1; i.e., dr is the range of f.  Given objects oi Œ
di, where   i = 1 to n and r, f(o1, o2, ..., on) = or.  The message that invokes the method T
should have (n - 1) arguments drawn from domains d2 to dn, respectively.  Methods are
used not only to deal with properties of objects, but also to manipulate either stored
values or to derive new values in terms of properties and existing values of objects.

Example 3.1 (Class Behavior) Related to the classes of Fig. 1, the following sets of mes-
sages are assumed:

Wbehavior(person) = {name(), age(), sex(), children()},
Wbehavior(staff) = {name(), age(), sex(), children(), salary(), works-in(), net-salary(t), increase-

    salary(t)},
= Wbehavior(person) » {salary(), works-in(), net-salary(t), increase-salary(t)},

Wbehavior(student) = Wbehavior(person) » { year(), courses(), student-in()},
Wbehavior(research-assistant) = Wbehavior(student) » Wbehavior(staff),
Wbehavior(department) = {name(), head()},
Wbehavior(course) = {code(), name(), credit(), prerequisites()}. o
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Given a class c, let m Œ Wbehavior(c) and o Œ Winstances(c), where Winstances(c) denotes the
extent of class c; it is the union of instances of class c with the instances of its subclasses.
Sending message m to an object o, i.e., o m, returns a value from the range of the function
which corresponds to message m.  Let V be the set of all such returned values.  The returned
value may be a single value, a list of values or a set of values since the latter is allowed as
a value in Definition 3.2 (given below).  Furthermore, given O Õ Winstances(c), sending m to
objects in O, i.e., O m, returns a set of values with each individual element being a single
value, a list or by itself a set.  This is because message m is actually applied to individual
objects constituting the set O and the obtained results form a set.  To formalize, let U = {u1,
u2,..., un} be a set of values, where for every i, ($d Œ D, ui Œ d) ⁄ (ui = {ui1, ui2, ..., uil}).
Um set u mi

n
i= =U 1

1( ) , and in general, ui m = uj.

∑ Wbehavior(c) is the set of all attributes defined in or inherited by a class c.

Example 3.2 (Attributes)  For the classes shown in Fig. 1, the following sets of attributes
are assumed:

Wattributes(person) = {name: string, age: integer, sex: [“M”, “ F”], children: {person}}
Wattributes(student) = Wattribues(person) » {course: {course}, student-in: department}
Wattributes(department) = {name: string, head: department}
Wattributes(course) = {name: string, code: string, credit, integer, prerequisite: {course}}
Wattributes(staff) = Wattributes(person) » {salary: integer, works_in: department}
Wattributes(research-assistant) = Wattributes(student) » Wattributes(staff) o

For any attribute iv, domain(iv) and value(iv) denote the domain and the value of the at-
tribute iv, respectively.  Formally, given a class c, with iv Œ Wattributes(c), then value(iv) Œ
domain(iv).

Definition 3.1 (Domain) The set of domains D is defined so as to include:

- d Œ D and 2d Œ D, where d is any of the atomic domains, such as the set of integers, the set
of reals, the set of characters, the set of strings etc., and 2d indicates the powerset or the
set of all subsets of the set d.

- for any class c, Winstances(c) Œ D and 2Winstances(c) Œ D. o

Definition 3.2 (Value) The set of values V is defined so as to include:

- �  " d Œ D, we have d Õ V; since f is a subset of any set, it follows that f Œ V due to the use
of the powerset to specify some domains in D.  f is used to indicate the value nil, and
sending any message to nil returns nil itself.

- �[v1, v2, ..., vn] Œ V such that $di Œ D, with {v1, v2, ..., vn} Õ d. o

1 set(i) = { i}, i.e., a singleton set with i being its element.  Consequently, set(ui m) is a singleton set with its element
being the result of the application of the message m on ui.



FORMAL OBJECT ALGEBRA THAT SATISFIES CLOSURE 507

∑ Linstances(c) is the set of objects in class c but not in any of its subclasses, as given for each

of the example classes in Fig. 1.

Example 3.3 (Local Instances) For the classes shown in Fig. 1, the following sets of local
instances are assumed:

Linstances(person) = {o1, o2, o3, o4},
Linstances(student) = {o5, o7},
Linstances(research-assistant) = {o9},
Linstances(staff) = {o6, o8},
Linstances(course) = {o11, o12, o13, o14, o15, o16},
Linstances(department) = {o10}. o

For an object o, we use value(o) and identity(o) to denote the value (where the value
of an object is a set of values of the attributes defined in its class) and the identity of object
o, respectively.  The identity of an object, i.e., identity(o), is a logical representative of the
object o.

Given an object o Œ Linstances(c) for some class c,

value o X domain W ci
card W c

attributes i
attributes( ) ( ( ( ) )) .( ( ))∈ =1

2

Unless confusion may arise, the identity function will be dropped, and o will be used
to represent identity(o).

∑ Winstance(c) = Linstances(c) U i
card S

iW S=1
( ) ( )instances , where S= {S1, S2, ..., Scard(S)} is the set of direct

subclasses of class c.

Example 3.4 (Class Extent)  For the classes shown in Fig. 1, the following extents are
derived:

Winstances(course) = {o11, o12, o13, o14, o15, o16},
Winstances(department) = {o10},
Winstances(research-assistant) = {o9},

Winstances(staff) = {o6, o8, o9} = Winstances(research-assistant) » {o6, o8},

Winstances(student) = {o5, o7, o9} = Winstances(research-assistant) » {o5, o7},
Winstances(person) = {o1, o2, o3, o4, o5, o6, o7, o8, o9}

                           = Winstances (student) » Winstances (staff) » {o1, o2, o3, o4}. o

∑ Cp(c) is the set of direct superclasses of class c, except that "�ci Œ Cp(c), so we have ci π
OBJECT.  The OBJECT class is implicitly a direct superclass of any class c for Cp(c) = f;
otherwise, it is an indirect superclass for a direct or indirect superclass of a class in Cp(c).

2 Given two sets A and B, A ¥ B = {(x, y) | x Œ A Ÿ y Œ B}.  In general A ¥ B π B ¥ A.  However, here we assume that
equality always holds; i.e., order is not important inside the resulting tuples because those values are handled via
messages.
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3.3 Message Expressions

Any sequence of messages applicable to objects of a class c is said to be a message
expression of class c.  For example, o9 is an object in the student class; message courses()
in the student class invokes the method implemented to return the set of courses registered
by a given student and so, o9 courses() returns {o11, o16} from the course class.  Also, the
combination courses() code() can be applied to any object in the student class, and o9 courses
() code() returns {“CS565”, “CS578”}.  Thus, courses() and courses() code() are elements
of the message expressions of the student class.

Definition 3.3 (Message expressions)  Given a class c, the set of message expressions of
class c, denoted Mexpressions(c), is recursively defined by:

– Wbehavior (c) Õ Mexpressions(c).
– If x Œ Mexpressions(c) and x returns a value from Winstances (c¢), for some class c¢, then (x

Wbehavior (c¢)) Õ Mexpressions(c).
 Here, x is postfixed with every message in Wbehavior (c¢).  For example, let Wbehavior(c¢) =
{ m1, m2}; then (x {m1, m2}) = { x11, x21}, where x11 = (x m1) and x21 = (x m2).
Therefore, starting from Wbehavior (c), we can determine whether a given message expres-
sion is an element of Mexpressions(c).  o

Example 3.5 (Message Expression)  For the classes shown in Fig. 1, the following sets of
message expression are derived:

Mexpressions(person) = Wbehavior(person) » children()+ Wbehavior(person)3

         = children()* Wbehavior(person),
Mexpressions(student) = Mexpressions(person) » {year(), courses(), student-in()}  » courses()

          Mexpressions(course) » student-in() Mexpressions(department),
Mexpressions(staff) = Mexpressions(person) » {salary(), work-in(), net-salary(), increase-salary
()}  ∪       works-in() Mexpressions(department),
Mexpressions(research-assistant) = Mexpressions(student) ∪ Mexpressions(staff),
Mexpressions(department) = Wbehavior(department) ∪ head() Mexpressions(staff),
Mexpressions(course) = prerequisites()* Wbehavior(course). o

The length of a message expression x, denoted len(x), returns the number of mes-
sages constituting x.  We differentiate between implicit and explicit representations of Winstances

(c), Wbehavior(c) and Mexpressions(c) for a given class c.  In an implicit representation, a subset of
the elements of the represented set is replaced with a single set name while an explicit
representation enumerates all elements of a set.  For instance, {name(), age(), sex(), chil-
dren(), year(), courses(), student-in()} is an explicit enumeration of the set Wbehavior(student)
while Wbehavior(person) » { year(),courses(), student-in()} is an implicit representation of
the same set.  As illustrated in the example classes and by definition, for any class c, Winstances

(c) can be implicitly represented in terms of Winstances(ci), where ci is a subclass of c; Wbehavior

3 Notice that a* is used to indicate zero or more concatenations of a with itself, i.e., e, a, aa, ..., while a+ indicates one
or more concatenations of a with itself, i.e., a, aa, aaa, ...
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(c) can be implicitly represented in terms of Wbehavior(cj), where cj Œ Cp(c); Mexpressions(c) can
be implicitly represented in terms of Mexpressions(ck), where ck Œ Cp(c) or ck = domain(iv) for
some iv Œ Wattributes(c).  Sometimes, it is not possible to explicitly enumerate elements of
Mexpressions(c) for some class c, especially when a direct or indirect cycle is used to specify the
domain of attributes.  In such cases, an implicit representation becomes necessary and is
easier to follow and understand.  For instance, because of the cycle caused by having the
person class itself as the domain of the children attribute in the person class, there is no
finite explicit representation of Mexpressions(person); however an implicit representation is
possible and is given above in the examples on message expressions.

After introducing message expressions, it is necessary to decide on the relationship
between the sets of message expressions and the sets of messages of two classes.  Such a
relationship is important as a class is derived from the result of a query later in section 4.

Lemma 3.1 Given two classes c1 and c2,

Mexpressions(c1) Õ Mexpressions(c2) ¤ Wbehavior(c1) Õ Wbehavior(c2).

Proof:

(if part)x Œ Wbehavior(c1) fi x Œ Mexpressions(c1) (by Definition 3.3)
      fi x Œ Mexpressions(c2) (because Mexpressions(c1) Õ Mexpressions(c2), given)
      fi x Œ Wbehavior(c2) (because len(x) = 1 and the only elements of Mexpressions(c2) of

        length one are elements of Wbehavior(c2), from Definition 3.3)
      fiWbehavior(c1) Õ Wbehavior(c2),

(only if part) x Œ Mexpressions(c1) ⇒ x = x1...xn, with n ≥ 1 such that x1 Œ Wbehavior(c1) (by
  Definition 3.3)

fi x1 Œ Wbehavior(c2) (because Wbehavior(c1) Õ Wbehavior(c2), given)
fi x Œ Mexpressions(c2) (by Definition 3.3)

             fi Mexpressions(c1) Õ Mexpressions(c2). o

We will utilize Lemma 3.1 to construct object algebra expressions in Definition 4.2.
Informally, the proof of Lemma 3.1 follows from Definition 3.3, where starting from mes-
sage expressions of length one, i.e., messages of a class, it is possible to derive all other
possible message expressions.

A message expression, when received by an object, returns a value from a particular
domain.  This particular domain is the range of the last message in the message expression.
A returned value is either a stored or a derived value.

Derivation of the value of an implicit relationship in terms of existing ones is facili-
tated by message expressions through the execution of the underlying sequence of methods
that correspond to a selection (implicit join) producing the derived value.  For instance, it is
possible to have the relationships brother-of and sister-of as derived values using the stored-
valued children relationship between persons with the sex attribute recorded for persons.
Both brother-of and sister-of are handled as messages by using an underlying method to
implement the desired relationship in terms of the selection operation.  In general, a derived
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value is determined after executing a sequence of one or more methods underlying the
message(s) constituting a corresponding message expression.  This saves both space and
time needed to store and keep related values in a consistent state.

4. THE QUERY MODEL

Although many of the existing query languages are restricted to the manipulation of
existing objects and cannot create new ones, we and others [32, 51] argue that a more
powerful query language is needed that can handle new objects manipulate existing ones.
This adds the flexibility of instantaneously introducing new relationships into the model,
thus making the manipulation more powerful.  Our object algebra is a superset of the rela-
tional algebra, hence, it is at least as powerful as the relational algebra.  Although we give a
different interpretation and semantics for our algebra operators, we still use the terminol-
ogy of relational operators.  A lot of work has been done on relational algebra and its
optimization.  Thus, we intend to benefit from this accumulation of knowledge and tech-
niques while still being aware of the benefits of not violating the object-oriented principles.
An operand e in our object algebra should have a pair of sets: a set of objects and a set of
message expressions, denoted by <Winstances(e), Mexpressions(e)>.  Using elements of Mexpressions

(e), we can access elements of Winstances(e).  Since a class has a defined set of objects and a
derived set of message expressions, a class can be an operand.  The output of an operation
also should have a pair of sets derived in terms of the pair(s) of operand(s).  Therefore, a
query can appear anywhere an operand can appear.  We call any operand, whether an actual
pair or an unevaluated query, an object algebra expression.  Therefore, our object algebra
acts on and produces items that have defined pairs.  Hence, our object algebra intuitively
retains the closure property without violating object-oriented principles.

4.1 Informal Description

The object algebra proposed here includes the five basic operators of the relational
algebra in addition to nest and one level project operators and aggregate function applications.
Our treatment of aggregate functions is similar to that of Klug for overcoming the problems
mentioned in [19].  A selection has a single operand and produces an output consisting of a
pair, where the included objects are those satisfying a stated predicate expression, defined
below.  The set of message expressions of the resulting pair is the same as that of the
operand.  For instance, the result of selecting courses with no prerequisites from the pair
corresponding to the course class is the pair <{o11, o12, o14, o16}, Mexpressions(course)>.

Definition 4.1 (Predicate expressions)  The following are predicate expressions:

P1: T and F are predicate expressions representing the truth values true and false.
P2: Given two values y1 and y2 having compatible underlying domains such that at least y1 or

y2 is of the form x(o), where o is an object variable bound to objects of an operand in a
query and x is a message expression applicable to objects substituting o.

P2.1: y1 op y2 is a predicate expression, where
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P3: If p and q are predicate expressions, then (p), ÿp, pŸq and p⁄q are predicate expressions.

Predicates as defined here within an object-oriented context are more powerful than
they are in the relational model, where only atomic values are compared.  Furthermore,
extending predicate expressions to allow quantifiers to enable the creation of objects does
affect the query power.  For example, $OŸO Õ Winstances(c) for some class c, binds O to a
subset of Winstances(c); the subset objects to which O is bound can be found by this query by
incrementally enumerating the proper subsets of Winstances(c).  Such an object creation facil-
ity gives the algebra the power to recursively form a powerset [1].

Although the set of objects in an operand is in general heterogeneous, the only values
accessible in each object are those specified by the set of message expressions of the pair.
Therefore, dropping some message expressions by means of the project operation hides
some values from the accessible objects.  For instance, by projecting the pair corresponding
to the person class on X = {name(), age(), sex()}, the pair <Winstances(person), {name(), age
(), sex()}> is obtained, where only message expressions constituting X can be used to deal
with objects in the other set of the resulting pair.  On the other hand, the inverse project

4 The sysmbols =, ·= and ≅i  are used to check whether two objects are identical, shoallow-equal or deep-equal-to-level-
i.
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operation is used to extend the set of message expressions in a pair to include more mes-
sage expressions applicable to the objects of the pair, i.e., to provide more facilities for the
user; this operation is defined in terms of others as will be shown later in section 4.2.

To facilitate the evaluation of a subset X of the message expressions against the
objects of a given pair, the one level project operation is defined.  Objects in the result are
constructed from the values obtained by evaluating message expressions constituting X
against objects of the operand.  A corresponding set of message expressions is also deter-
mined so as to facilitate accessing the values encapsulated within the derived objects.  For
instance, the one level project of the pair corresponding to the student class on {name(),
student-in()}name() Æ name1()}, which is a subset of Mexpressions(student), results in deriva-
tion of the following pair:

<{<“ Susan”, “ Computer Science”>, <“Tom”, “ Computer Science”>,
<“George”, “ Computer Science”>}, { name(), name1()}>.

The Æ denotes a renaming mechanism used to resolve a conflict in naming messages.
Here, name1() is a message that can be used to retrieve from objects of the result the
department-name value as retrieved by the original message expression student-in() name
() from objects of the operand.

The purpose is to collect together in a new class all the objects constructed by col-
lecting the values reachable by the message expressions in X applied to objects in the operand.
In general, the set of message expressions in the result of the one level project operation is
defined, depending on message expressions in X, to include:

∑ all message expressions prefixed by any message m such that there exists an element x1 in

X with m being the last message in the sequence of messages constituting x1;

∑ all messages that correspond to those message expressions in X that return derived values.

The underlying method of each such new message solely returns a value embodied in
each of the result objects.

Despite the fact that many relationships between objects are embodied within the
objects themselves, an explicit operation is required to handle cases where a relationship is
not defined in the model.  Both the cross-product and the nest operations are defined to
introduce such relationships.  While the nest operation extends the value of each object in
the first operand to include a reference to object(s) in the second operand5, the result of the
cross-product operation depends on the nature of the domains of the messages of the oper-
ands as explicitly stated in Definition 4.2 and given in section 4.2.  While the cross-product
operation is defined as being associative, the nest operation is not.  However, the two opera-
tions are equivalent under certain conditions [11, 13].  Associativity of the cross-product
operation is useful in query optimization [11, 13], but this property will not be discussed

5 In [11], it is shown that the result of the nest operation is a subclass of the first operand.  Accordingly, objects of the
first operand migrate into the result with their structure being extended to carry the new property due to the nest
operation.
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further in this paper.  As an example, nesting the pairs corresponding to the student class
and the staff class so as to assign to every student the head of his department as the super-
visor results in the following pair:

<{<“ Susan”, 25, “F”, f, 5, {o11, o16}, o10, o8>, <“Tom”, 18, “M”, f, 3, {o13, o14}, o10, o8>,
     <“George”, 22, “M”, f, 5, {o11, o16}, o10, 15K, o10, o8>},
     Mexpressions(student) » (m() Mexpressions(staff))>.

Here, m() is a new message understandable by the objects in the resulting pair and used to
return the supervisor, o8 in this example.  Since the supervisor is himself a staff member,
any of the message expressions in Mexpressions(staff) can be applied to the result of message m
().

On the other hand, use of the cross-product results in the following pair:

<{<o5, o8>, <o7, o8>, <o9, o8>}, { m1() Mexpressions(student) ∪ m2() Mexpressions(staff)}>,

where message m1() is for returning the first component, i.e., the identity of a student object,
while m2() is for returning the identity of a supervisor object.  The creation of objects with
object identifiers representing some or all of their components necessitates the introduc-
tion of new messages to retrieve the values of these components via their object identifiers.
Such a mechanism is introduced to prevent migration of objects which include atomic
valued components that have non-uniform and varying length values.  In the above example,
the student objects o5, o7 and o8 each contain atomic valued components that are handled by
the messages name(), salary(), year() etc.  Before any one of these messages can be applied
to the new objects defined by the cross-product operation, viz., <o5, o8>, message m1()
needs to be applied to such an object to retrieve its student object identifier component, o5

in this case.  Similarly, m2() can be applied to retrieve a staff object identifier.
The cross-product operation can give the same result as the nest operation if all the

message expressions of length one in Mexpressions(student) return non-atomic values and at
least one of the message expressions of length one from Mexpressions(staff) were to return an
atomic value.  To illustrate a third case of the cross-product operation, assume that all the
message expressions of length one from Mexpressions(staff) return non-atomic values, and that
at least one of the message expressions of length one from Mexpressions(student) returns an
atomic value.  In this case, the resulting pair is

<{<o5, “Adams”, 40, “M”, f, 60K, o10>, <o7, “Adams”, 40, “M”, f, 60K, o10>,
    <o9, “Adams”, 40, “M”, f, 60K, o10>}, (m(), Mexpressions(student)) » Mexpressions(staff)>,

where message m() returns the identity of a student object supervised by the receiving staff
object.  To illustrate the fourth case of the cross-product operation, assume that all the
message expressions of length one from Mexpressions(staff) and Mexpressions(student) return non-
atomic values.  The cross-product operation under this condition will result in the following
pair:

<{<“ Susan”, 25, “F”, f, 5, {o11, o16}, o10, “Adams”, 40, “M”, f, 60K, o10>,
    <“Tom”, 18, “M”, f, 3, {o13, o14}, o10, “Adams”, 40, “M”, f, 60K, o10>,
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<“George”, 22, “M”,  f, 5, {o11, o16}, o10, 15K, o10, “Adams”, 40, “M”,  f, 60K, o10>},
Mexpressions(student) » Mexpressions(staff)>.

As mentioned before, the object algebra described in this work handles and produces
a pair of sets.  Therefore, as it deals with sets, two basic set operations, union and difference,
are supported by the object algebra; intersection is defined in terms of the difference
operation.  The union operation returns a pair where the set of objects is, in general, hetero-
geneous and the set of message expressions is calculated as the intersection of the sets of
message expressions of the operands.  This intersection contains messages which handle
the values drawn from the common underlying domains.  The heterogeneous set of objects
is the union of the sets of objects of the operands.  For instance, the union of the pairs
corresponding to the student and staff classes is the following pair:

<Winstances(staff) » Winstances(student), Mexpressions(staff) ∩ Mexpressions(student)>.

The difference operation is handled in one of two ways depending on the relationship
between the message expressions of the operands.  If the message expression, of the first
operand is a subset of that of the second operand, then the difference operation returns
objects from the first operand which are not in the second operand; the message expres-
sions of the result are those of the first operand.  Otherwise, it is handled as a projection of
objects in the first operand on values that have no corresponding message expressions in
the second operand.  To illustrate the first case, the difference of the pairs corresponding to
the person and student classes is the following pair: <Linstances(person) » {o6, o8}, Mexpressions

(person)>.    On the other hand, the second case is illustrated by considering the difference
between the pairs corresponding to the research-assistant and student classes; the result is
the following pair: <Winstances(research-assistant), Mexpressions(staff)>.

4.2 Object Algebra Expressions

An object algebra expression is a pair of sets, a set of objects and a set of message
expressions.  Since a class is defined a set of objects and a set of message expressions, it
corresponds to an object algebra expression.  Next, we will formally define object algebra
expressions.  When len(x) is involved in any of the constraints (if-statements) given in the
rest of this section, we will consider only message expressions x such that x returns a stored
atomic value.

Definition 4.2 (Object Algebra Expressions)  Let E be the set of object algebra expressions.

Being an object algebra expression, every element of set E must have a pair of sets - a set
of objects and a set of message expressions.  Formally,

"e Œ E, both Mexpressions(e) and Winstances(e) are defined.

Given e1 Œ E and e2 Œ E, let Mexpressions(e1) = X1, Mexpressions(e2) = X2, Winstances(e1) = T1, and
Winstances(e2) = T2.

Elements of E are enumerated as follows:
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∑ Given a class ci, by definition, Mexpressions(ci) and Winstances(ci) are both defined; hence, ci Œ
E.

∑ Selection: Given a predicate expression p, e1[p] Œ E with
Mexpressions(e1[p]) = Mexpressions(e1) = X1,

Winstances(e1[p]) = {o | o Œ T1 Ÿ p(o)}, where p(o) denotes the evaluation of predicate
expression p on object o.

∑ Projection: Given X Õ X1, e1[X] Œ E with
Mexpressions(e1[X]) = X,
Winstances(e1[X]) = Winstances(e1).

The projection operation serves to drop the message expressions that are in X1 - X while
preserving all the instances.

∑ Cross-Product: (e1 ¥ e2) Œ E with
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where ∑ indicates a concatenation of the two arguments; it is commutative.

∑ Union: (e1 » e2) Œ E

,

6 mi Xi returns all the message expressions mi mj mk ... mn such that the sequence mj mk ... mn is an element in the set of
message expressions X1.
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Mexpressions(e1 » e2) = X1 « X2,
Winstances(e1 » e2) = T1 « T2.

Only message expressions in X1 « X2 return some values, including nil from objects in T1 »
T2.

∑ Difference: (e1 - e2) Œ E with
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∑ Nest: (e1 >> e2) Œ E with
Mexpressions(e1 >> e2) = X1 » (m2 X2),
where m2 is a message such that the value returned by the message m2 from any object
in the result of (e1 >> e2) is drawn from the domain T2:

Winstances(e1 >> e2) = {o | $o1 Œ T1 Ÿ value(o) = value(o1). identity(o2)}.

∑ One level projection: Given X Õ X1, e1![X] Œ E with
Mexpressions(e1![X]) = {x | $x1 Œ X with x1 returning a stored value, x1 = (x2 m) Ÿ

len(x1) = len(x2) + 1 Ÿ $x3 Œ X1 Ÿ x3 = (x2 x) Ÿ x = (m x4)}
      »{x | $x1 Œ X with x1 returning a derived value, len(x) = 1 Ÿ

      "o1 Œ Winstances(e1) $ o Œ Winstances(e1![X]) such that o1 x1 = o x},

Winstances(e1![X]) = {o | $o1 Œ T1 Ÿ value(o) = (o1 X)}, where (o1 X) is a set of values,
each of which is the result of applying an element of X to o1.

The depth of nesting decreases as the length of the longest message expression in X increases.
In other words, the depth of nesting is inversely proportional to the length of message
expressions in X.

∑ Aggregation: Assume that X Õ X1 and xi Œ X1, and let f be an aggregate function.  The
aggregate function f is evaluated on the result of the message expression xi for all objects
in T1 that return the same values for message expressions in X.  In other words, objects in
T1 are partitioned into equivalence classes based on the result of the evaluation of mes-
sage expressions in X against those objects.  Then, the aggregate function f is applied to
the values returned by the message expression xi applied to objects in each equivalence

class. Consequently, e1 < X, f, xi > Œ E with Mexpressions(e1 < X, f, xi >) = (m1 X1) » {m3},

where m1 is a message which when sent to any object in the result, returns the object
identifier of the related object in T1; the value returned by message m3 from any object in
the result has A domain which is the range of the aggregate function f:
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Winstances(e1 < X, f, xi >) = {o| (o m1) Õ T1 Ÿ (o m3) = f({( o1 xi) | o1 Œ T1  Ÿ "o2  Œ (o m1), (o2

X) = (o1 X)})} o

The following object algebra expressions are defined in terms of the primitive ones given
in Definition 4.2.

∑ Unnest: defined in terms of projection so as to drop an existing relationship between two

object algebra expressions. It leaves the projected out components in objects but renders
them inaccessible:

(e1 << e2) = e1[X1 - X | X = (m2 X2) Ÿ "o1 Œ T1 (o1 m2) Œ T2].

We project on all the message expressions of e1 except those leading to e2.

∑ Intersection: defined in terms of the difference operation as (e1 « e2) = e1 - (e1 - e2).

∑ Inverse projection: to add a subset X of Mexpressions(e2) to Mexpressions(e1), first e1 and e2 are
nested, then a one level projection is done to have all Mexpressions(e2) and Mexpressions(e1)

together forming one set; after that projection of the result on Mexpressions(e1) » X is done to
get the target set of message expressions in the resulting pair.

e1]X[ = (e1 >> e2)![Wbehavior(e1) » (m2 Wbehavior(e2))] [Mexpressions(e1) » X]

where m2 is a message in the result of e1 >> e2 with its domain being Winstances(e2).

∑ Join: defined in terms of the cross-product or nest combined with selection. o

Using operations of the query language, objects may be constructed from existing
ones, and new relationships may be introduced into the model.  A new relationship is an
extension to either the state of objects or their behavior.  In other words, a new relationship
has either a stored or a derived value.  A stored value exists due to the nest operation, which
takes two operands and extends each object in the first one to include a value referencing
object(s) in the second operand, while a derived value exists due to the inverse of the
project operation, which extends the behavior of objects in the operand without affecting
their states.  In contrast, the one-level-project operation constructs new objects from exist-
ing objects by collecting values found in different levels of nesting.  Also, the fourth case in
the definition of the cross-product operation results in new objects while the other three
cases introduce new relationships.

4.3 From an Object Algebra Expression to a Class

Having formally defined object algebra expressions, we claim that every object alge-
bra expression has the characteristics of a class, and this follows from the lemmata given in
this section.  However, before going into the details of the lemmata, it is important to recall
that, as stated in section 3, by definition, a class has a set of superclasses, a set of attributes,
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a set of methods and a set of objects.  According to Definition , an object algebra expres-
sion has a set of objects and a set of message expressions.  In addition, given a class c,
methods(c) and Wattributes(c) are defined to include methods and attributes of superclasses of
class c.  Therefore, finding methods and attributes of a class implicitly leads to the set of its
superclasses.  Furthermore, a method implements a specific function, and it is invoked via
a corresponding message.  Consequently, for every method, there exists a corresponding
message; therefore, finding a set of messages for an object algebra expression is equivalent
to finding a set of methods; the corresponding method of a given message m is the one
which is invoked by message m when used from the current class.  As a result, for any object
algebra expression to have the characteristics of a class, it is enough to find for that object
algebra expression a set of attributes and a set of messages; a set of objects is already
defined.

Let e1 and e2 be two object algebra expressions such that Mexpressions(e1) = X1 and Mexpressions

(e2) = X2.  According to Definition 4.2, a class is an object algebra expression.  In other
words, some object algebra expressions are classes.  Thus, assume that Wattributes(e1), Wattributes

(e2), Wbehavior(e1) and Wbehavior(e2) are all defined.  Based on this assumption, we have the
following Lemmata, 4.1 to 4.9, leading to the sets of messages and attributes of other object
algebra expressions, and this leads to the fact that every object algebra expression corre-
sponds to a class.  Lemmata 4.1 to 4.9 have similar proofs.  Therefore, only the proofs of
Lemmata 4.1 and 4.3 are given; the others can be proved similarly.

In general, the set of messages of the class corresponding to an object algebra expres-
sion includes all the messages which prefix a message expression of that object algebra
expression.  Including more messages leads, according to Definition 3.3, to a set of message
expressions which is a superset of the actual set of message expressions of the object alge-
bra expression.  On the other hand, dropping a message which prefixes some message
expressions of the object algebra expression results in the set of message expressions as a
subset of the actual set of message expressions.  Concerning the attributes, for every stored
value in the objects of an object algebra expression, an attribute is included in the set of
attributes of the corresponding class such that the set of messages of that class contains a
message which can to retrieve that stored value.  For example, the objects in the result of a
selection operation are a subset of those of the operand.  Consequently, the class corre-
sponding to the result shares the same messages and attributes with that corresponding to
the operand.  This is proved in Lemma 4.1, given below.  For the other operations, this is
formally stated in Lemmata 4.1 to 4.9, where messages and attributes of the object algebra
expressions given in Definition 4.2 are specified.

Lemma 4.1 Messages and attributes of e1[p], where p is a predicate expression:

Mexpressions(e1[p]) = X1 fi
. Wbehavior(e1[p]) = Wbehavior(e1),
. Wattributes(e1[p]) = Wattributes(e1).

Proof:
m Œ Wbehavior(e1[p]) ¤$x Œ Mexpressions(e1[p]), such that x = m  xi (by Definition 3.3)

(but Mexpressions(e1[p]) = Mexpressions(e1), by Definition 4.2)



FORMAL OBJECT ALGEBRA THAT SATISFIES CLOSURE 519

      ¤$x Œ Mexpressions(e1), such that x = m  xi

      ¤ m Œ Wbehavior(e1) (by Definition 3.3).

Therefore, m Œ Wbehavior(e1[p]) ¤ m Œ Wbehavior(e1).
Hence, Wbehavior(e1[p]) = Wbehavior(e1)

and
iv Œ Wattributes(e1[p]) ¤ $m Œ Wbehavior(e1[p]) such that,

given o Œ Winstances(e1[p]), o satisfies (o m) = value(iv)
(but Wbehavior(e1[p]) = Wbehavior(e1), already proved
and Winstances(e1[p]) Õ Winstances(e1) by Definition 4.2)

¤iv Œ Wattributes(e1).

Therefore, iv Œ Wattributes(e1[p]) ¤ iv Œ Wattributes(e1).
Hence, Wattributes(e1[p]) = Wattributes(e1). o

Before going into the details of the lemma that leads to the messages and attributes of
e1[X], consider the following algorithm that derives the attributes of e1[X].

Algorithm 4.1 attributes of e1[X]:

0. for every mi Œ Wbehavior(e1)
1.     Let Xi Õ ME such that (mi Xi) Õ X
/* ME denotes the set of all message expressions, i.e., for any class c, Mexpressions(c) Õ
ME

2. if Xi π f then
/* the attribute that corresponds to m has a non-atomic domain
3.     if $ ivi Œ Wattributes(e1) such that Xi = Mexpressions(OAE(domain(ivi)))7 then
4.     ivi Œ Wattributes(e1[X])
5. elseif $ ivi Œ Wattributes(e1) such that Xi Õ Mexpressions(OAE(domain(ivi))) then
6.     ivi Œ Wattributes(e1[X]) and domain(ivi) in e1[X] is:
7.         domain(ivi) := Winstances(<domain(ivi), Mexpressions(OAE(domain(ivi)))>[Xi])
8.     endif
9. elseif $ ivi Œ Wattributes(e1) such that, given o Œ Winstances(e1), value(ivi, o)8 = (o mi) then
/* message mi corresponds to the attribute ivi that has an atomic domain
10. ivi Œ Wattributes(e1[X])
11.     endif
12. endfor

Lemma 4.2 Algorithm 4.1 returns attributes of e1[X]

7 Evaluating an object algebra expression e leads to the pair <Winstances(e), Mexpressions(e)>, and OAE(Winstances(e)) de-
notes the object algebra expression e.

8 Returns the value of the attribute ivi in object o.
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Proof: The for-loop in step 0 of Algorithm 4.1 iterates over all the messages in Wbehavior(e1)
to determine those corresponding to the attributes in Wattributes(e1).  When such a message mi

is found, the corresponding attribute ivi is added to Wattributes(e1[X]) with its domain specified
depending on the results of the if-statements where:
In step 1, from X, a subset that has all the message expressions starting with mi, i.e., mi Xi,
is determined.  The tag Xi is considered in step 2 for being non-empty; accordingly a non-
atomic domain is determined for the attribute ivi added to Wattributes(e1[X]).  In step 4, ivi in
Wattributes(e1[X]) has a domain that is the same as ivi in Wattributes(e1) because Xi happens to be
Mexpressions(OAE(domain(ivi))).  For the other case, i.e., Xi Œ Mexpressions(OAE(domain(ivi))), in
steps 6 and 7, the domain of ivi is specified as the result of the projection of <domain(ivi),
Mexpressions(OAE(domain(ivi)))> on Xi, a subset of its message expressions.  Since the class
which corresponds to the result of the projection was proved in [11] to be a superclass of
that which corresponds to the operand, the domain of ivi in Wattributes(e1[X]) is a superclass of
the domain of ivi in Wattributes(e1).  In step 10, the domain of ivi in Wattributes(e1[X]) is deter-
mined to be the same as the domain of ivi in Wattributes(e1) when domain(ivi) is atomic. o

Lemma 4.3 Messages and attributes of e1[X]: Given X Õ X1,

. Wbehavior(e1[X]) = {m | m Œ Wbehavior(e1) Ÿ $ x Œ X with x = m  xi}

. Wattributes(e1[X]) is derived by Algorithm 4.1 as interpreted in Lemma 4.2. o

Lemma 4.4 Messages and attributes of e1 ¥ e2:

case 1: If $x1 Œ X1, len(x1) = 1 Ÿ $ x2 Œ X2, len(x2) = 1, then
Mexpressions(e1 ¥ e2) = (m1 X1) » (m2  X2) fi

. Wbehavior(e1 ¥ e2) = {m1, m2}

. Wattributes(e1 ¥ e2) = {iv1, iv2},
where domain(iv1) = 2Winstances(e1) and domain(iv2) = 2Winstances(e2).

case 2: If " x1 Œ X1, len(x1) > 1 Ÿ $ x2 Œ X2, len(x2) = 1, then
Mexpressions(e1 ¥ e2) = X1 » (m2 X2) fi

. Wbehavior(e1 ¥ e2) = messages(e1) » {m2}

. Wattributes(e1 ¥ e2) = Wattributes(e1) » { iv2},
where domain(iv2) = 2Winstances(e2).

case 3: If $x1 Œ X1, len(x1) = 1 Ÿ "x2 Œ X2, len(x2) > 1, then
   Mexpressions(e1 ¥ e2) = (m1 X1)  » X2 fi

. Wbehavior(e1 ¥ e2) = {m1}  » Wbehavior(e2)

. Wattributes(e1 ¥ e2) = { iv1}  » Wattributes(e2),
  where domain(iv1) = 2Winstances(e1).

case 4: If "x1 Œ X1, len(x1) > 1 Ÿ "x2 Œ X2, len(x2) > 1, then
  Mexpressions(e1 ¥ e2) = X1 » X2 fi

. Wbehavior(e1 ¥ e2) = Wbehavior(e1) » Wbehavior(e2)
                . Wattributes(e1 ¥ e2) = Wattributes(e1) » Wattributes(e2).
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o
Lemma 4.5 Messages and attributes of e1 » e2:

  Mexpressions(e1 » e2) = X1 « X2 fi
. Wbehavior(e1 »  e2) = Wbehavior(e1) « Wbehavior(e2)

                . Wattributes(e1 » e2) = Wattributes(e1) « Wattributes(e2). o

Lemma 4.6 Messages and attributes of e1 - e2:

case 1: If X1 Õ X2, then
  Mexpressions(e1 - e2) = X1 fi

. Wbehavior(e1 - e2) = Wbehavior(e1)

. Wattributes(e1 -  e2) = Wattributes(e1).

case 2: If X1  X2, then
  Mexpressions(e1 - e2) = X1 - X2 fi

. Wbehavior(e1 - e2) = Wbehavior(e1) - Wbehavior(e2)
                           . Wattributes(e1 - e2) = Wattributes(e1) - Wattributes(e2). o

Lemma 4.7 Messages and attributes of e1 >> e2:
  Mexpressions(e1 >> e2) = X1 » (m2 X2) fi

. Wbehavior(e1 >> e2) = Wbehavior(e1) » {m2}
               . Wattributes(e1 >> e2) = Wattributes(e1) » { iv1}, where domain(iv1) = 2Winstances(e2).

o

Lemma 4.8 Messages and attributes of e1![X]: given X Õ X1,
 Mexpressions(e1![X]) given in Definition 4.2 fi

. Wbehavior(e1![X]) = {m | $ x Œ Mexpressions(e1![X]) with x = m xj}

. Wattributes(e1![X]) = { iv | domain(iv) = d Ÿ " o Œ Winstances(e1![X])
                                                $ m Œ Wbehavior(e1![X]) with (o m) Œ d}. o

Lemma 4.9 Messages and attributes of e1 <X, f, xi>: given X Õ X1 and xi Œ X1,
Mexpressions(e1 <X, f, xi>) given in Definition 4.2 fi

. Wbehavior(e1 <X, f, xi>) = {m1, m3}

. Wattributes(e1 <X, f, xi>) = {iv1, iv2},
   where domain(iv1) = Winstances(e1) and domain(iv2) = the domain of the result of f.

o

The proofs of Lemmata 4.3 to 4.9 are omitted as they are similar to the proof of
Lemma 4.1.  Informally, since every object algebra expression has a set of message
expressions, then by considering message expressions of length one, the set of messages
can be derived.  Furthermore, the fact that, by definition, every attribute has a correspond-
ing message leads to the derivation of the set of instance variables of an object algebra
expression.  This is done by collecting from the operand those attributes having a corre-
sponding message in the already derived set of messages.
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Combining Definition 4.2 and Lemmata 4.1 to 4.9, every object algebra expression
has a set of objects, a set of messages and a set of attributes.  The set of messages leads to
the set of methods because every message has a corresponding method.  Therefore, an
object algebra expression has the characteristics of a class leading to the following corollary.

Corollary 4.1 "e Œ E, e corresponds to a class c.

Proof:
Winstances(e) are given by 4.2;
Wattributes(e) and Wbehavior(e) are given by Lemmata 4.1 to 4.9;
Classes in Cp(e) are determined by considering the relationship between Winstances(e),
and Mexpressions(e) and those of the operand(s) as explained in [11].

Therefore, since it has the characteristics of a class, e is, in fact, a class. o

4.4 Inheritance Relationship

One of the distinguishing features of object-oriented systems is inheritance.  Inherit-
ance leads to reusability where a class c1 uses the facilities of its superclass c2 as if those
facilities were defined within the class c1.

In general, object-oriented database systems support multiple inheritance.  Multiple
inheritance is considered advantageous over and includes simple inheritance.  In multiple
inheritance, reusability is achieved to a greater degree than it is in simple inheritance.
Therefore, supporting multiple inheritance in a data model helps to increase reusability
because it provides flexibility in increasing the number of superclasses if required in a way
to increase the facilities that a class c inherits, and, hence to decrease the facilities defined
inside class c without being inherited.  This is one of the reasons for supporting multiple
inheritance in the data model described in section 3.

In the rest of this section, we will determine the inheritance realtionship between
object algebra expressions.  Based on this relationship, we will prove that an object algebra
expression e inheriting from other object algebra expressions e1, e2, ..., en, enables the cor-
responding class c to inherit from classes c1, c2,..., cn.  This completes the proof of corollary
4.1, where Cp(c) are determined based on Lemmata 4.10 to 4.17 and Theorem 4.1 given
below.

Definition 4.3 Partial Ordering (£ e) among object algebra expressions
Given two object algebra expressions e1 and e2, we say that e1 inherits from e2, i.e., e1 £e e2

iff:

1. Mexpressions(e2) Õ Mexpressions(e1),
2. Winstances(e1) Õ Winstances(e2). o

Notice that Definition 4.3 considers only message expressions and total instances
which are the characteristics known for an object algebra expression based on Definition 4.2.
Other characteristics leading to a class and given in Lemmata 4.1 to 4.9 are not considered.
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Now that every object algebra expression corresponds to a class by Corollary 4.1, it
is necessary to decide on the inheritance relationship between the class that corresponds to
a given object algebra expression and other existing classes.  It is enough to decide on the
inheritance relationship between object algebra expressions because Theorem 4.1 leads to
the inheritance relationship between the corresponding classes.  Based on Definition 4.3,
the following Lemmata 4.10 to 4.17 lead to the inheritance relationship between object
algebra expressions.  Based on this relationship, the inheritance relationship between the
corresponding classes can be determined.

Given two object algebra expressions e1 and e2, let Mexpressions(e1) = X1 and Mexpressions

(e2)= X2.  Lemmata 4.10 to 4.17 give the inheritance relationship between object algebra
expressions. This method is used because the proofs of Lemmata 4.10 to 4.17 follow straight-
forwardly from Definitions 4.2 and 4.3, as illustrated by the proofs of Lemmata 4.10 and 4.
11.  From Lemmata 4.10 to 4.17 and based on Theorem 4.1, Cp(c) for class c that corre-
sponds to a given object algebra expression e can be determined.

Lemma 4.10 Inheritance relationship of e1[p] with e1, where p is a predicate expression:

e1[p] £ e e1.

Proof: (By definition)
Mexpressions(e1[p]) = Mexpressions(e1) and Winstances(e1[p]) Õ Winstances(e1) (by Definition 4.2)

¤ e1[p] £e e1 (by Definition 4.3). o

Lemma 4.11 Inheritance relationship of e1[X] with e1, where X Õ X1, e1 £e e1[X].

Proof: (By definition)
Mexpressions(e1[X]) Õ Mexpressions(e1) and Winstances(e1[X]) = Winstances(e1) (by Definition 4.2)

           ¤ e1 £e e1[X] (by Definition 4.3). o

Lemma 4.12 Inheritance relationship of e1 ¥ e2 with e1 and e2:

- if $x1 Œ X1, len(x1) = 1 Ÿ $x2 Œ X2, len(x2) = 1, then
(e1 ¥ e2) ≤e e1 and (e1 ¥ e2) ≤e e2;

- if "x1 Œ X1, len(x1) > 1 Ÿ $x2 Œ X2, len(x2) = 1, then
(e1 ¥ e2) £e e1

- if $x1 Œ X1, len(x1) = 1 Ÿ "x2 Œ X2, len(x2) > 1 then
(e1 ¥ e2) £e e2;

- if "x1 Œ X1, len(x1) > 1 Ÿ "x2 Œ X2, len(x2) > 1, then
              (e1 ¥ e2) £e e1 and (e1 ¥ e2) £e e2. o

Lemma 4.13 Inheritance relationship of e1 » e2 with e1 and e2:

e1 £e (e1 » e2) and e2 £e (e1 »  e2). o

Lemma 4.14 Inheritance relationship of e1 - e2 with e1 and e2:
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- if X1 Õ X2, then
     (e1 - e2) £e e1;

- if X1  X2, then
       e1 £e (e1 - e2). o

Lemma 4.15 Inheritance relationship of (e1 >> e2) with e1:

(e1 >> e2) £e e1 o

Lemma 4.16 Inheritance relationship of e1![X] with e1, where X Õ X1,

e1![X] ≤e e1 and e1 ≤e e1![X]. o

Lemma 4.17 Inheritance relationship of e1 <X, f, xi> with e1, where X Õ X1 and xi Œ X1:

e1 <X, f, xi> ≤e e1 and e1 ≤e e1 <X, f, xi>. o

Although omitted, the proofs of Lemmata 4.12 to 4.17 follow from Definitions 4.2
and 4.3 in the same way as the proofs of Lemmata 4.10 to 4.11 do.  After deciding on the
inheritance relationship between object algebra expressions, Theorem 4.1 leads to the in-
heritance relationship among the corresponding classes.  First, the OBJECT class is as-
sumed to be the superclass of any class c that corresponds to an object algebra expression
resulting from a query; then, other user defined classes can be included in Cp(c) by applying
the appropriate lemma out of Lemmata 4.10 to 4.17 followed by application of Theorem 4.
1.  In other words, given an object algebra expression, at the start, I of the corresponding
class is assumed to be empty.  However, the following theorem is considered as a first step
towards maximizing I and, hence, minimizing L by deriving the inheritance relationship
between classes based on the inheritance relationship between the corresponding object
algebra expressions, according to Lemmata 4.10 to 4.17.

Theorem 4.1 Let e1 and e2 be two object algebra expressions with c1 and c2 being their
corresponding classes by Corollary 4.1, respectively:

e1 £e e2 ¤ c1 £c c2.

Proof: First of all, Lemmata 4.1 to 4.9 give Wbehavior(c1) and Wbehavior(c2);

e1  £e e2 ¤ Mexpressions(e2) Õ Mexpressions(e1)
and Winstances(e1) Õ Winstances(e2) (by Definition 4.3)

  ¤ Wbehavior(c2) Õ Wbehavior(c1) (by Lemma 3.1)
and

iv Œ Wattributes(c2) ¤ $m Œ Wbehavior(c2) such that given o Œ Winstances(c2),
o satisfies o  m = value(iv)

        (but Wbehavior(c2) Õ Wbehavior(c1), already proved)
    fi iv Œ Wattributes(c1)
    fi Wattributes(c2) Õ Wattributes(c1)
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Therefore, e1 £e e2  ¤Wbehavior(c2) Õ Wbehavior(c1) Ÿ Wattributes(c2) Õ Wattributes(c1).

Hence, c1 £c c2. o

Theorem 4.1 determines any classes which should constitute Cp(c) for a given class c, which
corresponds to an object algebra expression e.

5. ILLUSTRATIVE EXAMPLES

In this section, several examples are included to illustrate the distinguishing aspects
of the query model presented in this paper.  The examples given in this section are baed on
the classes presented in section 3.

Example 5.1 Select students attending the course “CS565”:

S1 = student%s [“CS565” Œ s courses() code()],

where % indicates that the variable s is bound to and ranges over the objects of the operand,
here the student class.  More than one variable may range over the objects of an operand.
For example, student% s1% s2 indicates that s1 and s2 range over the objects of the student
class.  The use of = calls for an evaluation of this query on a temporary basis.  Thus, the
resulting pair S1 consists of the sets Winstances(S1) = {o5, o9} and Mexpressions(S1) = Mexpressions

(student).  Notice that the student with object identity o7 is not included in Winstances(S1)
because he/she does not attend the course “CS565”.

We differentiate between temporary and persistent evaluations of a query, where an
assignment free query is always evaluated on a temporary basis.  We use = and := to differ-
entiate between temporary and persistent based evaluations, respectively. While a tempo-
rary based evaluation of a query ends by finding the pair of sets in the result, a persistent
based evaluation continues with finding additional class characteristics of the determined
pair using Lemmata 4.1 to 4.9.

Example 5.2 Find brothers of ‘Adams’:

person%p1[p1 sex() = “M”  Ÿ $ p2 Œ Winstances(person) Ÿ p2 name() = “Adams” Ÿ
     $ p3 Œ Winstances(person) Ÿ {p1, p2}  Õ p3 children()].

The predicate expression in Example 5.2 guarantees that the objects in the result will be
solely those who are sons of the parent of “Adams”, hence, the output is the pair <{o6}
Mexpressions(person)>, while the operand is the pair <Winstances(person), Mexpressions(person)>.

Example 5.3 Assume that the student class is not present in the lattice and define the
research-assistant class is as:

research-assistant <{staff}, year: integer, courses: course>
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To derive the student class as a persistent class and assuming that a student attends
the department (s)he works in, the research-assistant class is projected with respect to a set
of messages as follows:

student:=research-assistant[{ name(), age(), sex(), children(), year(), courses(), works-
in()Æstudent-in()}].

The subset {name(), age(), sex(), children()} of the projection set can be replaced by Wbehavior

(person), which is its implicit representation.  Consequently, the query can be coded as

student:=research-assistant[{ year(), courses(), works-in()Æstudent-in()}  » Wbehavior

(person)].

By definition, Winstances(student) = Winstances(research-assistant), and by Lemma 4.3,

Wbehavior(student) = {name(), age(), sex(), children(), year(), courses(), student-in()},
Wattributes(student) = {name: string, age: integer, sex: [“M”, “ F”], children: person, year:

        integer, courses: course, student-in:department}.

In [11], we showed how the derived student class will be recognized as a subclass of
the person class and naturally placed in the lattice so that Cp(student) = {person} with
Wattributes(c) and Wbehavior(c) is adjusted accordingly.  Also, the student class is added to the
superclasses of the research-assistant class and, hence, is changed to, Cp(research-assistant)
= {student, staff}.

Example 5.4 Find the names and net salaries of staff members by deducting taxes at the
rate t = 0.1:

staff ![{ name(), net-salary(0.1) Æ m()}]

Each object in the output includes a value which is returned by the message m() and derived
by net-salary(0.1) from the stored value salary in the corresponding object of the operand.
The operand is the pair <Winstances(staff), Mexpressions(staff)> while the output is the pair
<{<“ Smith”, 45K>, <“Adams”, 37.8K>, <“George”, 13.5K>}, { name(), m()}>.

Example 5.5 Find pairs of students attending the same courses

(student% s1 ¥ student%s2) [s1 courses() = s2 courses() Ÿ s1 name() > s2 name()].

The result of this query is the pair <{<o5, o9>}, (m1() Mexpressions(student)) » (m2() Mexpressions

(student))>

Here, m1() and m2() are two new messages added to return the first and second components
of a receiving object in the resulting pair, respectively.
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Notice that the result of the query in Example 5.5 will be a direct subclass of the root
because the student class has some attributes with atomic domains.  However, using a nest
instead of cross-product forces the result to be a subclass of the student class.  The differ-
ence is due to the fact that while the nest operation appends to every student a set of iden-
tities of related students, the cross-product operation forms new values, each consisting of
the identity of a student together with the identity of a related student.

Example 5.6 Assume that the person class is not present in the lattice and define the stu-
dent and the staff classes are defined as follows:

student <f, name:string, age:integer, sex:[“ M”, “ F”], children:person, year:integer,
     courses:course, student-in:department>,

staff <f, name:string, age:integer, sex:[“ M”, “ F”], children:person, salary:integer,
 works-in:department>.

The person class is derived as person:= student » staff.

By definition, Winstances(person) = Winstances(student) » Winstances(staff),
Mexpressions(person) = Mexpressions(student) « Mexpressions(staff).

By Lemma 4.5, Wattributes(person) = {name:string, age:integer, sex: [“ M”, “ F”], children:
person},

   Wbehavior(person) = {name(), age(), sex(), children()}.

We showed how the person class is recognized as a superclass of both the student and staff
classes in [11].

Example 5.7 Find students who are not research assistants:

student - research-assistant.

Thus, the output pair of this query is <{o5, o7},  Mexpressions(student)>, according to Definition
4.2, since Mexpressions(student) Õ Mexpressions(research-assistant).

Example 5.8 In Example 5.4, it was assumed that t = 0.1 is fixed for all staff members.  In
this example, we assume that t = 0.1 for research-assistants, and that t = 0.15 for other staff
members.  To find the names and net salaries of staff members, we write

(staff - research-assistant) ![{ name(), net-salary(0.15)}],
» research-assistant ![{ name(), net-salary(0.1)}].

First the difference operation is used to find staff members who are not research
assistants; then the one level project operation is applied to the result with t = 0.15 and to
research-assistants with t = 0.1; the union of both results is considered to be the output
from this query.

Example 5.9 Find staff members earning more than the average salary in their department:
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staff% s1 >> staff < {works-in()}, average, salary() > % s2,
[s1 Œ s2 m() Ÿ s1 salary() > s2 avsalary()] [{ name()}],

where m() and avsalary() are the two messages in the result of the aggregate function
application operation used to return the set of object identities of staff members working in
the same department and the corresponding calculated average salary, respectively.  The
message avsalary() is a concatenation of the first two letters of the applied function, average,
with the last message in the used message expression, here salary().  The staff class is
nested with the result of the application of the aggregate function average on staff mem-
bers grouped by works-in().  In other words, first, the set Winstances(staff) is partitioned into
equivalence classes based on the result of the message expressions in the set {works-in()}
by collecting the same equivalence class staff members working for the same department.
The second step is application of the message expression salary() to every object to get the
corresponding salary; then, the aggregate function average is applied to get the average
salary for objects in every equivalence class, which leads to the pair

<{ o17 < {o6, o8, o9}, 41.667K>}, { m(), avsalary()} >.

The staff class is nested with this pair resulting from the aggregate function application
operation to get the pair:

<{< “ Smith”, 45, “M”, { o1, o7}, 50K, o10, o17>, <“Adams”, 40, “M”, f, 60K, o10, o17>,
<“George”, 22, “M”, f, 15K, o10, o17>, }, Mexpressions(staff) » {m1(), m(), m1(), avsalary

()}>,

where m1() is a message added to the result of the nest operation to facilitate reaching the
related objects in the pair resulting from the aggregate function application operation.  Then
those staff members satisfying the given predicate expression are selected, and finally,
projection on {name()} is performed.  The overall result of this query is the pair

<{<“ Smith”, 45, “M”, { o1, o7}, 50K, o10, o17>,
<“Adams”, 40, “M”,  f, 60K, o10, o17>}, { name()}>.

On the other hand, a recursive query is coded by allowing an object variable bound to
a resulting object in the evaluation of a query to also appear in a predicate in that query as
illustrated in the following examples.

Example 5.10 Find all descendants of “Smith”:

D%d = person%p[($p1 Œ Winstances(person) Ÿ p1 name() = “Smith” Ÿ p Œ p1 children())
     ⁄ (p Œ d children())]



FORMAL OBJECT ALGEBRA THAT SATISFIES CLOSURE 529

In Example 5.10, the first part of the predicate expression, i.e., ($ p1 Œ Winstances(person)
Ÿ p1 name() = “Smith”  Ÿ p Œ p1 children()), is responsible for adding the children of
“Smith” to the result D, which is prior to that empty.  After that, the first part is ignored, and
only the second part of the predicate expression, i.e., (p Œ d children()), is recursively
added to the result for the children of a person already added, until no more persons can be
added.  In this way, the obtained result D includes from the person class those members
whose are the descendants of “Smith”.  The set of message expressions of the operand is
retained in the result.

Example 5.11 Find all prerequisites of the course “CS450”:

P%p = course%c[($c1 Œ Winstances(course) Ÿ c1 code() = “CS450” Ÿ c Œ c1 prerequisites
()),

⁄(c Œ p prerequisites())].

Example 5.12 Find all relatives of “Tom”:

R%r = person%p[(p name() = “Tom”) ⁄ (p Œ r children()) ⁄ (r Œ p children())
⁄ ($p1 Œ Winstances(person) Ÿ {p, r} Õ p1 children())]

6. CONCLUSIONS

In this paper, we have formally described a query model for object-oriented database
systems.  Our query model is not restricted to handling existing objects.  The introduction
of new relationships and the creation of new objects are also supported.  We enable a new
relationship to have a stored value by extending objects in the operand to include new
values for the new attributes.  We have also made it possible for a new relationship to have
a derived value in terms of existing values by extending the behavior of the operand to
facilitate the derivation of the required relationship.  Operands and the output of a query are
defined so as to have a pair of sets, a set of objects and a set of message expressions.  Thus,
having the characteristics of an operand, the output from a query can itself be an operand;
hence, the closure property is naturally maintained without introducing non-object-ori-
ented constructs into the model.

The operators of our object algebra subsume those of the relational and nested rela-
tional algebras; hence, it is more powerful than either one.  Uniform handling of objects as
well as their behavior is an important requirement of an object algebra, and we have satis-
fied this requirement in the presented query model.  This is due to the presence of data and
behavior in an object-oriented data model in contrast to having only data in the relational
data model.  Behavior is handled via message expressions.  We support aggregate functions
whose outputs are also pairs of sets like any operand.

A message expression causes evaluation of the underlying methods in the same se-
quence as would occur if they all together formed a single method invoked by that message
expression.  Furthermore, message expressions are used in the invocation of behavior and
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behavior constructors.  Also, message expressions facilitate accessing of stored and de-
rived values, thus achieving computational completeness without having an embedded query
language with impedance mismatch.

We started by defining a set of objects and a set of message expressions for a class.
With such a pair, a class was then shown to be an operand.  Based on this, some operands
are defined as existing classes.  Other operands are defined to be the outputs of queries.  As
the only known characteristics of the output from a query are a pair of sets, we proved that
from such a pair, other class characteristics can be derived.  Having the characteristics of a
class, the output from a query is, in fact, a class.  Thus, we can decide on the proper place-
ment of such a class in the lattice.

Finally, we noted the possibility of supporting linear recursion without any need for a
particular operator to serve this purpose.  This significantly enhances the power of the
described object algebra and is also very practical since many actual recursive queries are
linear in nature.  A future extension of the described object algebra could support general
recursive queries.  Currently, we are working on a visual query language on top of the
presented related algebra.  We believe that a visual query language is very important for
multi-media applications.
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