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Consider ann-dimensional SIMD hypercubeél, with [(Bn/20- 1 faulty nodes.
Given 2' operands, this paper presents an efficient algorithm for prefix computation on
the faultyH,. Employing the newly proposed delay-update technique and the subcube
partition scheme, the proposed algorithm takeSlogn+7 steps, and it toleratés/20]
more faulty nodes than does Raghavendra and Sridhar’s algorithm [4] although 11 extra
steps are needed.

Keywords:complexity analysis, fault tolerance, parallel algorithm, prefix computation,
SIMD hypercube

1. INTRODUCTION

Prefix computation is one of the most fundamental operations in computer science.
Let ©® denote a binary associative operator. Given an ordered dadg, sef ..., a0t >
0, computingps = a,© a,@....® @ for 0<j <tis referred to as the prefix computation.

For example, assuming th@t denotes an addition operator, and that the given data set is
4, 2, 1, T) then the corresponding prefix sums psg= 4, ps,= 6, pS= 7, andps = 14.
Throughout this paper, calculating prefix sums is used to represent prefix computation.
Lacking the fault-tolerant capability, some efficient algorithms [3, 5] for prefix computa-
tion have been designed based on SIMD hypercubes.

For a hypercube multiprocessor composed of a large amount of processors, it is im-
possible to ensure that every processor will work normally. Because some nodes of a hy-
percube may be faulty and prefix computation arises in a wide variety of applications [3],
we are motivated to design an efficient fault-tolerant algorithm for prefix computation.

With f < n -1 faulty nodes and"2perands, using the free dimension concept [10],
Raghavendra and Sridhar [4] presented the first fault-tolerant algorithm for prefix com-
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putation inn+5logn — 4 steps on an-dimensional SIMD hypercube, shy. In the SIMD
hypercube, all the nodes can exchange messages with their neighbors along a specific
dimension in each step. In [4], it is assumed that each step denotes one communication
step and a few basic arithmetic operations. Throughout this paper, we make the same as-
sumption.

Consider an SIMDH, with [Bn/20- 1 faulty nodes. Given"2operands, this paper
presents an improved algorithm with higher fault-tolerance capability for prefix computa-
tion on the faultydH,. Employing the newly proposed the delay-update technique and the
subcube partition scheme, the proposed algorithm takelegn+7 steps, and it tolerates
h/20more faulty nodes than does Raghavendra and Sridhar’s algorithm [4] although 11
extra steps are needed.

The remainder of this paper is organized as follows. Section 2 introduces some pre-
liminaries. Section 3 presents the subcube-partitioning strategy and gives the
fault-distribution analyses required in the proposed algorithm. Section 4 presents our data
allocation strategy based on the relabelling technique. Section 5 presents the proposed
algorithm and gives complexity analyses. Finally, some concluding remarks are given in
Section 6.

2. PRELIMINARIES

This section consists of three subsections. Subsection 2.1 introduces some notations
of hypercubes and the fault model used. Subsection 2.2 describes one parallel pre-
fix-computation algorithm on the fault-fré¢, [5]. Subsection 2.3 reviews the concept of
the degree of occupancy [7-9].

2.1 Notations and Fault Model Used

An n-dimensionalH,, has 2 nodes and2™ edges. Each node K, is labeled by
Brbr1 ... boby, oy O {0, 1} for 1 <j < n, wherej denotes the corresponding dimension.
Two nodes are connected via an edge if and only if their binary strings differ in exactly
one bit. For example, nod®b ., ...b1bb;., ...bby, and nodeb, by, ...b,»+15,»bj_1... b,by
are adjacent along dimensipn Fig. 1 illustrates ahl, and its four dimensions.
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H, can be partitioned intd"? k-dimensional subcubes spanned by the dadimen-
sions, where &-dimensional subcube is denoted$iy. To avoid confusion, we usé,_,
to denote ann( - K)-dimensional hypercube formed by the8& 8H/s, where eaclSH is
viewed as a supernode. For examplgcan be shrunk tbl,, whose four nodes, i.e., four
SH,’s, are labeled D+, 0x1*, 1x0x, and *1*. Two SH,’s are adjacent if their ternary
representations differ in exactly one symbol. For simplicity, the $btis labeled “G 0~
0O+1x, 10+, and X1 are denoted as ®H,, 1-SH,, 2-SH,, and 3SH,, respectively; each
node labeled I60b, in 0-SH,, bs, b; O {0, 1}, is called nodexb,; in 0-SH, or nodeb(=
bsb;) in O-SH,.

The fault model used in this paper follows the total fault model [2]. In this fault
model, it is assumed that the functions for computation and communication in the faulty
node are all lost, where such faulty nodes are called truly faulty (TF) nodes. In addition,
we assume that when some TF nodes occur in a hypercube, a long time, e.g., several days,
is needed for the other nodes to become faulty or to repair these TF nodes. That is, the
number of TF nodes will be fixed for a long time. Consequently, the steps required in the
preprocessing procedures, such as the relabeling process presented in Section 4, for find-
ing the LOD’s (see Subsection 3.1), and partitioning a hypercube into some subcubes (see
Sections 3 and 5) should not be included in the steps required in the proposed algorithm
for prefix computation.

For exposition, we classify all nodes in a fautty into three types. The first type
consists of only TF nodes. The second type consists of only virtual faulty (VF) nodes,
which are essentially fault-free nodes, but each of them is totally surrounded by TF nodes.
For example, suppose the set of TF nodes shown in Fig. 1 is {0001, 0010, 0100, 1000}.
Node 0000 is a VF node since it is totally surrounded by the four TF nodes. The third
type, called fault-free (FF) nodes, consists of the other nodes which neither belong to the
first type nor belong to the second type. It is assumed that TF and VF nodes are known in
advance.

2.2 Prefix Computation on Fault-FreeH,

Given an ordered data set withderands, sag, for 0< k< 2" - 1, the operandy
is assigned to nodein H,. The parallel algorithm without the fault-tolerant capacity [5]
for computing prefix sums oH, is conceptually reviewed as follows. In the first stage,
each node exchanges its own operand with its adjacent node along dimension 1. Then,
each node keeps the local sum of its own operand and the received operand and computes
its corresponding prefix sum. In tli¢h stage, X i < n, each node exchanges the kept
local sum with its adjacent node along dimensiofihen, each node computes the new
local sum of its own local sum and the received local sum sent from its adjacent node
along dimension and computes its corresponding prefix sum. Aftestages, each node
has obtained its corresponding prefix sum and the total sun fige2ands. As a result,
the parallel algorithm can compute prefix sumgigiin n steps.

As an example, as shown in Fig. 2a, an ordered daf®,6¢3,5,2,4,7 dis assigned
to Hs. The simulations for the first, second, and third stages are shown in Figs. 2b, 2c, and
2d, respectively. The value on the upper (respectively, lower) side in each node denotes
the corresponding prefix sum (respectively, local sum).
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Fig. 2. Computing prefix sums on fault-frelg.
2.3 The Degree of Occupancy

Previously, Yang and Raghavendra [7, 8] presented the concept of the degree of oc-
cupancy. The degree of occupancy along dimengionH, is k if there exist exactlk
links, with each link connecting two TF nodes, across dimertidink < 1, for conven-
ience, we call dimensiod a lightly-occupied dimension (LOD). For example, suppose
the set of TF nodes, as shown in Fig. 1, is {0000, 0010, 0011, 0101, 1001, 1101}. There
is only one link connecting two TF nodes across each dimension. Thus, each dimension is
an LOD. For such an LOD without considering the case of VF nodes, Yang and
Raghavendra [7, 8] presented the following interesting property.

Lemma 2.1:[7, 8] Givenf < [Bn/20TF nodes, there exists at least one LOBIin

Yang and Raghavendra [7] also presented a distributed algorithrmjnsteps for
finding an LOD inH, with (Bn/20TF nodes. After performing the LOD-finding algorithm
[7], each FF node knows the LOD.

Previously, Yang, Tien, and Raghavendra [9] used the LOD concept to partition a
faulty H, into 2" SHy's for embedding a ring into the fauly. Although their result can
be directly applied to partition a faully, into 22 SHy's, they did not further analyze the
fault-distribution among these™2 SH,’s. Because eacBH, is a basic subcube in our
fault-tolerant algorithm for prefix computation, the next section will analyze the
fault-distribution among thesé"2SH,’s in order to analyze in detail the time complexity
required in the proposed algorithm.

3. PARTITIONING STRATEGY AND FAULT-
DISTRIBUTION ANALYSES

This section consists of two subsections. Subsection 3.1 presents a strategy to parti-
tion H, with (Bn/200~ 1 TF nodes into 2% SH,’s such that there exist at most t&ét's,
with eachSH, containing more than one TF node, and with each of the Sthé&r con-
taining at most one TF node. In subsection 3.2, we investigate the fault-distribution for
these 22 SH,’s and give some interesting characteristics.
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3.1 Partitioning a Faulty H,, Into SHy's

From Lemma 2.1, there exists at least one LOB,iwith f < [Bn/20- 1 < Bn/20TF
nodes. Applying the LOD-finding algorithm [7] d#,, that LOD, sayd;, can be found
and known by each FF node. The faiitycan be shrunk along dimensidnto Hyy,
where each node i, ; is SH;. According to the LOD definition, at most o8&}, may
consist of two TF nodes; each of the otld#'s contains at most one TF node. For
exposition, if anSH; contains one or more TF nodes, it is called a fabity; otherwise,
it is called an FFSH,. Letf' be the number of faultgH,’s in H,.. H, containsf's
[(Bn/200- 1 faulty SH;'s when eaclsH, has at most one TF node; it contdihs [Bn/200-

2 (=8Bn/20- 1 - 1) faultySH,’s when only oné&sH, consists of two TF nodes.

From Lemma 2.1, changingto n — 1, if the number of faultysH,’s in H, , is less
than or equal taB(n — 1)/20 i.e., BBn/200- 1, then there still exists at least one LOD in
H.. Applying the LOD-finding algorithm [7] od,_,, another LOD, sayl, can be
found and known by each FF node. FHhe, can be further shrunk along dimensiin
to H,._,, where each node M, ,is SH. From the LOD definition, at most oSg4, may
consist of two faultysH;'s; each of the otheé8H,’s contains at most one faul8H.

Using the LOD concept, we have presented how to partijowith CBn/20- 1 TF
nodes into 22 SHys. In the next subsection, we will analyze the distribution of TF
nodes among thes&82SH;’s.

3.2 Analyses of Fault-Distribution AmongSH;,'s

Since oneSH, is composed of tw&H,’s, the distribution of all the TF nodes $H,
is as outlined in Table 1, whelg, N,, andN; denote the number of TF nodes in &td,
the otherSH,, and thatSH,, respectively. As indicated in Table 1, the existence of the
case folN; = 2 andN, = 2 is impossible; otherwise, there would exist Bd's, i.e., with
eachSH, consisting of two TF nodes, and this would contradict the LOD definition.
The symbol ‘X’ is used to denote this impossibility.

Table 1. Fault-distribution in SH,.
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Having investigated the fault—distribution among the8§é 8H’s in Hn, Hno
should be one of the following three mutually exclusive cases.

Case 1.Each of these"? SH,'s in H,,_, contains at most one TF node.

Case 2.0nly oneSH; in H,_, contains three TF nodes, and each of the othér 2
SH,’'s contains at most one TF node.
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Case 3.There exist at most twBH,'s in H,,_,, with eachSH, containing two TF nodes,
and with each of the oth&H,’s containing at most one TF node. OB,
containing two TF nodes must consist of oneSHr and one faultysH, com-
posed of two TF nodes. Thus, t8&h must contain two connected TF nodes
along dimensiord;. The otherSH, containing two TF nodes must consist of
two faulty SH;’s, each containing one TF node. Examin8is, two subcases
are as follows:

Case 3aThe othelSH, contains two connected TF nodes along dimergion
Case 3b.The othelSH, contains two disconnected TF nodes.

Theorem_3.l:Givenf < [(Bn/200- 1 TF nodesH, can be partitioned into"2 SHy's which
form anH,_, such thatH,_, can be classified into three mutually exclusive cases as de-
scribed above.

However, the case where VF nodes occur was not considered in the above analyses.
Because one VF node cannot communicate with any neighboring FF node, no operand
can be assigned to the VF node. Therefore, the case where VF nodes occur is how con-
sidered. In the above three mutually exclusive cases, based on the definition of a VF
node, it is easy to know that at most one VF node may occur in Case 2 or 3b. When a
VF node occurs in Case 2, there exists 8k consisting of one VF node and three TF
nodes. When the VF node occurs in Case 3b, there exiSHneontaining two con-
nected TF nodes and of¢4, containing one VF node and two disconnected TF nodes;
each of the othe8H,’s contains at most one TF node.

Corollary 3.2: Givenf < [Bn/200- 1 TF nodes, there exists at most one VF nodt,.in

4. DATA ALLOCATION

This section consists of two subsections. Subsection 4.1 presents a relabeling tech-
nique used to make the tv&H,’'s, each containing two TF nodes, in Case 3b either adja-
cent or far enough away from each other. This can lead to communication reduction in
the proposed algorithm. Subsection 4.2 presents a data allocation strategy for assigning
2" input operands to the newly relabeldg We will only focus on the allocation of 2
operands for Case 3b. After presenting the allocation for Case 3b, we will explain why
Case 3b can cover the other cases, including the cases where a VF node occurs.

Without loss of generality in constructifty . », we still let the two LOD's b, = 1 andd,= 2.

In Case 3b, let th8H, containing two connected (respectively, disconnected) TF nodeSHe
(respectivelyp-SH), wherew = W1 ... We W, Wy ... WWs(respectivelyp = BB - - PrPrPra. -

p4ps) andw (respectivelyp) O {0, 1} for 3<i <n. Because the two disconnected FF nodes in
p-SH can not communicate directly with each other, we can choose any one FF node to hold the four
operands which will be assignedp&H; for simplicity, we choose the FF node with the smaller
label, saypby, by, b, {0, 1}. The other FF node , b ; in p-SH is disabled.  If nodib; in one

SH which is adjacent to nodigh, in p-SH is TF, therp-SH, cannot communicate with this adjacent

SH. From the LOD definition, nod®b, in p-SH, does have at least one FF neighboring node in an
adjacenSH. Theg-SH, g = min{t = ppoy - ..PraP Pra... PaPs] NOdebnb; in t-SH is FF}, is se-
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lected to help-SH, communicate with any adjacéith.
4.1 The Relabeling Process

To ensure that the faulty nodes in the hypercube will affect as few communication
steps during prefix computation as few as possible, we need to relabel &if ®ie,2 in
H... Using a relabeling technique, the object here is to refaS, andw-SH, as
either 0SH, and 1SH, or 0-SH, andw"-SH, for w" = n/2, respectively. The latter im-
plies that ifH, should be partitioned int&'?gn'lsHogn+l’s, thenp-SH, andw-SH, can be
assigned to differerBHqg.1's. In the previous fault-tolerant algorithm for prefix compu-
tation [4],H, was partitioned into"®" SHogn's.

To relabelH,, ,, two relabeling functions are defined first. The first relabeling func-
tion f,\(Hn2), 3< X, y < n, is a bit permutation function.  Applyirfg,(H,_o), the bit in
thex-th (respectivelyy-th) dimension in eacBH, in H,,_, is extracted out and put into the
leftmost (respectively, rightmost) dimension, while the remaimirg4 bits are packed.

For example, applyiny ¢(Hs), each node ifds with labelb;bgbsh,bs, by 0 {0,1} and 3<i
< 7, is relabeled ag;b/bshsbe.  1f x =y, applyingfx,y(l—_iH), the bit in they-th dimension
in eachSH, is moved to the rightmost dimension while the remaiming 3 bits are
packed. For example, applyirlig4(l—_|5), each node is with label b,bgbsbsbs is rela-
beled ad,bgbsbsb,.

The second relabeling functionf;@—TH), wherez = z,z,,... 4z andz [ {0,1} for 3
<is<n.  Applying f{H, ), eachb-SH, whereb = byb,...bsbs, in H,, is relabeled by
performing a bitwise exclusive-or (XOR) operatibtgb,, 1...bs0:0 7,2, 1... 2475

Now, we will describe how to use the above two relabeling functions can be used to
relabel thes&H,'s properly.  Ifq # w, then there exists a dimensiom w, 3<r # 1 <n,
such thatv# g =p. If q=w, thenl must be equal to. We first apply the relabeling
functionf,,r(H_H) to eachSH, and assume that the originalSH, is relabeled ab'-SH,.
Therefore p-SH,, g-SH,, andw-SH, are relabeled gs-SH,, q'-SH,, andw'-SH,, respec-
tively. Then, we apply the functiof,y(l-_iH) to each relabele®H, and assume that
b'-SH, is relabeled a®"-SH,. That is,p-SH,, q-SH,, andw-SH, are relabeled as
p"-SH (= 0-SH,), q"-SH, (= 1-SH,), andw"-SH,, respectively.

In Fig. 3 () , the set of TF nodes and the set of two found LODM, &re {0000,
0001, 0101, 0110, 1101} and {1, 2}, respectively. The black and white circles denote
the TF and FF nodes, respectively; the double circle denotes the disabled FF node.
Then,H, is partitioned into fouSH’s, [0-SH, = w-SH,, 1-SH,= p-SH,, 2-SH,, 3-SH,=
g-SH The FF node 00 (=0100) inSH, is chosen to hold four operands while node
11 (=0111) is disabled. There exists an FF node 00 (=11005kp 8at is adjacent to
the node 00 in BH,. After applyingf|:3,r:4(l-_iz), [0-SH,, 1-SH,, 2-SH,, 3-SH,0are rela-
beled asl0-SH,, 2-SH,, 1-SH,, 3-SH,[1 After applyingfz(l-_|2) to each relabele&H,,
[0-SH,, 2-SH,, 1-SH,, 3-SH,are relabeled a®-SH,, 0-SH,, 3-SH,, 1-SH,[I The rela-
beledH, is illustrated in Fig. 3 (b).

Lemma 4.1: All 2™ SHy's in H,,_, can be relabeled such tmBH, andw-SH, are rela-
beled as either @H, and 1SH, or as 0SH, andw"-SH, for w" = n/2, respectively, when
n=4.
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Proof: If q = w, after applyindf;;(H.»), it is easy to see thatSH, andw-SH, are rela-
beled as (BH, and 1SH, respectively. Ifq # w, then after applyind;, (H..) and
f,,f(H_H), the leftmost dimensions @' andw" are 0 and 1, respectively. Because the
weight of the leftmost dimension i$% the distance betwee' andw" is at least 2°.
Whenn = 4, 23 is larger than or equal td2. This completes the proof.

100 minj

(a) The orliginal fy (] The relaheled H,

Fig. 3. The relabeled faulty,.

Lemma 4.1 guarantees that using the above two labeling funqti&ts, with two
disconnected TF nodes amdSH, with two connected TF nodes can be relabeled such
that they are either neighboring or separated by a distance greater than or eQual to

4.2 Allocation of 2' Operands

Having relabelled the faulti, , we will now present how the giver! Bperands
can be allocated for Case 3b without considering the case in which a VF node occurs.
The first four operands,, a;, &, andas, are assigned to the selected FF nodle
(= %L(bzbl)in 0-SH.. If 1-SH, consists of four FF nodes, then the four operaay]s,

as, aljzanda7, are assigned to the four FF nodes, namely=00- 0 )000Q@land 11,

respectively. If 1SH, contains one TF node, then its neighbgrfng node along dimension
1 has to take over the operand in the TF node. 3Hlcontains two connected TF
nodes, say nodes 00 and 01, then the two opermraigias and the two operands and
a; are assigned to the two FF nodes 10 and 11, respectively. Using the same data allo-
cation as in 1SH,, the four operands, say;, a1, asj+2, andagz for 2<j < 2"2 -1, are
assigned t¢-SH,.  Fig. 4 illustrates an example in which 16 operaadfgr 0<i < 15,
are assigned to the faulty, i.e.,H,, in Fig. 3 (b) and the 16 operands are assigned to the
FF nodes denoted by white circles.

It is clear that Case 3b covers Case 1, so the above data allocation strategy is valid
for Case 1. For Case 2, we relabelthe, such that th&H, containing three TF nodes
is relabeled as &H,. The first four operands, 0< i < 3, are assigned to the only FF
node in 0SH, and the remaining"2 4 operands are assigned to the o8tdrs based on
the same argument. For Case 3a, we also use the same relabeling process as in Case 3b
such that the tw&H,’s, each with two connected TF nodes, are relabeled such that they
are adjacent or separated by a distance greater than or eqil taConsequently, the
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relabeling process and the data allocation strategy for Case 3b indeed cover those for the
other cases. Therefore, we omit the details for Cases 1, 2, and 3a.

[HKH [113] 11K 110

Fig. 4. Assigning 16 operands to 10 FF nodes in a falilty

However, we have to consider Case 2 and Case 3b when a VF node occurs. When
only one VF node occurs in Case 31518, consists of one VF, one FF, and two discon-
nected TF nodes. The first four operands are all assigned to the only FF no8liebin O-
Thus, the above data assignment strategy is still available for Case 3b when one VF node
occurs.

When only one VF node occurs in Case 2, we evenly agsfgn0<i < 7 to the FF
nodes in 1SH, because &H, consists of three TF nodes and one VF node, and it is dead.
For example, if 1SH, consists of four FF nodes, them{ai}, { a,, as}, { a4, as}, and {as,

a;} are assigned to the four FF nodes, namely, 8@X--000 01) 10, and 11,
n-2

respectively. If 1SH, contains one TF node, say node 01, then the operand®< i <

2},{a|3<i<5},and {5 | 6<i < 7} are assigned to nodes 00, 10, and 11, respectively.

5. THE PROPOSED ALGORITHM

This section presents the proposed algorithm for prefix computation on theHaulty
with (Bn/20- 1 TF nodes. Conceptually, the proposed algorithm consists of three
phases, namely, local computation in each subcube, global computation among subcubes,
and local update in each subcube. In Phase_1, each subcube simultaneously performs
its own prefix sums and the sum of the operands assigned on the same subcube such that
each FF node in the same subcube keeps the corresponding prefix sum and the sum. At
the end of Phase_1, each FF node in the same subcube lacks the same updated value
needed to compute the final prefix sum. In Phase_ 2, the updated values are obtained.
At the end of Phase_2, exactly one FF node in each subcube keeps the updated value for
that subcube. In Phase_3, a variant of Phase_1 is used to broadcast the updated value to
the other FF nodes in each subcube.

There are two main differences between the proposed algorithm and the one in [4]:
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(1) instead of using the free-dimension concept, our algorithm uses the LOD concept and
can toleratéh/2[lmore TF nodes than can that of [4]; (2) our algorithm uses a novel de-
lay-update technology although this requires a few extra steps. The three phases of the
proposed algorithm and the related complexity analyses are described in the following
three subsections.

5.1 Phase_1: Local Computation in Each Subcube

To increase the number of TF nodes allowable jfrom n — 1 [4] to (Bn/2[ 1 in
this paper, instead of partitionindgy, into 27°%" SH,g's [4], H, is partitioned into 2°9™*
SHogni1's in Phase_1, where ea@®Hgg.1 iS spanned by dimensions tedl, log,
logn-1, ..., 2, and 1. In Phase_1, ea€BHog1 in Hyiogng 0< X< 2™°9 — 1 wants
to compute its own prefix sums in parallel. In what follows, we will present this phase
in more detail.

5.1.1 Performing prefix sums and local sum in eac8H,

First, each FF node holding two or more operands computes its prefix sums sequen-
tially and then provides its own local sum as an operand to be computed with the final
prefix sums of the other FF nodes. For example, le&ing in Fig. 4, FF nodes 0, 4, 6,

7,10, 11, 12, 13, 14, and 15 first computes their prefix sums and provide their local sums
6 (= 0+1+2+3), 9 (= 4+5), 6, 7, 17 (= 8+9), 21 (= 10+11), 12, 13, 14, and 15, respectively,
as the operands to be used by the other processors.

Then, eaclSH, spanned by dimensions 1 and 2, i.e., two found LOD’s, wants to
compute its prefix sums and the local sum. To analyze the steps required BHzach
all 2"? SH,’s in Case 3b are classified into four types. Type-1 consists of &IHE.

Type-2 consists of thBH,’s, each containing only one TF node. Type-3 consists of only
one SH, with two connected TF nodes. Type-4 consists of onlySiewith two dis-
connected TF nodes.

The communication patterns for computing prefix suntSHkis are shown in Figs. 5
(a), (b), (c), and (d), respectively, where the solid black circles and the double circles
denote the TF nodes and the disabled FF or VF nodes, respectively. The curve denotes
the communication between two FF nodes. The numbers 1, 2, and 3 on the curves de-
note that two FF nodes communicate each other in steps 1, 2, and 3, respectively. From
Fig. 5, it is easy to see that all tBéh's can compute their own prefix sums and local
sums in three steps, simultaneously.

T
Dk Al

A — —_— » . - - —_——
- | |
i1}
| | — = ] | |
¥, — — > C ' . N
anl [ai] ai
la] FF 5H,. (k1 58y with ane (€] Sy with two [dy SHy with two
I'F niondess il TF dseannsctod TF
vl Testles

Fig. 5. The four communication patterns &'s.
Proposition 5.1: EachSH; in H,_, with f < [Bn/2[0~ 1 TF nodes can simultaneously com-



EFFICIENT PREFIX COMPUTATION ONFAULTY HYPERCUBES 11

compute its own prefix sums and local sum in three steps.
5.1.2 Exchange operation between two adjaceBH,’s

We will now define one exchange operation which will be used often later.

Definition 5.1: Oneexchange operationconsists of a few communication and computa-
tion operations. In the communication operations, two adjd8kis, sayx-SH, and
y-SH,, exchange their two local sums such that each FF nodeSH (respectively,
y-SH,) receives the local sum gfSH, (respectivelyx-SH,). Then, in the computation
operations, each FF nodexttH, andy-SH, computes the new local sum of its own local
sum and the received local sumxif y (respectivelyx <y), then each FF node yaSH,
(respectivelyy-SH,) computes its corresponding prefix sum by adding the received local
sum to its held prefix sum.

In fact, the related exchange operations dominate the number of steps required in the
remaining prefix computation oot Hogn1S (= SHogn1's) of Phase_1. The de-
tails will be given in Subsection 5.1.3.

In this subsection, we will analyze the number of steps required in one exchange op-
eration between two adjaceBtb’s. We only focus on the analyses for Case 3b for the
following reasons. It is clear that Case 3b covers Case 1 becauserpaciCase 1 is
either Type-1 or Type-2 (see Fig. 5). In Case 2,She with three TF nodes can be
treated as the one with two disconnected TF nodes and one disabled FF node in Case 3b.
Thus, it is clear that Case 3b covers Case 2. In Case 3a, there exiSts, grespec-
tively, the othelSH,) with two connected TF nodes along dimension 1 (respectively, 2).

If we disable one FF node in ti8#H with two connected TF nodes along dimension 2,
the SH, can be treated as the one with two disconnected TF nodes and one disabled FF
node in Case 3b. Thus, itis clear that Case 3b covers Case 3a.

Because all th&H,’s in Case 3b are classified into four types, totally, there are eight
communication pairs between any two adja&tfs, namely,[Type-1, Type-L] [Type-2,
Type-1L) (Oype-3, Type-1) [OType-4, Type-I) Oype-2, Type-Z} [OType-3, Type-Z]
[(Type-4, Type-2] and[Type-4, Type-8] Fig. 6 illustrates the eight communication pat-
terns between tw8H,’s involved in the prefix computation.

We will first consider the four paif§ypeq, Type-Iffor 1<j<4. Lettwo adjacent
SHy’s, x-SH, 0 Typej andy-SH, 0 Type-1. As shown in Figs. 6 (a), (b), (c), and (d), it
is easy to check thatSH, andy-SH, do the exchange operation in steps one, two, three,
and four iff = 1, 2, 3, and 4, respectively.

Proposition 5.2: With at most three steps, one exchange operation for prefix computation
between two adjacer@H,’s, x-SH, [0 Typej for 1< j < 4 andy-SH, O Type-1, can be
done.

As shown in Fig. 6 (e), it is easy to check that Proposition 5.3 is correct.

Proposition 5.3: With at most three steps, one exchange operation for prefix computation
between two adjace®H,’s, x-SH, 0 Type-2 and/-SH, O Type-2, can be done.
As shown in Fig. 6 (f) (respectively, (g)), it is easy to checkxtsith [0 Type-3 (re-
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spectively, Type-4) ang-SH, [1 Type-2 do the exchange operation in four steps.

Proposition 5.4: With at most four steps, one exchange operation for prefix computation
between two adjace®H,’s, x-SH, O Type-3 or Type-4 ang-SH, 0 Type-2, can be done.

Specifically, as shown in Fig. 6 (g), when node 00 is Ti#8H, x-SH, andy-SH,
cannot communicate with each other. Thus, we have the following fact. Here, we will
not consider this situation because two s8Ekis will temporarily do nothing.

@ [0) @ 0)
00, T 00 01 00 100 01
I*SHz y75H2 I*SHQ y*SHz
oL |0 @
10 11 10 11 1 i1 10 ) 11
(a) <Type-1, Type-1>. (b) <Type-2, Type-1>.

00 1 0 01
Q
I*SH-Z @ y*SH2 @
1 1 10 11
v

(c) <Type-3, Type-1>.

(0]
00 1 0 01

@ - SH2 -—SH2 @
10 !1 ld 11

e) <Type-2, Type-2>.

[}
00 1
7-SHy y—-SH, 3
@
1 1 10 ) 11
(g) <Type-4, Type-2>. (h) <Type—4, Type-3>.

Fig. 6. The eight communication patterns betweenSwgs for prefix computation.
Fact 5.1: Two adjacenSH,’s, x-SH, 0 Type-4 andy-SH, O Type-2, may not communi-
cate with each other.
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As shown in Fig. 6 (h), by the same arguments, it is easy to check that the following
proposition is correct.

Proposition 5.5: In at most two steps, one exchange operation for prefix computation
between two adjace®H,’s, x-SH, 0 Type-4 and/-SH, O Type-3, can be done.

5.1.3 Performing the remaining prefix computation of Phase 1

After analyzing the communication steps required in one exchange operation be-
tween twoSH,’s for prefix computation, all th8H,’s, eachSH, being viewed as a super-
node, can work together to perform the remaining prefix computation of Phase_1 on
2™°9" 1 SHygn1’s in parallel.

From Propositions 5.2, 5.3, 5.4, and 5.5, it is known that the required steps in an ex-
change operation for each of the two pairgpe-3, Type-2land [(Type-4, Type-2Zlis 4
while the steps required for the other pairs is at most 3. It is clear that if the two pairs
[(Type-3, Type-2land[Type-4, Type-2lare used so heavy in the remaining prefix compu-
tation, it will make the total steps required in Phase_1 inefficient.

Our delay-update strategy is sketched as follows. While a large number of exchange
operations among communication pairs are being performed, the concerning exchange
operations for the two paifdype-3, Type-Zland [Type-4, Type-Zlwill be delayed in
order to speedup the time required. Finally, a recovery strategy will be used to obtain
the desired results.

By Lemma 4.1, all 2 SH's in H,, can be relabeled such tH@tSH, andw-SH,0]
are relabeled as eithéd-SH, and 1SH, iN0— SHiggn-100r [0-SH; in 0= SHiggn-1and
W"-SH, in j —SHign-1 for w" = n/2 andj # OC) respectively. We will first focus on the
prefix computation for the first relabeling case via a brief example. Because only
0 - SHign-1contains the two pairType-3, Type-Zland (Type-4, Type-2) the time re-
quired in 0= SHogn-1dominates the time complexity when compared to the other
SHIogn—l.

For simplicity, letting 0= SHign-1 = O—S_I:l,_Fig. 7 illustrates the simulation of the
remaining prefix computation of Phase_1 0/ SHs for the first relabeling case. This
simulation consists of four stages for performing exchange operations and two stages for
performing update operations, which will be defined later. In Fig. 7, each square de-
notes arSH. The black (respectively, double) circle in e&ib (respectively, BH,)
denotes the TF (respectively, disabled FF) node. The square associated with the symbol
‘D’ denotes a delaye8H, while the other squares denote the acBi#Fs. The delayed
SH, will temporarily do nothing until the update stages begin. During the first four
stages, the activBH,’s will continually perform the related exchange operations. Two
adjacentSH,’s associated with two cross arrows denote that the two adj8égstper-
form the exchange operation. For example SHL-with its adjacent 1&H,, 9-SH,,
15-SH,, and 3SH, perform the exchange operations in Stage_1, Stage_2, Stage_ 3, and
Stage_4, respectively. Two adjac&tt,’'s associated with one arrow denote that the
two adjacenSHy’s perform the update operation. For exampleSHLwith its adjacent
9-SH, and 10SH, perform the update operations in Stage_5 and Stage_6 (i.e., the first
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and second update stages), respectively.

In Fig. 7, Stage_1,2SH, and (+1)-SH, for 0< x < 7 perform the exchange opera-
tions. Each FF node inxBH, and (X+1)-SH, obtains its correct prefix sum and the
new local sumy % 7a. of 2° operandsy for 8x < i < 8x+7. At the end of Stage_1, by
Fact 5.1, 0SH; is set to be delayed. Let each FF nede 2x-SH, and (Z+1)-SH, have
the variablev.tps 1 to store its temporal prefix sum, which will be used in the second

update stage.

Stage o 1- 2 B= = 1= Ul= 123= 13= Li= D8= 5Ty

| ?H{JUXU}S%IL&_I _S%H_ll_l I_IIJL)IE

F -

OO OO0

Fig. 7. The 0-SH, simulation of Phase_1 for the first relabeling case.

In Stage_2, ®SH, (respectively, (#+1)-SH) and (&+2)-SH, (respectively,
(4x+3)-SH,) for 0 < x < 3 perform the exchange operations. At the end of Stage_2,
1-SH; is also set to be delayed. In additior§13-should be set to be delayed because it
cannot get the correct data from the delay&@HQ- As a result, in the remaining prefix
computation in this phase:

if any activeSH, wants to perform the exchange operation with a del&gdthen that
active SH, will be set to be delayed until it encounters the update stage, which will be
defined later.

Except for the FF nodes in®H, and 2SH,, each FF node in 4x-SH,, (4x+1)-SH,,
(4x+2)-SH,, and (4+3)-SH, obtains its correct prefix sum storedvitps 2, which will be
used in the first update stage, and the new local sunf op&ands for 16x < i <
16x+15.

Let ‘A’ denote an activesH,. At the end of Stage_2, the active-delayed propagation
pattern (ADPP) in0-SH, is 0°A)2(A%%? (= DDDAAAAAAAAAAAANWith respect
to the status of these H,’s from 0-SH, to 155SH,. After Stage_3 and Stage 4 are
completed as shown in Fig. 7, the corresponding ADPP’s @A) %(A“) and
(D*A)Z(A%)Z2 (= (D°A)P), respectively. In general, using the induction proving tech-
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mqueI it can nbelproven that the ADPP at the end of Stage< i < logn - 1, is
(D*A)?Z(A97°92 |mmediately, we have the following proposition.

Proposol'ﬂon 5.6: O'I;r%e Ach)DrESPO rTor the first relabeling case i0-SHiogn-1 is
(DA (=(D*A) 27 (A% 2°7" 2% 4t the end of Stage_(log-1).

Before returning to the example shown in Fig. 7, we will first define the update op-
eration. Let each FF node have the variatgesl, tps 2, andps (logn — 1) which can
be used to store its temporal prefix sums obtained at the end of Stage 1, Stage 2, and
Stage_(log — 1), respectively, where the final prefix sum of Phase 1 is stored in
tps (logn — 1). From Proposition 5.6, each FF nodé the delayed (1)-SH, (re-
spectively, X-SH,) for 0< x < 2°9*2 -1 (respectively, & x < 2°9*? - 1) in 0= SHiogn-1
has the correct prefix sum storedvitps 2 (respectively.tps 1) of these operands for
16x < i < 16x+15 (respectively, 8< i < 8x+7). Therefore, the FF noden (4x+1)-SH,
(respectively, 2SH,) can obtain its correct prefix suntps_(logn — 1) by computing
v.tps_(longn-1)= v tps2+ 75 ;5 11 a  (respectively, v.tps_(logn-1) =wtps 1
+y 2 'a), where the valuey % 1o 'a (respectively, S 2 *a ) is called the local-update
value. Fortunately, if each >(43) -SH, (respectively, (2+1)-SH,) is active, the lo-
cal-update valuey % 'a (respectivelyy ;'a ) can be obtained by each FF nadén
the active (#+3)- Sl-b (respectively, (2+1)-SH,) simultaneously by computing
v'.tps_(logn —1) —Vv'.tps 2 (respectively'.tpglogn — 1) —v'.tps 1). Thus, we have the
following definition.

Definition 5.2: The first (respectively, second) update operationsists of the following
operations: (1) the active X43)-SH, (respectively, (2+1)-SH) for 0 < x < 2°9™3 - 1
(respectively, G x < 2°9%2 — 1) first computes the local-update valge!®*a, (respec-
tively, 5 2 ¥ 'a); (2) the active (#+3)- SHZ (jrespectlvely, (#2+1)-SH,) sends the lo-
cal-update value and the kept local SLsz o & tothe delayed (1)-SH, (respec-
tively, 2x-SH,); (3) the delayed §4+1)-SH, (respectively, 2SH,) receives the lo-
cal-update value and the local sum from the actixeJ#SH, (respectively, (2+1)-SH,);

(4) the delayed §+1)-SH, (respectively, 2 SH,) obtains its correct prefix sums via each
FF node v by computing v.tps (logn-1)= vtps2+5 2 X1 a (respectively,

8x-1

v.tps_(logn-1) =v.tps 1+5 2" &.

As shown in Fig. 7, the active HH, is used to update the delaye®®,. First,
each FF node' in 11-SH, computes the local- update vaIL{e 08 = V.tps 4 - v'.tps 2.
Then, 11SH, sends the local-update valge™ a and its own local suny 2 a to
9-SH,. Thus, each FF nodein 9-SH, can obtain the correct preflx sunips 4 by com-
puting v.tps 4= v. tps_2+z a and keeps the local surﬁ a sent from 11SH,.
After the first update stage is performed the delay&tHOecomes active, and generally,
the ADPP at the end of Stage_5 becom?f. Now, each active §&1)-SH, for 0< x
< 7 has the correct prefix sums and local sum of Phase_1.

In the second update stage, i.e., Stage_6, the acti$bllrespectively, BH) is
used to update the delayed 3B, (respectively, &H,). Each FF node' in 11-SH,
(respectively, BH,) first computes the local-update valge® a =V'.tps 4— V. tpsl
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(respectively,zI &=V tps 4 - Vv'.tps 1). Then 11SH, (respectively, %Hz) sends
the local-update values ¥ a (respectively, ¥ 2 a ) and the local sumy 2 a to
10-SH, (respectively, &H,). Each FF nod® in 10-SH, (respectlvely, &H,) can ob-
tain its correct pref|x sumi.tps 4 by computings.tps . 4 v.ips_ 1+Z 08 (respectively,
v.tps 4 =v.tps 1+5 ¥ a ) and keeps the local sup 2 a .
Based on the description of the two update stages, in general, we have the following
two propositions.

Proposition 5.7: Using the active (43) — SH, for 0 < x < 2°9% - 1, the first update
stage can make the resulting prefix sums and local sum of the delay&()wl-b correct
in 0—SHign-1. Then, the corresponding ADPP becom@aﬁx(2

Proposition 5.8: Using the active (2-1)-SH, for 0 < x < 2°9? — 1, the second update
stage can make the resulting prefix sums and local sum of the debagd 2orrect in
0—SHiogn1. Then, each FF node obtains the correct preflx sum and local sum of
0—SHiogn-1. In addition, the corresponding ADPP becomb)% (3

Totally, it takes log — 1 stages to perform exchange operations and two stages to
perform update operations in the remaining prefix computation of Phase_1 in each
SHign-1 for the first relabeling case.

According to the above description, the formal algorithm for Phase_1 is listed below.

ALGORITHM PFRC /*Phase_1 for th&irst RelabelingCase*/

Stage 0.EachSH, in H,_, computes its own prefix sums and local sum as mentioned in
Subsection 5.1.1. From Proposition 5.1, Stage_0 takes at most three steps.

Stage 1.Let eactb-SH, in Hyp, b = bibyy ... biabibis... bsbs for by and 3<i < n, be ad-
jacent tob®-SH,, b = b.by; ... bibibi1... bbs.  Eachb-SH, andb®-SH, do
the exchange operation as defined in Subsection 5.1.2. By Fact 5.5Hgt 0-
be set to be delayed. From Propositions 5.2, 5.3, and 5.5, Stage_1 takes at
most three steps.

Stage 2.Eachb-SH, and b-SH, perform the exchange operation. Afterwards, both
2-SH, and 1SH, are set to be delayed. From Propositions 5.2, 5.3, and 5.4,
Stage_2 takes at most four steps.

Stage t for 3<t < logn - 1. Eachb-SH, andb®*?-SH, perform the exchange operation.

If b-SH, is delayed, theh™?-SH; is set to be delayed. From Propositions 5.2
and 5.3, Stage takes at most three steps.

Stage_(logn): The first update stage. From Definition 5.2 and Propositiont5SH,,
whereb' = bybns ... bgbs11, andb'®-SH, perform the first update stage. From
Propositions 5.2 and 5.3, except foSB, updating 1SH,, this update stage
takes at most three steps. Checking Fig. 6 (f), it is easy to see$hitcan
update 1SH, in two steps. Thus, this update stage takes three steps.

Stage (logn+1): The second update stage. From Proposition 5.8, lgagt, b" =
bbra ... bebsbsl, and b"®-SH, perform the second update stage. From
Propositions 5.2, 5.3 and 5.5, this update stage takes at most three steps.
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End.

Lemma 5.1: For the first relabeling case, Phase 1 takesndipg= 3+3+4+3 (log —
3)+3+3) steps.

‘While eachSH; is thought of as a supernode, any of the otBelogn-1 except for
0—SHign-1 has the same communication patterns as does the one without the
fault-tolerant capability [5] for computing prefix sums. Thus, we have the following
lemma.

Lemma 5.2: After Stage_(log - 1) in Algorithm PFRC is finished, except for
0-SHiogn-1, any of the otherSHign-1 can correctly compute its own prefix sums and
local sum of Phase_1.

From Proposition 5.7 and 5.8, we have the following lemma.

Lemma 5.3: After Algorithm PFRC is finished0 - SHi,gn-1 can correctly compute its
corresponding prefix sums and local sum of Phase_1.

Now, we will discuss the prefix computation on eaBhiog-1 for the second rela-
beling case. A brief example is given to illustrate the concept. Assuming'tkat?,
Fig. 8 illustrates simulation of the remaining prefix computation of Phase 1 for
0-SH, and1- SH, for the second d relabeling ease. Like the first relabeling case, the
simulations for bothO— SH, andj— SH, are the two worst cases for afiH.’s.

ﬂmﬂﬂ@%ﬂﬂ@ %A@ﬁ@%

QEU_I

3 _ﬁ. -. o r

MO |' | u_lr ICE10 Wﬂmmumﬁj%

Fig. 8. The 0-SH, and 1-SH, simulations of Phase_1 for the second relabeling case.

In Stage_1, in general, eabtSH, in Hnp, b = bpbny ... babs for b O {0, 1} and 3<i
< n, andb®-SH,, b® = b.by,; ... bsb; perform the exchange operation. From Proposi-
tion 5.2, 5.3, 5.4, and 5.5, Stage 1 takes at most four steps. At the end of Stage 1,
0-SH, andw"-SH, are set to be delayed. In Stage <t < logn - 1, eachb-SH, and
b™2.SH, do the exchange operation. WiSH, is delayed, them™?-SH, is set to be
delayed. Thus, from Propositions 5.2 and 5.3, Stag&es at most three steps.
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Proposition 5.9:For the second relabeling case, the ADPR iSH0gn-1 (respectively,
j = SHiogn-1, j # 0) containingZ arSH, with two disconnectede{spectiveLyconnecte)i TF
nodes will becomelA)?*®™ (respectively, eitherdA)>*™* or (AD)2°"") at the end of
Stage_(log - 1).

From Proposition 5.9, it is easy to see that Phase_1 for the second relabeling case
only neekg§_zone updoagt_a2 stage. The ADPP jinSHign-1for this case is ei-
ther(DAY or (AD)? o le';lsed on the same argument as in Proposition 5.8, the
SH’s with the ADPP with AD :)Ogican be updated. From Proposition 5.8, the de-
layedSH’s in 0= SHiggn-1and j —SHisgn-1can be updated.

From Propositions 5.2 and 5.3, except for updati@andw"-SH,, the update for
the otherSHy’s takes at most three steps. Examining Figs. 6 (c), (d), (f), and (@), it is
easy to see that 8H, 0 Type-4 andw"-SH, [0 Type-3 can be updated in at most two
steps. Consequently, it is easy to see that Phase_1 for the second relabeling case takes
3logn+4 (= 3+4+3(log — 2)+3) steps.

Lemma 5.4:Phase_1 for the second relabeling case takes-8logteps.

In the last part of this subsection, we will show that when a VF node occurs, the
proposed method for Phase_1 still works. When a VF node occurs in Cas&i3b, 0-
consists of one VF, one FF, and two disconnected TF nodes. The only FF ndglé,in O-
is selected to compute the prefix sums. ThuSH)with a VF node can be treated as
0-SH, without a VF node. Consequently, Algorithm PFRC still works for Case 3b when
one VF node occurs.

When a VF node occurs in Case 2518 consists of three TF nodes and one VF
node. Thus, if an$H, performs the exchange oEeration witls g, then thatSH, will
be delayed. The ADPP if—SHugn: is DA, and it is covered by the above
second relabeling case. Consequently, if VF occurs, the proposed algorithm can still
work. According to Lemmas 5.1 and 5.4, and the above, we have the following lemma.

Lemma 5.5:1n 3logn+7 (respectively 3logh+4) steps, Phase_1 for the firstgpectively
secondl relabeling case can compute the correct prefix sums and local sum in each
SHogn+1, 1.€., SHiogn-1, Spanned by dimensions 1, 2, ..., anchle

5.2 Phase_2: Global Computation Among Subcubes

After Phase_1 is finished, ea®Hign1 has computed its own prefix sums and local
sum. Phase_2 performs global computation among subcubes.

In this phase, we initially construch BH,og.1'S, €ach of which is spanned by di-
mensions log+2, logn+3, ...,n— 1, andn. Thus, the 2°9** hodes in eacBH, g1 are
collected from different 2°9* SHign's defined and used in Phase_1. Specifically, if
nodex for 0 < x < 2M°9"1 — 1 jn oneSH, g1 is FF, then node kept the local sum

anixD-1a. derived at Phase_1.

Because at modt3n/ 2] - 1TF nodes and one disabled FF node are allowable in the
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faulty H,, according to the pigeonhole principle, there exist at [B#BHFF SH,. og01'S.
Among thesdh/200FF SH,xg.1's, we choose the FBH, o1 With the smallest label in-
dex, sayk-SH,jogn1 for 0 < k < 2n — 1, to perform the parallel algorithm without the
fault-tolerant capability for prefix computation [5]. Each nod&-BiH, 4.1 obtains the
correct prefix sums among thes€®?™* local sums, i.e.,.y 249 g for 0< x < 2™ —

1. At the end of Phase_2, nodein k-SH,.gn1 keeps the corresponding prefix

sumy 297t which will be used in Phase_3 to update the final prefix sums.

Lemma 5.6:Phase_2 takes— logn — 1 steps.
5.3 Phase_3: The Local Update in Each Subcube

The same as in Phase_1, in Phased3,is partitioned into 2°9™* SHogne1's
(=SHign-1’s).  Recall that at the end of Phase_1, @atBHogn-1, 0 < x < 2™ — 1
has computed its own prefix sums and local sum of these opegdod@nx<i < 2n(x+1)
— 1. Each FF node in eack— SHqgn-1 can obtain the correct finally prefix sum by
adding the update-valug >™1a to its own prefix sum(s). The local update for final
prefix sums is performed in each subcube. In what follows, we will present this phase in
detail.

Each X-SHog1 contains nodek, which also belongs tok=SH,_ g, ; in

Higns defined and used in Phase_2.  Node holding ¥ "™ (respec-
tively,y " *a,) obtained in Phase_2 (respectively, Phase_1) in #&Hig.1 com-

putes the update-valug 23 a =3 2 a -3 204%™ 'a . Then, nodek in each
<L nx-1 <y

X— SHogn-1 broadcasts the update-vajug’y g, to the other FF nodes it — SHogn-1.

Although some fault-tolerant broadcasting methods on faulty hypercubes [1, 6] have
been presented, they cannot be used in Phase_3 to broadcast the update-value in each
X— SHogn-1 to the other processors for the following two reasons: (1) the broadcasting
methods [1, 6] cannot guarantee that they will be able to simultaneously work well in
2mlogn S_ﬂogn—l constructed from an SIMDBi,; (2) too many TF nodes may fall on a
specific SHiogn-1 such that the number of TF nodes in the subcube is larger than that
allowable in the previous broadcasting methods [1, 6]. Consequently, instead of using
the broadcasting methods [1, 6], we modify the method Phase_1 slightly and use it to
perform the broadcasting process.

Let each FF node in each— SHogn-1 have the operand 0, while nollgakes the
update-valuey ™13 as the operand. Removing the function of computing prefix
sums _and preserving the function of computing the local sum in Phase_1, each
X— SHogn-1 can compute the local sum, i.e., the update-value. Therefore, the broad-
casting process is finished. e

Finally, each FF node ix— SHqgn-1 Obtains the correct prefix sum by adding the
update-value to its own prefix sum obtained in Phase_1.

Next, the number of steps required in Phase_3 will be analyzed. We will first con-
sider the first relabeling case. Becaude SHign-1 does not need to update its prefix
sums, the two update stages can be omitted. From Propositions 5.2 and 5.3, each
stagg —SHiogn-1, ] # 0, takes at most three steps. Thus, Phase_3 for the first case takes
3logn+1 (= 3+3+4+3(log — 3)) steps. In the second relabeling case, it is easy to see
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that it takes the same number of steps as in Phase_1.

Lemma 5.7:1n 3logn+1 (respectively, 3lagt+4) steps, Phase_3 for the first (respectively,
second) relabeling case can update the final prefix subhs in

From Lemmas 5.5, 5.6, and 5.7, we have the main result.

Theorem 5.8:In n+5logn+7 stepsn = 2, a prefix computation with"2perands can be
performed irH,, with (Bn/20- 1 TF nodes.

6. CONCLUSIONS

Based on 2operands and+5logn+7 steps as well as some new partitioning schemes

and a delay-update technique, this paper have presented a fault-tolerant algorithm for

prefix computation o, with (Bn/20- 1 TF nodes. Our main contribution is that al-
though 11 extra steps are required, th@ppsed algorithm for prefix computation toler-
ateslh/200more faulty nodes than does the algorithm in [4].

Prefix computation is the kernel of many applications, such as finding solutions
tridiagonal systems and B-spline surface fitting. However, the I/O problem in the pro-

posed fault-tolerant algorithm for prefix computation is still a bottleneck from the practi-

cal viewpoint. How to alleviate the I/O problem in the proposed algorithm is a future re-

search topic.
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