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Consider an n-dimensional SIMD hypercube Hn with 3n/2 − 1 faulty nodes. 

Given 2n operands, this paper presents an efficient algorithm for prefix computation on 
the faulty Hn. Employing the newly proposed delay-update technique and the subcube 
partition scheme, the proposed algorithm takes n+5logn+7 steps, and it tolerates n/2 
more faulty nodes than does Raghavendra and Sridhar’s algorithm [4] although 11 extra 
steps are needed. 
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1. INTRODUCTION 

 
Prefix computation is one of the most fundamental operations in computer science. 

Let � denote a binary associative operator. Given an ordered data set 〈a0, a1, …, at-1〉, t > 
0, computing psj = a0� a1�….� aj for 0 ≤ j < t is referred to as the prefix computation. 
For example, assuming that � denotes an addition operator, and that the given data set is 
〈4, 2, 1, 7〉, then the corresponding prefix sums are ps0 = 4, ps1 = 6, ps2 = 7, and ps3 = 14. 
Throughout this paper, calculating prefix sums is used to represent prefix computation. 
Lacking the fault-tolerant capability, some efficient algorithms [3, 5] for prefix computa-
tion have been designed based on SIMD hypercubes. 

For a hypercube multiprocessor composed of a large amount of processors, it is im-
possible to ensure that every processor will work normally. Because some nodes of a hy-
percube may be faulty and prefix computation arises in a wide variety of applications [3], 
we are motivated to design an efficient fault-tolerant algorithm for prefix computation.  

With f ≤ n − 1 faulty nodes and 2n operands, using the free dimension concept [10], 
Raghavendra and Sridhar [4] presented the first fault-tolerant algorithm for prefix com-
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putation in n+5logn − 4 steps on an n-dimensional SIMD hypercube, say Hn. In the SIMD 
hypercube, all the nodes can exchange messages with their neighbors along a specific 
dimension in each step. In [4], it is assumed that each step denotes one communication 
step and a few basic arithmetic operations. Throughout this paper, we make the same as-
sumption. 

Consider an SIMD Hn with 3n/2 − 1 faulty nodes. Given 2n operands, this paper 
presents an improved algorithm with higher fault-tolerance capability for prefix computa-
tion on the faulty Hn. Employing the newly proposed the delay-update technique and the 
subcube partition scheme, the proposed algorithm takes n+5logn+7 steps, and it tolerates 
n/2 more faulty nodes than does Raghavendra and Sridhar’s algorithm [4] although 11 
extra steps are needed. 

The remainder of this paper is organized as follows. Section 2 introduces some pre-
liminaries. Section 3 presents the subcube-partitioning strategy and gives the 
fault-distribution analyses required in the proposed algorithm. Section 4 presents our data 
allocation strategy based on the relabelling technique. Section 5 presents the proposed 
algorithm and gives complexity analyses. Finally, some concluding remarks are given in 
Section 6. 

2. PRELIMINARIES 
 

This section consists of three subsections. Subsection 2.1 introduces some notations 
of hypercubes and the fault model used. Subsection 2.2 describes one parallel pre-
fix-computation algorithm on the fault-free Hn [5]. Subsection 2.3 reviews the concept of 
the degree of occupancy [7-9]. 
 
2.1 Notations and Fault Model Used 
 

An n-dimensional Hn has 2n nodes and n2n-1 edges. Each node in Hn is labeled by 
bnbn-1 … b2b1, bj ∈ {0, 1} for 1 ≤ j ≤ n, where j denotes the corresponding dimension. 
Two nodes are connected via an edge if and only if their binary strings differ in exactly 
one bit. For example, node bnb n-1 …bj+1bjbj-1 …b2b1 and node bnbn-1 …bj+1b

–
jbj-1… b2b1 

are adjacent along dimension j.  Fig. 1 illustrates an H4 and its four dimensions. 
 

Fig. 1. An H4. 
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Hn can be partitioned into 2n-k k-dimensional subcubes spanned by the same k dimen-
sions, where a k-dimensional subcube is denoted by SHk. To avoid confusion, we use H

–
n–k 

to denote an (n − k)-dimensional hypercube formed by these 2n-k SHk’s, where each SHk is 
viewed as a supernode. For example, H4 can be shrunk to H

–
2, whose four nodes, i.e., four 

SH2’s, are labeled 0*0*, 0*1*, 1*0*, and 1*1*. Two SH2’s are adjacent if their ternary 
representations differ in exactly one symbol. For simplicity, the four SH2’s labeled “0*0*, 
0*1*, 1*0*, and 1*1* are denoted as 0-SH2, 1-SH2, 2-SH2, and 3-SH2, respectively; each 
node labeled 0b30b1 in 0-SH2, b3, b1 ∈ {0, 1}, is called node b3b1 in 0-SH2 or node b(= 
b3b1) in 0-SH2. 

The fault model used in this paper follows the total fault model [2]. In this fault 
model, it is assumed that the functions for computation and communication in the faulty 
node are all lost, where such faulty nodes are called truly faulty (TF) nodes. In addition, 
we assume that when some TF nodes occur in a hypercube, a long time, e.g., several days, 
is needed for the other nodes to become faulty or to repair these TF nodes. That is, the 
number of TF nodes will be fixed for a long time. Consequently, the steps required in the 
preprocessing procedures, such as the relabeling process presented in Section 4, for find-
ing the LOD’s (see Subsection 3.1), and partitioning a hypercube into some subcubes (see 
Sections 3 and 5) should not be included in the steps required in the proposed algorithm 
for prefix computation. 

For exposition, we classify all nodes in a faulty Hn into three types. The first type 
consists of only TF nodes. The second type consists of only virtual faulty (VF) nodes, 
which are essentially fault-free nodes, but each of them is totally surrounded by TF nodes. 
For example, suppose the set of TF nodes shown in Fig. 1 is {0001, 0010, 0100, 1000}. 
Node 0000 is a VF node since it is totally surrounded by the four TF nodes. The third 
type, called fault-free (FF) nodes, consists of the other nodes which neither belong to the 
first type nor belong to the second type. It is assumed that TF and VF nodes are known in 
advance. 
 
2.2 Prefix Computation on Fault-Free Hn 
 

Given an ordered data set with 2n operands, say ak for 0 ≤ k ≤ 2n − 1, the operand ak 
is assigned to node k in Hn. The parallel algorithm without the fault-tolerant capacity [5] 
for computing prefix sums on Hn is conceptually reviewed as follows. In the first stage, 
each node exchanges its own operand with its adjacent node along dimension 1. Then, 
each node keeps the local sum of its own operand and the received operand and computes 
its corresponding prefix sum. In the i-th stage, 2 ≤ i ≤ n, each node exchanges the kept 
local sum with its adjacent node along dimension i. Then, each node computes the new 
local sum of its own local sum and the received local sum sent from its adjacent node 
along dimension i and computes its corresponding prefix sum. After n stages, each node 
has obtained its corresponding prefix sum and the total sum for 2n operands. As a result, 
the parallel algorithm can compute prefix sums on Hn in n steps. 

As an example, as shown in Fig. 2a, an ordered data set 〈9,6,3,5,2,4,7,4〉 is assigned 
to H3. The simulations for the first, second, and third stages are shown in Figs. 2b, 2c, and 
2d, respectively. The value on the upper (respectively, lower) side in each node denotes 
the corresponding prefix sum (respectively, local sum). 
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Fig. 2. Computing prefix sums on fault-free H3. 
 
2.3 The Degree of Occupancy 
 

Previously, Yang and Raghavendra [7, 8] presented the concept of the degree of oc-
cupancy. The degree of occupancy along dimension d in Hn is k if there exist exactly k 
links, with each link connecting two TF nodes, across dimension d. If k ≤ 1, for conven-
ience, we call dimension d a lightly-occupied dimension (LOD). For example, suppose 
the set of TF nodes, as shown in Fig. 1, is {0000, 0010, 0011, 0101, 1001, 1101}. There 
is only one link connecting two TF nodes across each dimension. Thus, each dimension is 
an LOD. For such an LOD without considering the case of VF nodes, Yang and 
Raghavendra [7, 8] presented the following interesting property. 

Lemma 2.1: [7, 8] Given f ≤ 3n/2 TF nodes, there exists at least one LOD in Hn. 

Yang and Raghavendra [7] also presented a distributed algorithm in O(n) steps for 
finding an LOD in Hn with 3n/2 TF nodes. After performing the LOD-finding algorithm 
[7], each FF node knows the LOD. 

Previously, Yang, Tien, and Raghavendra [9] used the LOD concept to partition a 
faulty Hn into 2n-3 SH3’s for embedding a ring into the faulty Hn. Although their result can 
be directly applied to partition a faulty Hn into 2n-2 SH2’s, they did not further analyze the 
fault-distribution among these 2n-2 SH2’s. Because each SH2 is a basic subcube in our 
fault-tolerant algorithm for prefix computation, the next section will analyze the 
fault-distribution among these 2n-2 SH2’s in order to analyze in detail the time complexity 
required in the proposed algorithm. 
 

3. PARTITIONING STRATEGY AND FAULT- 
DISTRIBUTION ANALYSES 

 
This section consists of two subsections. Subsection 3.1 presents a strategy to parti-

tion Hn with 3n/2 − 1 TF nodes into 2 n-2 SH2’s such that there exist at most two SH2’s, 
with each SH2 containing more than one TF node, and with each of the other SH2’s con-
taining at most one TF node. In subsection 3.2, we investigate the fault-distribution for 
these 2 n-2 SH2’s and give some interesting characteristics. 
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3.1 Partitioning a Faulty Hn Into SH2’s 
 

From Lemma 2.1, there exists at least one LOD in Hn with f ≤ 3n/2 − 1 < 3n/2 TF 
nodes. Applying the LOD-finding algorithm [7] on Hn, that LOD, say d1, can be found 
and known by each FF node.  The faulty Hn can be shrunk along dimension d1 to H

–
n–1, 

where each node in H
–

n–1 is SH1.  According to the LOD definition, at most one SH1 may 
consist of two TF nodes; each of the other SH1’s contains at most one TF node.  For 
exposition, if an SH1 contains one or more TF nodes, it is called a faulty SH1; otherwise, 
it is called an FF SH1.  Let f '  be the number of faulty SH1’s in H

–
n–1.  H

–
n–1 contains f ′≤ 

3n/2 − 1 faulty SH1’s when each SH1 has at most one TF node; it contains f′ ≤ 3n/2 − 
2 (= 3n/2 − 1 − 1) faulty SH1’s when only one SH1 consists of two TF nodes. 

From Lemma 2.1, changing n to n − 1, if the number of faulty SH1’s in H
–

n–1 is less 
than or equal to 3(n − 1)/2, i.e., 3n/2 − 1, then there still exists at least one LOD in 
H
–

n–1.  Applying the LOD-finding algorithm [7] on H
–

n–1, another LOD, say d2, can be 
found and known by each FF node.  The H

–
n–1 can be further shrunk along dimension d2 

to H
–

n–2, where each node in H
–

n–2 is SH2.  From the LOD definition, at most one SH2 may 
consist of two faulty SH1’s; each of the other SH2’s contains at most one faulty SH1.  

Using the LOD concept, we have presented how to partition Hn with 3n/2 − 1 TF 
nodes into 2n-2 SH2’s.  In the next subsection, we will analyze the distribution of TF 
nodes among these 2n-2 SH2’s. 
 
3.2 Analyses of Fault-Distribution Among SH2’s 
 

Since one SH2 is composed of two SH1’s, the distribution of all the TF nodes in SH2 
is as outlined in Table 1, where N1, N2, and N3 denote the number of TF nodes in one SH1, 
the other SH1, and that SH2, respectively.  As indicated in Table 1, the existence of the 
case for N1 = 2 and N2 = 2 is impossible; otherwise, there would exist two SH1’s, i.e., with 
each SH1 consisting of two TF nodes, and this would contradict the LOD definition.  
The symbol ‘X’ is used to denote this impossibility.  

 
Table 1. Fault-distribution in SH2. 

 
 
 
 
 
 
 
Having investigated the fault—distribution among these 2n-2 SH2’s in H

–
n–2, H

–
n–2 

should be one of the following three mutually exclusive cases.  
 

Case 1. Each of these 2n-2 SH2’s in H
–

n–2 contains at most one TF node. 
 
Case 2. Only one SH2 in H

–
n–2 contains three TF nodes, and each of the other 2n-2 − 1 

SH2’s contains at most one TF node. 
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Case 3. There exist at most two SH2’s in H
–

n–2, with each SH2 containing two TF nodes, 
and with each of the other SH2’s containing at most one TF node.  One SH2 
containing two TF nodes must consist of one FF SH1 and one faulty SH1 com-
posed of two TF nodes.  Thus, the SH2 must contain two connected TF nodes 
along dimension d1.  The other SH2 containing two TF nodes must consist of 
two faulty SH1’s, each containing one TF node.  Examining SH2, two subcases 
are as follows: 
Case 3a. The other SH2 contains two connected TF nodes along dimension d2. 
Case 3b. The other SH2 contains two disconnected TF nodes. 

 
Theorem 3.1: Given f ≤ 3n/2 − 1 TF nodes, Hn can be partitioned into 2n-2 SH2’s which 
form an H

–
n–2 such that  H                

–
n–2 can be classified into three mutually exclusive cases as de-

scribed above. 
 

However, the case where VF nodes occur was not considered in the above analyses.  
Because one VF node cannot communicate with any neighboring FF node, no operand 
can be assigned to the VF node.  Therefore, the case where VF nodes occur is now con-
sidered.  In the above three mutually exclusive cases, based on the definition of a VF 
node, it is easy to know that at most one VF node may occur in Case 2 or 3b.  When a 
VF node occurs in Case 2, there exists one SH2 consisting of one VF node and three TF 
nodes.  When the VF node occurs in Case 3b, there exist one SH2 containing two con-
nected TF nodes and one SH2 containing one VF node and two disconnected TF nodes; 
each of the other SH2’s contains at most one TF node. 
 
Corollary 3.2: Given f ≤ 3n/2 − 1 TF nodes, there exists at most one VF node in Hn.  
 

4. DATA ALLOCATION 
 

This section consists of two subsections.  Subsection 4.1 presents a relabeling tech-
nique used to make the two SH2’s, each containing two TF nodes, in Case 3b either adja-
cent or far enough away from each other.  This can lead to communication reduction in 
the proposed algorithm.  Subsection 4.2 presents a data allocation strategy for assigning 
2n input operands to the newly relabeled Hn.  We will only focus on the allocation of 2n 
operands for Case 3b. After presenting the allocation for Case 3b, we will explain why 
Case 3b can cover the other cases, including the cases where a VF node occurs. 

Without loss of generality in constructing H
–

n–2, we still let the two LOD’s be d1 = 1 and d2 = 2.  
In Case 3b, let the SH2 containing two connected (respectively, disconnected) TF nodes be w-SH2 
(respectively, p-SH2), where w = wnwn-1 … wr+1wr wr-1 … w4w3 (respectively, p = pnpn-1… pr+1prpr-1… 
p4p3) and wi (respectively, pi) ∈ {0, 1} for 3 ≤ i ≤ n.  Because the two disconnected FF nodes in 
p-SH2 can not communicate directly with each other, we can choose any one FF node to hold the four 
operands which will be assigned to p-SH2; for simplicity, we choose the FF node with the smaller 
label, say b2b1, b2, b1 ∈ {0, 1}.  The other FF node b

–
2 b

–
1 in p-SH2 is disabled.  If node b2b1 in one 

SH2 which is adjacent to node b2b1 in p-SH2 is TF, then p-SH2 cannot communicate with this adjacent 
SH2.  From the LOD definition, node b2b1 in p-SH2 does have at least one FF neighboring node in an 
adjacent SH2.  The q-SH2, q = minr{ t = pnpn-1 …pr+1p

–
rpr-1… p4p3| node b2b1 in t-SH2 is FF}, is se-
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lected to help p-SH2 communicate with any adjacent SH2. 
 
4.1 The Relabeling Process 
 

To ensure that the faulty nodes in the hypercube will affect as few communication 
steps during prefix computation as few as possible, we need to relabel all the 2n-2 SH2’s in 
H
–

n–2.  Using a relabeling technique, the object here is to relabel p-SH2 and w-SH2 as 
either 0-SH2 and 1-SH2 or 0-SH2 and w''-SH2 for w'' ≥ n/2, respectively.  The latter im-
plies that if Hn should be partitioned into 2n-logn-1 SHlogn+1’s, then p-SH2 and w-SH2 can be 
assigned to different SHlogn+1’s. In the previous fault-tolerant algorithm for prefix compu-
tation [4], Hn was partitioned into 2n-logn SHlogn’s. 

To relabel H
–

n–2, two relabeling functions are defined first.  The first relabeling func-
tion fx,y(H

–
n–2), 3 ≤ x, y ≤ n, is a bit permutation function.  Applying fx,y(H

–
n–2), the bit in 

the x-th (respectively, y-th) dimension in each SH2 in H
–

n–2 is extracted out and put into the 
leftmost (respectively, rightmost) dimension, while the remaining n − 4 bits are packed.  
For example, applying f4,6(H

–
5), each node in H

–
5 with label b7b6b5b4b3, bi ∈ {0,1} and 3 ≤ i 

≤ 7, is relabeled as b4b7b5b3b6.  If x = y, applying fx,y(H
–

n–2), the bit in the y-th dimension 
in each SH2 is moved to the rightmost dimension while the remaining n − 3 bits are 
packed.  For example, applying f4,4( H

–
5), each node in H

–
5 with label b7b6b5b4b3 is rela-

beled as b7b6b5b3b4. 
The second relabeling function is fz(H

–
n–2), where z = znzn-1… z4z3 and zi ∈ {0,1} for 3 

≤ i ≤ n.  Applying fz( H
–

n–2), each b-SH2, where b = bnbn-1…b4b3, in H
–

n–2 is relabeled by 
performing a bitwise exclusive-or (XOR) operation: bnbn-1…b4b3⊕ znzn-1… z4z3. 

Now, we will describe how to use the above two relabeling functions can be used to 
relabel these SH2’s properly.  If q ≠ w, then there exists a dimension l in w, 3 ≤ r ≠ l ≤ n, 
such that wl ≠ ql = pl.  If q = w, then l must be equal to r.  We first apply the relabeling 
function fl,r(H

–
n–2) to each SH2 and assume that the original b-SH2 is relabeled as b'-SH2.  

Therefore, p-SH2, q-SH2, and w-SH2 are relabeled as p'-SH2, q'-SH2, and w'-SH2, respec-
tively.  Then, we apply the function fp′(H

–
n–2) to each relabeled SH2 and assume that 

b'-SH2 is relabeled as b''-SH2.  That is, p'-SH2, q'-SH2, and w'-SH2 are relabeled as 
p''-SH2 (= 0-SH2), q''-SH2 (= 1-SH2), and w''-SH2, respectively. 

In Fig. 3 (a) , the set of TF nodes and the set of two found LOD’s in H4 are {0000, 
0001, 0101, 0110, 1101} and {1, 2}, respectively.  The black and white circles denote 
the TF and FF nodes, respectively; the double circle denotes the disabled FF node.  
Then, H4 is partitioned into four SH2’s, 〈0-SH2 = w-SH2, 1-SH2 = p-SH2, 2-SH2, 3-SH2 = 
q-SH2〉.  The FF node 00 (=0100) in 1-SH2 is chosen to hold four operands while node 
11 (=0111) is disabled.  There exists an FF node 00 (=1100) in 3-SH2 that is adjacent to 
the node 00 in 1-SH2.  After applying fl=3,r=4(H

–
2), 〈0-SH2, 1-SH2, 2-SH2, 3-SH2〉 are rela-

beled as 〈0-SH2, 2-SH2, 1-SH2, 3-SH2〉.  After applying f2(H
–

2) to each relabeled SH2, 
〈0-SH2, 2-SH2, 1-SH2, 3-SH2〉 are relabeled as 〈2-SH2, 0-SH2, 3-SH2, 1-SH2〉.  The rela-
beled H4 is illustrated in Fig. 3 (b). 
 
Lemma 4.1: All 2n-2 SH2’s in H

–
n–2 can be relabeled such that p-SH2 and w-SH2 are rela-

beled as either 0-SH2 and 1-SH2 or as 0-SH2 and w''-SH2 for w'' ≥ n/2, respectively, when 
n ≥ 4. 
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Proof: If q = w, after applying fl,r(H

–
n–2), it is easy to see that p-SH2 and w-SH2 are rela-

beled as 0-SH2 and 1-SH2, respectively.  If q ≠ w, then after applying fl,r(H
–

n–2) and 
fp′(H

–
n–2), the leftmost dimensions of p'' and w'' are 0 and 1, respectively.  Because the 

weight of the leftmost dimension is 2n-3, the distance between p'' and w'' is at least 2n-3.  
When n ≥ 4, 2n-3 is larger than or equal to n/2.  This completes the proof. 
 

Fig. 3. The relabeled faulty H4.. 
 

Lemma 4.1 guarantees that using the above two labeling functions, p-SH2 with two 
disconnected TF nodes and w-SH2 with two connected TF nodes can be relabeled such 
that they are either neighboring or separated by a distance greater than or equal to n/2. 
 
4.2 Allocation of 2n Operands 
 

Having relabelled the faulty H
–

n–2, we will now present how the given 2n operands 
can be allocated for Case 3b without considering the case in which a VF node occurs.   

The first four operands, a0, a1, a2, and a3, are assigned to the selected FF node b2b1 
( )=

−

00 0
2

2 1�
	
�

n

b b in 0-SH2.  If 1-SH2 consists of four FF nodes, then the four operands, a4,  

a5, a6, and a7, are assigned to the four FF nodes, namely, 00 0 0000 01
2

( ) ,=
−

�
	
�

n

 10, and 11, 

respectively.  If 1-SH2 contains one TF node, then its neighboring node along dimension 
1 has to take over the operand in the TF node.  If 1-SH2 contains two connected TF 
nodes, say nodes 00 and 01, then the two operands a4 and a5 and the two operands a6 and 
a7 are assigned to the two FF nodes 10 and 11, respectively.  Using the same data allo-
cation as in 1-SH2, the four operands, say a4j, a4j+1, a4j+2, and a4j+3 for 2 ≤ j ≤ 2n-2 − 1, are 
assigned to j-SH2.  Fig. 4 illustrates an example in which 16 operands, ai for 0 ≤ i ≤ 15, 
are assigned to the faulty H4, i.e., H

–
2, in Fig. 3 (b) and the 16 operands are assigned to the 

FF nodes denoted by white circles. 
It is clear that Case 3b covers Case 1, so the above data allocation strategy is valid 

for Case 1.  For Case 2, we relabel the H
–

n–2 such that the SH2 containing three TF nodes 
is relabeled as 0-SH2.  The first four operands ai, 0 ≤ i ≤ 3, are assigned to the only FF 
node in 0-SH2 and the remaining 2n − 4 operands are assigned to the other SH2’s based on 
the same argument.  For Case 3a, we also use the same relabeling process as in Case 3b 
such that the two SH2’s, each with two connected TF nodes, are relabeled such that they 
are adjacent or separated by a distance greater than or equal to n/2.  Consequently, the 
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relabeling process and the data allocation strategy for Case 3b indeed cover those for the 
other cases.  Therefore, we omit the details for Cases 1, 2, and 3a. 

 

 
Fig. 4. Assigning 16 operands to 10 FF nodes in a faulty H4. 

 
However, we have to consider Case 2 and Case 3b when a VF node occurs.  When 

only one VF node occurs in Case 3b, 0-SH2 consists of one VF, one FF, and two discon-
nected TF nodes.  The first four operands are all assigned to the only FF node in 0-SH2. 
Thus, the above data assignment strategy is still available for Case 3b when one VF node 
occurs. 

When only one VF node occurs in Case 2, we evenly assign ai for 0 ≤ i ≤ 7 to the FF 
nodes in 1-SH2 because 0-SH2 consists of three TF nodes and one VF node, and it is dead.  
For example, if 1-SH2 consists of four FF nodes, then {a0, a1}, { a2, a3}, { a4, a5}, and {a6,  
a7} are assigned to the four FF nodes, namely, 00 ( )=

−

00 000
2

�
	
�

n

 01, 10, and 11, 

respectively.  If 1-SH2 contains one TF node, say node 01, then the operands {ai | 0 ≤ i ≤ 
2}, { ai | 3 ≤ i ≤ 5}, and {ai | 6 ≤ i ≤ 7} are assigned to nodes 00, 10, and 11, respectively. 
 

5. THE PROPOSED ALGORITHM 
 

This section presents the proposed algorithm for prefix computation on the faulty Hn 
with 3n/2 − 1 TF nodes.  Conceptually, the proposed algorithm consists of three 
phases, namely, local computation in each subcube, global computation among subcubes, 
and local update in each subcube.  In Phase_1, each subcube simultaneously performs 
its own prefix sums and the sum of the operands assigned on the same subcube such that 
each FF node in the same subcube keeps the corresponding prefix sum and the sum.  At 
the end of Phase_1, each FF node in the same subcube lacks the same updated value 
needed to compute the final prefix sum.  In Phase_2, the updated values are obtained.  
At the end of Phase_2, exactly one FF node in each subcube keeps the updated value for 
that subcube.  In Phase_3, a variant of Phase_1 is used to broadcast the updated value to 
the other FF nodes in each subcube. 

There are two main differences between the proposed algorithm and the one in [4]: 
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(1) instead of using the free-dimension concept, our algorithm uses the LOD concept and 
can tolerate n/2 more TF nodes than can that of [4]; (2) our algorithm uses a novel de-
lay-update technology although this requires a few extra steps.  The three phases of the 
proposed algorithm and the related complexity analyses are described in the following 
three subsections. 

5.1 Phase_1: Local Computation in Each Subcube 

To increase the number of TF nodes allowable in Hn from n − 1 [4] to 3n/2 – 1 in 
this paper, instead of partitioning Hn into 2n-logn SHlogn’s [4], Hn is partitioned into 2n-logn-1 
SHlogn+1’s in Phase_1, where each SHlogn+1 is spanned by dimensions logn+1, logn, 
logn-1, …, 2, and 1.  In Phase_1, each x-SHlogn+1 in H

–
n–log n–1, 0 ≤ x ≤ 2 n-logn-1 − 1, wants 

to compute its own prefix sums in parallel.  In what follows, we will present this phase 
in more detail. 

5.1.1 Performing prefix sums and local sum in each SH2 

First, each FF node holding two or more operands computes its prefix sums sequen-
tially and then provides its own local sum as an operand to be computed with the final 
prefix sums of the other FF nodes.  For example, letting ai = i in Fig. 4, FF nodes 0, 4, 6, 
7, 10, 11, 12, 13, 14, and 15 first computes their prefix sums and provide their local sums 
6 (= 0+1+2+3), 9 (= 4+5), 6, 7, 17 (= 8+9), 21 (= 10+11), 12, 13, 14, and 15, respectively, 
as the operands to be used by the other processors. 

Then, each SH2 spanned by dimensions 1 and 2, i.e., two found LOD’s, wants to 
compute its prefix sums and the local sum.  To analyze the steps required in each SH2, 
all 2n-2 SH2’s in Case 3b are classified into four types.  Type-1 consists of all FF SH2’s.  
Type-2 consists of the SH2’s, each containing only one TF node.  Type-3 consists of only 
one SH2 with two connected TF nodes.  Type-4 consists of only one SH2 with two dis-
connected TF nodes. 

The communication patterns for computing prefix sums in SH2’s are shown in Figs. 5 
(a), (b), (c), and (d), respectively, where the solid black circles and the double circles 
denote the TF nodes and the disabled FF or VF nodes, respectively.  The curve denotes 
the communication between two FF nodes.  The numbers 1, 2, and 3 on the curves de-
note that two FF nodes communicate each other in steps 1, 2, and 3, respectively.  From 
Fig. 5, it is easy to see that all the SH2’s can compute their own prefix sums and local 
sums in three steps, simultaneously. 

Fig. 5. The four communication patterns for SH2’s. 
Proposition 5.1: Each SH2 in H

–
n–2 with f ≤ 3n/2 − 1 TF nodes can simultaneously com-
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compute its own prefix sums and local sum in three steps. 
 
5.1.2 Exchange operation between two adjacent SH2’s 

 
We will now define one exchange operation which will be used often later. 

Definition 5.1: One exchange operation consists of a few communication and computa-
tion operations.  In the communication operations, two adjacent SH2’s, say x-SH2 and 
y-SH2, exchange their two local sums such that each FF node in x-SH2 (respectively, 
y-SH2) receives the local sum of y-SH2 (respectively, x-SH2).  Then, in the computation 
operations, each FF node in x-SH2 and y-SH2 computes the new local sum of its own local 
sum and the received local sum; if x > y (respectively, x < y), then each FF node in x-SH2 
(respectively, y-SH2) computes its corresponding prefix sum by adding the received local 
sum to its held prefix sum. 

In fact, the related exchange operations dominate the number of steps required in the 
remaining prefix computation on 2n–log n–1  


SHlog n–1’s (= SHlogn+1’s) of Phase_1.  The de-

tails will be given in Subsection 5.1.3. 
In this subsection, we will analyze the number of steps required in one exchange op-

eration between two adjacent SH2’s.  We only focus on the analyses for Case 3b for the 
following reasons.  It is clear that Case 3b covers Case 1 because each SH2 in Case 1 is 
either Type-1 or Type-2 (see Fig. 5).  In Case 2, the SH2 with three TF nodes can be 
treated as the one with two disconnected TF nodes and one disabled FF node in Case 3b.  
Thus, it is clear that Case 3b covers Case 2.  In Case 3a, there exists one SH2 (respec-
tively, the other SH2) with two connected TF nodes along dimension 1 (respectively, 2).  
If we disable one FF node in the SH2 with two connected TF nodes along dimension 2, 
the SH2 can be treated as the one with two disconnected TF nodes and one disabled FF 
node in Case 3b.  Thus, it is clear that Case 3b covers Case 3a. 

Because all the SH2’s in Case 3b are classified into four types, totally, there are eight 
communication pairs between any two adjacent SH2’s, namely, 〈Type-1, Type-1〉, 〈Type-2, 
Type-1〉, 〈Type-3, Type-1〉, 〈Type-4, Type-1〉, 〈Type-2, Type-2〉, 〈Type-3, Type-2〉, 
〈Type-4, Type-2〉, and 〈Type-4, Type-3〉. Fig. 6 illustrates the eight communication pat-
terns between two SH2’s involved in the prefix computation. 

We will first consider the four pairs 〈Type-j, Type-1〉 for 1 ≤ j ≤ 4.  Let two adjacent 
SH2’s, x-SH2 ∈ Type-j and y-SH2 ∈ Type-1.  As shown in Figs. 6 (a), (b), (c), and (d), it 
is easy to check that x-SH2 and y-SH2 do the exchange operation in steps one, two, three, 
and four if j = 1, 2, 3, and 4, respectively. 
 
Proposition 5.2: With at most three steps, one exchange operation for prefix computation 
between two adjacent SH2’s, x-SH2 ∈ Type-j for 1 ≤ j ≤ 4 and y-SH2 ∈ Type-1, can be 
done. 

As shown in Fig. 6 (e), it is easy to check that Proposition 5.3 is correct. 
 
Proposition 5.3: With at most three steps, one exchange operation for prefix computation 
between two adjacent SH2’s, x-SH2 ∈ Type-2 and y-SH2 ∈ Type-2, can be done. 

As shown in Fig. 6 (f) (respectively, (g)), it is easy to check that x-SH2 ∈ Type-3 (re-
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spectively, Type-4) and y-SH2 ∈ Type-2 do the exchange operation in four steps. 

Proposition 5.4: With at most four steps, one exchange operation for prefix computation 
between two adjacent SH2’s, x-SH2 ∈ Type-3 or Type-4 and y-SH2 ∈ Type-2, can be done. 

Specifically, as shown in Fig. 6 (g), when node 00 is TF in y-SH2, x-SH2 and y-SH2 
cannot communicate with each other.  Thus, we have the following fact.  Here, we will 
not consider this situation because two such SH2’s will temporarily do nothing. 

Fig. 6. The eight communication patterns between two SH2’s for prefix computation. 
Fact 5.1: Two adjacent SH2’s, x-SH2 ∈ Type-4 and y-SH2 ∈ Type-2, may not communi-
cate with each other. 
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As shown in Fig. 6 (h), by the same arguments, it is easy to check that the following 

proposition is correct. 
 
Proposition 5.5: In at most two steps, one exchange operation for prefix computation 
between two adjacent SH2’s, x-SH2 ∈ Type-4 and y-SH2 ∈ Type-3, can be done. 
 
5.1.3 Performing the remaining prefix computation of Phase_1 
 

After analyzing the communication steps required in one exchange operation be-
tween two SH2’s for prefix computation, all the SH2’s, each SH2 being viewed as a super-
node, can work together to perform the remaining prefix computation of Phase_1 on 
2n-logn-1 SH nlog −1’s in parallel. 

From Propositions 5.2, 5.3, 5.4, and 5.5, it is known that the required steps in an ex-
change operation for each of the two pairs 〈Type-3, Type-2〉 and 〈Type-4, Type-2〉 is 4 
while the steps required for the other pairs is at most 3. It is clear that if the two pairs 
〈Type-3, Type-2〉 and 〈Type-4, Type-2〉 are used so heavy in the remaining prefix compu-
tation, it will make the total steps required in Phase_1 inefficient. 

Our delay-update strategy is sketched as follows. While a large number of exchange 
operations among communication pairs are being performed, the concerning exchange 
operations for the two pairs 〈Type-3, Type-2〉 and 〈Type-4, Type-2〉 will be delayed in 
order to speedup the time required.  Finally, a recovery strategy will be used to obtain 
the desired results. 

By Lemma 4.1, all 2n-2 SH2’s in H
–

n–2 can be relabeled such that 〈p-SH2 and w-SH2〉 
are relabeled as either 〈0-SH2 and 1-SH2 in0 1− −SH nlog 〉 or 〈0-SH2 in 0 1− −SH nlog and 
w''-SH2 in j SH n− −log 1 for w'' ≥ n/2 and j ≠ 0〉, respectively.  We will first focus on the 
prefix computation for the first relabeling case via a brief example.  Because only 
0 1− −SH nlog contains the two pairs 〈Type-3, Type-2〉 and 〈Type-4, Type-2〉, the time re-
quired in 0 1− −SH nlog dominates the time complexity when compared to the other 
SH nlog −1. 

For simplicity, letting 0 01 4− = −−SH SHnlog , Fig. 7 illustrates the simulation of the 
remaining prefix computation of Phase_1 on 0 4− SH  for the first relabeling case.  This 
simulation consists of four stages for performing exchange operations and two stages for 
performing update operations, which will be defined later.  In Fig. 7, each square de-
notes an SH2.  The black (respectively, double) circle in each SH2 (respectively, 0-SH2) 
denotes the TF (respectively, disabled FF) node.  The square associated with the symbol 
‘D’ denotes a delayed SH2 while the other squares denote the active SH2’s.  The delayed 
SH2 will temporarily do nothing until the update stages begin.  During the first four 
stages, the active SH2’s will continually perform the related exchange operations.  Two 
adjacent SH2’s associated with two cross arrows denote that the two adjacent SH2’s per-
form the exchange operation.  For example, 11-SH2 with its adjacent 10-SH2, 9-SH2, 
15-SH2, and 3-SH2 perform the exchange operations in Stage_1, Stage_2, Stage_3, and 
Stage_4, respectively.  Two adjacent SH2’s associated with one arrow denote that the 
two adjacent SH2’s perform the update operation.  For example, 11-SH2 with its adjacent 
9-SH2 and 10-SH2 perform the update operations in Stage_5 and Stage_6 (i.e., the first 
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and second update stages), respectively. 
In Fig. 7, Stage_1, 2x-SH2 and (2x+1)-SH2 for 0 ≤ x ≤ 7 perform the exchange opera-

tions.  Each FF node in 2x-SH2 and (2x+1)-SH2 obtains its correct prefix sum and the 
new local sum i x

x
ia=

+∑ 8
8 7 of 23 operands ai for 8x ≤ i ≤ 8x+7.  At the end of Stage_1, by 

Fact 5.1, 0-SH2 is set to be delayed.  Let each FF node v in 2x-SH2 and (2x+1)-SH2 have 
the variable v.tps_1 to store its temporal prefix sum, which will be used in the second 
update stage. 

Fig. 7. The 0 4− SH  simulation of Phase_1 for the first relabeling case. 
 

In Stage_2, 4x-SH2 (respectively, (4x+1)-SH2) and (4x+2)-SH2 (respectively, 
(4x+3)-SH2) for 0 ≤ x ≤ 3 perform the exchange operations.  At the end of Stage_2, 
1-SH2 is also set to be delayed.  In addition, 2-SH2 should be set to be delayed because it 
cannot get the correct data from the delayed 0-SH2.  As a result, in the remaining prefix 
computation in this phase: 
 
if any active SH2 wants to perform the exchange operation with a delayed SH2, then that 
active SH2 will be set to be delayed until it encounters the update stage, which will be 
defined later. 

Except for the FF nodes in 0-SH2 and 2-SH2, each FF node v in 4x-SH2, (4x+1)-SH2, 
(4x+2)-SH2, and (4x+3)-SH2 obtains its correct prefix sum stored in v.tps_2, which will be 
used in the first update stage, and the new local sum of 24 operands ai for 16x ≤ i ≤ 
16x+15. 

Let ‘A’ denote an active SH2.  At the end of Stage_2, the active-delayed propagation 
pattern (ADPP) in 0 4− SH  is (D3A)20

(A4)22-20
 (= DDDAAAAAAAAAAAAA) with respect 

to the status of these 16 SH2’s from 0-SH2 to 15-SH2.  After Stage_3 and Stage_4 are 
completed as shown in Fig. 7, the corresponding ADPP’s are (D3A)21

(A4)22-21
 and 

(D3A)22
(A4)22-22

 (= (D3A)22
), respectively.  In general, using the induction proving tech-
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nique, it can be proven that the ADPP at the end of Stage_i, 2 ≤ i ≤ logn − 1, is 
(D3A)2i-2

(A4)2logn-3-2i-2
.  Immediately, we have the following proposition. 

 
Proposition 5.6: The ADPP for the first relabeling case in 0 1− −SH nlog is 
(D3A)2logn-3

(=(D3A)2logn-3
(A4)2logn-3-2logn-3

) at the end of Stage_(logn − 1). 
 

Before returning to the example shown in Fig. 7, we will first define the update op-
eration.  Let each FF node have the variables tps_1, tps_2, and tps_(logn − 1) which can 
be used to store its temporal prefix sums obtained at the end of Stage_1, Stage_2, and 
Stage_(logn − 1), respectively, where the final prefix sum of Phase_1 is stored in 
tps_(logn − 1).  From Proposition 5.6, each FF node v in the delayed (4x+1)-SH2 (re-
spectively, 2x-SH2) for 0 ≤ x ≤ 2logn-3 − 1 (respectively, 0 ≤ x ≤ 2logn-2 − 1) in 0 1− −SH nlog  
has the correct prefix sum stored in v.tps_2 (respectively, v.tps_1) of these operands ai for 
16x ≤ i ≤ 16x+15 (respectively, 8x ≤ i ≤ 8x+7).  Therefore, the FF node v in (4x+1)-SH2 
(respectively, 2x-SH2) can obtain its correct prefix sum v.tps_ (logn − 1) by computing 
v tps long n v tps ai

x
i. _ ( ) . _ − = + ∑ =

−1 2 0
16 1 (respectively, v.tps_(logn−1) = v tps. _1 

+∑ =
−

i
x

ia0
8 1 ),  where the value i

x
ia=

−∑ 0
16 1  (respectively, i

x
ia=

−∑ 0
8 1 ) is called the local-update 

value.  Fortunately, if each (4x+3)-SH2 (respectively, (2x+1)-SH2) is active, the lo-
cal-update value i

x
ia=

−∑ 0
16 1 (respectively, i

x
ia=

−∑ 0
8 1 ) can be obtained by each FF node v' in 

the active (4x+3)-SH2 (respectively, (2x+1)-SH2) simultaneously by computing 
v'.tps_(logn − 1) − v'.tps_2 (respectively, v'.tps(logn − 1) − v'.tps_1).  Thus, we have the 
following definition. 
 
Definition 5.2: The first (respectively, second) update operation consists of the following 
operations: (1) the active (4x+3)-SH2 (respectively, (2x+1)-SH2) for 0 ≤ x ≤ 2logn-3 − 1 
(respectively, 0 ≤ x ≤ 2logn-2 − 1) first computes the local-update value i

x
ia=

−∑ 0
16 1 (respec-

tively, i
x

ia=
−∑ 0

8 1 ); (2) the active (4x+3)-SH2 (respectively, (2x+1)-SH2) sends the lo-
cal-update value and the kept local sum i i

n
a=

+
∑ 0

2 1log
 to the delayed (4x+1)-SH2 (respec-

tively, 2x-SH2); (3) the delayed (4x+1)-SH2 (respectively, 2x-SH2) receives the lo-
cal-update value and the local sum from the active (4x+3)-SH2 (respectively, (2x+1)-SH2); 
(4) the delayed (4x+1)-SH2 (respectively, 2x-SH2) obtains its correct prefix sums via each 
FF node v by computing v tps n v tps ai

x
i. _ (log ) . _− = + ∑ =

−1 2 0
16 1 (respectively, 

v tps n. _ (log )−1  = + ∑ =
−v tps ai

x
i. _1 0

8 1 . 
 

As shown in Fig. 7, the active 11-SH2 is used to update the delayed 9-SH2.  First, 
each FF node v' in 11-SH2 computes the local-update value i ia=∑ 0

31 = v'.tps_4 − v'.tps_2.  
Then, 11-SH2 sends the local-update value i ia=∑ 0

31  and its own local sum i ia=∑ 0
63  to 

9-SH2.  Thus, each FF node v in 9-SH2 can obtain the correct prefix sum v.tps_4 by com-
puting v tps v tps ai i. _ . _4 2 0

31= + ∑ =  and keeps the local sum i ia=∑ 0
63  sent from 11-SH2.  

After the first update stage is performed, the delayed 9-SH2 becomes active, and generally, 
the ADPP at the end of Stage_5 becomes (DA)23

.  Now, each active (2x+1)-SH2 for 0 ≤ x 
≤ 7 has the correct prefix sums and local sum of Phase_1. 

In the second update stage, i.e., Stage_6, the active 11-SH2 (respectively, 9-SH2) is 
used to update the delayed 10-SH2 (respectively, 8-SH2).  Each FF node v' in 11-SH2 
(respectively, 9-SH2) first computes the local-update value i ia=∑ 0

39 = ′ − ′v tps v tps. _ . _4 1 
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(respectively, i ia=∑ 0
31 = v'.tps_4 − v'.tps_1).  Then, 11-SH2 (respectively, 9-SH2) sends 

the local-update value i ia=∑ 0
39 (respectively, i ia=∑ 0

31 ) and the local sum i ia=∑ 0
63 to 

10-SH2 (respectively, 8-SH2).  Each FF node v in 10-SH2 (respectively, 8-SH2) can ob-
tain its correct prefix sum v.tps_4 by computing v.tps_4 = v.tps_1+ i ia=∑ 0

39  (respectively, 
v.tps_4 = v.tps_1+ i ia=∑ 0

31 ) and keeps the local sum i ia=∑ 0
63 . 

Based on the description of the two update stages, in general, we have the following 
two propositions. 
 
Proposition 5.7: Using the active (4x+3) − SH2 for 0 ≤ x ≤ 2logn-3 − 1, the first update 
stage can make the resulting prefix sums and local sum of the delayed (4x+1)-SH2 correct 
in 0 1− −SH nlog .  Then, the corresponding ADPP becomes ( ) .

log
DA

n2 2−
 

 
Proposition 5.8: Using the active (2x+1)-SH2 for 0 ≤ x ≤ 2logn-2 − 1, the second update 
stage can make the resulting prefix sums and local sum of the delayed 2x-SH2 correct in 
0 1− −SH nlog .  Then, each FF node obtains the correct prefix sum and local sum of 
0 1− −SH nlog . In addition, the corresponding ADPP becomes (A)2logn-1

. 
 

Totally, it takes logn − 1 stages to perform exchange operations and two stages to 
perform update operations in the remaining prefix computation of Phase_1 in each 
SH nlog −1 for the first relabeling case. 

According to the above description, the formal algorithm for Phase_1 is listed below. 
 

ALGORITHM PFRC  /*Phase_1 for the First Relabeling Case*/ 
 
Stage 0. Each SH2 in H

–
n–2 computes its own prefix sums and local sum as mentioned in 

Subsection 5.1.1.  From Proposition 5.1, Stage_0 takes at most three steps. 
Stage 1. Let each b-SH2 in H

–
n–2, b = bnbn-1 … bi+1bibi-1… b4b3 for bi and 3 ≤ i ≤ n, be ad-

jacent to b(i)-SH2, b
(i) = bnbn-1 … bi+1b

–
ibi-1… b4b3.  Each b-SH2 and b(3)-SH2 do 

the exchange operation as defined in Subsection 5.1.2.  By Fact 5.1, let 0-SH2 
be set to be delayed.  From Propositions 5.2, 5.3, and 5.5, Stage_1 takes at 
most three steps. 

Stage 2. Each b-SH2 and b(4)-SH2 perform the exchange operation.  Afterwards, both 
2-SH2 and 1-SH2 are set to be delayed.  From Propositions 5.2, 5.3, and 5.4, 
Stage_2 takes at most four steps. 

Stage_t for  3 ≤ t ≤ logn − 1. Each b-SH2 and b(t+2)-SH2 perform the exchange operation.  
If b-SH2 is delayed, then b(t+2)-SH2 is set to be delayed.  From Propositions 5.2 
and 5.3, Stage_t takes at most three steps. 

Stage_(logn): The first update stage.  From Definition 5.2 and Proposition 5.7, b'-SH2, 
where b' = bnbn-1 … b6b511, and b'(4)-SH2 perform the first update stage.  From 
Propositions 5.2 and 5.3, except for 3-SH2 updating 1-SH2, this update stage 
takes at most three steps.  Checking Fig. 6 (f), it is easy to see that 3-SH2 can 
update 1-SH2 in two steps.  Thus, this update stage takes three steps. 

Stage_(logn+1): The second update stage.  From Proposition 5.8, each b''-SH2, b'' = 
bnbn-1 … b6b5b41, and b''(3)-SH2 perform the second update stage.  From 
Propositions 5.2, 5.3 and 5.5, this update stage takes at most three steps. 
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End. 
 
Lemma 5.1: For the first relabeling case, Phase 1 takes 3logn+7 (= 3+3+4+3 (logn − 
3)+3+3) steps. 
 

While each SH2 is thought of as a supernode, any of the other SH nlog −1 except for 
0 1− −SH nlog  has the same communication patterns as does the one without the 
fault-tolerant capability [5] for computing prefix sums.  Thus, we have the following 
lemma. 
 
Lemma 5.2: After Stage_(logn − 1) in Algorithm PFRC is finished, except for 
0 1− −SH nlog , any of the other SH nlog −1 can correctly compute its own prefix sums and 
local sum of Phase_1. 
 
From Proposition 5.7 and 5.8, we have the following lemma. 
 
Lemma 5.3: After Algorithm PFRC is finished, 0 1− −SH nlog  can correctly compute its 
corresponding prefix sums and local sum of Phase_1. 
 

Now, we will discuss the prefix computation on each SH nlog −1 for the second rela-
beling case.  A brief example is given to illustrate the concept.  Assuming that w'' = 17, 
Fig. 8 illustrates simulation of the remaining prefix computation of Phase_1 for 
0 14 4− −SH SH and  for the second relabeling ease.  Like the first relabeling case, the 
simulations for both 0 4 4− −SH j SH and  are the two worst cases for all SH4 ’s. 

Fig. 8. The 0 4− SH  and 1 4− SH  simulations of Phase_1 for the second relabeling case. 
 

In Stage_1, in general, each b-SH2 in H
–

n–2, b = bnbn-1 … b4bb3 for bi ∈ {0, 1} and 3 ≤ i 
≤ n, and b(3)-SH2, b

(3) = bnbn-1 … b4 b
–

3 perform the exchange operation.  From Proposi-
tion 5.2, 5.3, 5.4, and 5.5, Stage_1 takes at most four steps.  At the end of Stage_1, 
0-SH2 and w''-SH2 are set to be delayed.  In Stage_t, 2 ≤ t ≤ logn − 1, each b-SH2 and 
b(t+2)-SH2 do the exchange operation.  If b-SH2 is delayed, then b(t+2)-SH2 is set to be 
delayed.  Thus, from Propositions 5.2 and 5.3, Stage_t takes at most three steps. 
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Proposition 5.9: For the second relabeling case, the ADPP in 0 1− −SH nlog  (respectively, 
j SH jn− ≠−log , )1 0 containing an SH2 with two disconnected (respectively, connected) TF 
nodes will become (DA)2logn-2

 (respectively, either (DA)2logn-2
 or (AD)2logn-2

) at the end of 
Stage_(logn − 1). 
 

From Proposition 5.9, it is easy to see that Phase_1 for the second relabeling case 
only needs one update stage.  The ADPP in j SH n− −log 1 for this case is ei-
ther( )

log
DA

n2 2−
or ( )

log
AD

n2 2−
.  Based on the same argument as in Proposition 5.8, the 

SH2’s with the ADPP with ( )
log

AD
n2 2−

can be updated.  From Proposition 5.8, the de-
layed SH2’s in  0 1− −SH nlog and j SH n− −log 1can be updated. 

From Propositions 5.2 and 5.3, except for updating 0-SH2 and w''-SH2, the update for 
the other SH2’s takes at most three steps.  Examining Figs. 6 (c), (d), (f), and (g), it is 
easy to see that 0-SH2 ∈ Type-4 and w''-SH2 ∈ Type-3 can be updated in at most two 
steps.  Consequently, it is easy to see that Phase_1 for the second relabeling case takes 
3logn+4 (= 3+4+3(logn − 2)+3) steps. 

 
Lemma 5.4: Phase_1 for the second relabeling case takes 3logn+4 steps. 
 

In the last part of this subsection, we will show that when a VF node occurs, the 
proposed method for Phase_1 still works.  When a VF node occurs in Case 3b, 0-SH2 
consists of one VF, one FF, and two disconnected TF nodes.  The only FF node in 0-SH2 
is selected to compute the prefix sums.  Thus, 0-SH2 with a VF node can be treated as 
0-SH2 without a VF node.  Consequently, Algorithm PFRC still works for Case 3b when 
one VF node occurs. 

When a VF node occurs in Case 2, 0-SH2 consists of three TF nodes and one VF 
node.  Thus, if any SH2 performs the exchange operation with 0-SH2, then that SH2 will 
be delayed.  The ADPP in 0 1− −SH nlog  is (DA)2logn-2

, and it is covered by the above 
second relabeling case.  Consequently, if VF occurs, the proposed algorithm can still 
work.  According to Lemmas 5.1 and 5.4, and the above, we have the following lemma. 
 
Lemma 5.5: In 3logn+7 (respectively, 3logn+4) steps, Phase_1 for the first (respectively, 
second) relabeling case can compute the correct prefix sums and local sum in each 
SHlogn+1, i.e., SH nlog −1, spanned by dimensions 1, 2, …, and logn+1. 
 
5.2 Phase_2: Global Computation Among Subcubes 
 

After Phase_1 is finished, each SH nlog −1 has computed its own prefix sums and local 
sum. Phase_2 performs global computation among subcubes. 

In this phase, we initially construct 2n SHn-logn-1’s, each of which is spanned by di-
mensions logn+2, logn+3, …, n − 1, and n.  Thus, the 2n-logn-1 nodes in each SHn-logn-1 are 
collected from different 2n-logn-1 SH nlog −1’s defined and used in Phase_1.  Specifically, if 
node x for 0 ≤ x ≤ 2n-logn-1 − 1 in one SHn-logn-1 is FF, then node x kept the local sum 

i nx
n x

ia=
+ −∑ 2

2 1 1( ) derived at Phase_1. 
Because at most 3 2 1n / − TF nodes and one disabled FF node are allowable in the 
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faulty Hn, according to the pigeonhole principle, there exist at least n/2 FF SHn-logn-1’s.  
Among these n/2 FF SHn-logn-1’s, we choose the FF SHn-logn-1 with the smallest label in-
dex, say k-SHn-logn-1 for 0 ≤ k ≤ 2n − 1, to perform the parallel algorithm without the 
fault-tolerant capability for prefix computation [5].  Each node in k-SHn-logn-1 obtains the 
correct prefix sums among these 2n-logn-1 local sums, i.e., i nx

n x
ia=

+ −∑ 2
2 1 1( ) for 0 ≤ x ≤ 2n-logn-1 − 

1.  At the end of Phase_2, node x in k-SHn-logn-1 keeps the corresponding prefix 
sum i

n x
ia=

+ −∑ 0
2 1 1( ) , which will be used in Phase_3 to update the final prefix sums. 

 
Lemma 5.6: Phase_2 takes n − logn − 1 steps. 
 
5.3 Phase_3: The Local Update in Each Subcube  
 

The same as in Phase_1, in Phase_3, Hn is partitioned into 2n-logn-1 SHlogn+1’s 
(=SH nlog −1’s).  Recall that at the end of Phase_1, eachx SH n− −log 1, 0 ≤ x ≤ 2n-logn-1 − 1, 
has computed its own prefix sums and local sum of these operands ai for 2nx ≤ i ≤ 2n(x+1) 
− 1.  Each FF node in each x SH n− −log 1 can obtain the correct finally prefix sum by 
adding the update-value i

nx
ia=

−∑ 0
2 1 to its own prefix sum(s).  The local update for final 

prefix sums is performed in each subcube. In what follows, we will present this phase in 
detail. 

Each x SH n− −log 1  contains node k, which also belongs to k SHn n− − −log 1 in 
H nlog +1 defined and used in Phase_2.  Node k holding i

n x
ia=

+ −∑ 0
2 1 1( ) (respec-

tively, i nx
n x

ia=
+ −∑ 2

2 1 1( ) ) obtained in Phase_2 (respectively, Phase_1) in each x-SHlogn+1 com-
putes the update-value i

nx
ia=

−∑ 0
2 1 = ∑ =

+ −
i

n x
ia0

2 1 1( ) −∑ =
+ −

i nx
n x

ia2
2 1 1( ) .  Then, node k in each 

x SH n− −log 1 broadcasts the update-valuei
nx

ia=
−∑ 0

2 1 to the other FF nodes in x SH n− −log 1. 
Although some fault-tolerant broadcasting methods on faulty hypercubes [1, 6] have 

been presented, they cannot be used in Phase_3 to broadcast the update-value in each 
x SH n− −log 1 to the other processors for the following two reasons: (1) the broadcasting 
methods [1, 6] cannot guarantee that they will be able to simultaneously work well in 
2n-logn-1 SH nlog −1 constructed from an SIMD Hn; (2) too many TF nodes may fall on a 
specific SH nlog −1 such that the number of TF nodes in the subcube is larger than that 
allowable in the previous broadcasting methods [1, 6].  Consequently, instead of using 
the broadcasting methods [1, 6], we modify the method Phase_1 slightly and use it to 
perform the broadcasting process. 

Let each FF node in each x SH n− −log 1 have the operand 0, while node k takes the 
update-value i

nx
ia=

−∑ 0
2 1 as the operand.  Removing the function of computing prefix 

sums and preserving the function of computing the local sum in Phase_1, each 
x SH n− −log 1 can compute the local sum, i.e., the update-value.  Therefore, the broad-
casting process is finished. 

Finally, each FF node in x SH n− −log 1 obtains the correct prefix sum by adding the 
update-value to its own prefix sum obtained in Phase_1. 

Next, the number of steps required in Phase_3 will be analyzed.  We will first con-
sider the first relabeling case.  Because 0 1− −SH nlog  does not need to update its prefix 
sums, the two update stages can be omitted.  From Propositions 5.2 and 5.3, each 
stagej SH jn− ≠−log , ,1 0  takes at most three steps.  Thus, Phase_3 for the first case takes 
3logn+1 (= 3+3+4+3(logn − 3)) steps.  In the second relabeling case, it is easy to see 
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that it takes the same number of steps as in Phase_1. 
 
Lemma 5.7: In 3logn+1 (respectively, 3logn+4) steps, Phase_3 for the first (respectively, 
second) relabeling case can update the final prefix sums in Hn. 
 
From Lemmas 5.5, 5.6, and 5.7, we have the main result. 
 
Theorem 5.8: In n+5logn+7 steps, n ≥ 2, a prefix computation with 2n operands can be 
performed in Hn with 3n/2 − 1 TF nodes. 
 

6. CONCLUSIONS 
 
Based on 2n operands and n+5logn+7 steps as well as some new partitioning schemes 

and a delay-update technique, this paper have presented a fault-tolerant algorithm for 
prefix computation on Hn with 3n/2 − 1 TF nodes.  Our main contribution is that al-
though 11 extra steps are required, the proposed algorithm for prefix computation toler-
ates n/2 more faulty nodes than does the algorithm in [4]. 

Prefix computation is the kernel of many applications, such as finding solutions 
tridiagonal systems and B-spline surface fitting.  However, the I/O problem in the pro-
posed fault-tolerant algorithm for prefix computation is still a bottleneck from the practi-
cal viewpoint. How to alleviate the I/O problem in the proposed algorithm is a future re-
search topic. 
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