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In this paper, we propose the use of modified Hough transforms to efficiently 
extract object feature parameters, which are usually contaminated by heavily noisy cor-
rugation and discontinuity. The modified HT (MHT) is developed by introducing spatial 
and parameter weighting functions to improve the detection performance for the tradi-
tional Hough transform (HT), which generally fails to robustly detect natural object pa-
rameters. Using designed test patterns and real images, simulations show that the pro-
posed weighting functions are helpful in detecting noise-corrupted object features. Due 
to its robustness, the MHT can be easily figured with a coarse-to-fine adaptive search 
mechanism to reduce the huge amount of computation for feature parameters extraction. 
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1. INTRODUCTION 

Model-based video coding has been recognized as one of potential techniques for 
achieving video communication below 10 kbps. With few parameters to describe the fea-
tures of the object, model-based video coding is different from conventional coding 
schemes, which need to compress the image pixels by removing statistical or spatial re-
dundancies. However, precise estimation of feature parameters with very little computa-
tion represents success for model-based approaches. Once the feature parameters are 
correctly extracted, they can easily be used to characterize the video objects. Thus, pa-
rameterized video object planes have been adopted as the visual presentation in MPEG-4 
standardization [1]. In order to extract feature parameters, many algorithms, such as the 
template matched method [2], active contour method [3], mosaic method [4], and Hough 
transform methods [5, 6], have been proposed recently. Many facial features can gener-
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ally be described by analytic curves generally. For example, a circle can specify the pupil, 
and parabolas or ellipses can also characterize the mouth [7, 8]. The Hough transform 
(HT) method, which has been used widely in many applications [9-12], is an efficient 
method for detecting analytic curves. Since they use statistic models, the HT algorithms 
can be categorized as probabilistic and non-probabilistic methods [13]. Since the HT ap-
proach requires heavy computation and memory occupation, many modified methods in 
adaptive, randomized, and fast realizations have been proposed [14-19]. As for natural 
features, the HT approach without any modification seldom succeeds in detecting natural 
shapes. In this paper, we propose several modified HT (MHT) algorithms which can im-
prove the performance in detecting facial features. Furthermore, the MHT can easily add 
a coarse-to-fine search to reduce computation and memory. Simulation results demon-
strate that the suggested MHT algorithms achieve satisfactory results while the traditional 
HT fails to correctly solve the problems studied here. 

 

2. STANDARD HOUGH TRANSFORM (HT) 
 

For a gray image, we can use dI(x, y) to represent the intensity function at the (x, y) 
position. Before the Hough transform, is executed, dI(x, y) should be pre-processed and 
binarizes as 

  
   )},({),( yxyx IP dTd =                                                  (1) 

  
and 

  
)},({),( yxyx PB dBd = ¿                                            (2) 

   
respectively. In (1) and (2), T{ }  and B{ } denote the operators of pre-processing trans-
form and binarized functions, respectively. The pre-processing, T{ }, may include  edge 
enhancement and thinning processes. The binarized operator, B{ }, is usually expressed 
by 
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where δ is the threshold in binarization. The proper selections for the pre-processing 
transform, T{ }, and the threshold value δ are usually image-dependent. Several methods 
have been proposed for effectively retrieving the threshold value [17-19]. 

The HT translates the object-enhanced pixels, dB(x, y), which represent the shape of 
the original image, into show-up counts in the parameter space by fitting an assumed 
analytic curve equation.  A given analytic curve function can be characterized by 

 
 F(x, y, a) = 0,                                                     (4) 
 

where a is a vector composed of elements in the parameter space. The parameter space is 
an N-dimensional accumulation space if a is composed of N parameters. To describe ana-
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analytic curves, for example, the circles can be given by  
 

 ( ) ( ) 222 rvyux =−+− ,                                             (5) 

 
where r and (u, v) denote the radius and the center of the circle in the image space, re-
spectively. Thus, the vector a composed of (u, v) and r forms a 3-dimensional parameter 
space which characterizes the circle. A parabola curve can be described as 
( ) ( ) )/(tan,/ 12 uvuxvy x

−=θλ−=− . Four coefficients, which are (u, v), λx, and θ, can 

be used to describe an arbitrary parabola curve. Thus, the vector a composed of (u, v), λx, 
and θ forms a 4-dimension parameter space. If we divide the possible parameter region 
into many small cells, the HT performs mapping from edge pixels to parameter cells. For 
example, the resolution of circles in the parameter space can be defined as 

ii uuu −=∆ +1
, 

jj vvv −=∆ +1
, and kk rrr −=∆ +1 , where ui, vj, and rk denote the parameters of the (i, j, 

k)th cell and ∆u, ∆v, and ∆r represent the resolution of cells in u, v and r axes, respec-
tively. For the highest resolution, we may choose ∆u = ∆v = ∆r = 1. Considering the 
memory space and computation time, we may choose values of ∆u, ∆v, and ∆r that are 
greater than one. However, coarse parameters usually can not be used to achieve precise 
detection of features. In the image space, of course, we may also apply the same concept 
by down sampling the image as 

iki xxx −=∆ +  and 
jkj yyy −=∆ + , where xi and yj rep-

resent the pixel location in the image space, and k ≥ 1 is the down-sampled step. However, 
the number of edge pixels will be approximately reduced by a factor of k2. Hence, the HT 
method may not obtain sufficient information for detecting the peak of counts. In sum-
mary, reducing the resolution in the parameter space or down sampling pixels in the im-
age space can reduce the amount of computation required. However, the accuracy of pa-
rameter estimation for the HT will be correspondingly degraded. 

For each pixel, we can substitute its location information, x and y, into (4) to obtain a 
hypercurve depicted by ℑ(a) = 0. Once the parameter hypercurve, ℑ(a) = 0, passes 
through the cells, the HT will increase their corresponding accumulators by one. After 
applying all detected dB(x, y), the HT then employs show-up accumulation to extract ana-
lytic curves. In a mathematical expression, for a given parameter vector a, the Hough 
transform of dB(x, y) is expressed by 
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( )
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Then, the most-likely set of feature parameters can be detected by searching the cell, 
which is with the maximum accumulated value 

 

aopt = ( ){ }a
a

SCmax . (7) 

 
For the second possible set of parameters, we can choose the second maximum accumu-
lated count, and so on for the other sets. 
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3. MODIFIED HOUGH TRANSFORM (MHT) 
 
Observing the human facial features, most of the shapes of the features do not show 

complete analytic curves. For example, the pupil could possibly have some corrugation 
around it and be covered by eyelids in the upper or lower parts. Usually, noisy will cause 
the detection performance achieved by the HT to deteriorate greatly. In order to take the 
neighborhood pixels around the designated pixel into account, the first modification of 
the HT is suggested as  

 
 ( ) ( ){ } ( )
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where ε characterizes the size of the neighborhood which confines the calculating range 
of the pixels. With (8), we can achieve robust detection, which allows deviation of pixels 
irritated by noise. Thus, we can not only reduce the computation required in the thinning 
process for our modified HT, but also improve the detection performance. Hence, the 
first modified HT can be expressed by 
 

 ( ) ( ){ } ( )
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where 
 

dE(x, y) = dB(x, y)wε(x, y, a) (10) 
 
denotes that the edge pixels are weighted. If we choose w(x, y, a) = 1, then we have CB(a) 
= CM(a). If we linearly give more weight to the pixels which are closer to the feature, then 
the linear weighting function becomes 
 

 ( ) 0wrrm,y,xw c +−⋅=ε a ,                                      (11) 

 
where m = rbw ∆± /0 denotes the slope and rc is the desired radius relative to the same 

circle center. Hence, w0 is the highest weighting factor, ∆r is the resolution and b is a 
constant. In order to reduce the required computation, we can consider a step-weighting 
function, for example, 
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where a1, a2, and a3 are the thresholds and ac is the desired center parameter vector. 

Since the binarized image may still contain long curvature curves, the HT generally 
has great tendency to detect them as the target curves. The longer curves have more edge 
pixels. The HT based on the maximum show-up count definitely fails to detect some 
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natural objects, such as the pupil, which is more like a circle but shorter in length than the 
eyelid. In order to clearly identify the circle and avoid the long-length arches, we further 
propose a second modification for the HT: 

 
 ( ) ( ) ( ) ( ){ } ( ) ( )
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where ρ1(a) is the parameter weighting function. To avoid long arches, for example, we 
may choose an inverse proportion to the radius parameter: 
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where r0 is a constant. In (14), limiting of the parameter weighting function to ρ0 avoids a 
large weighting for small radii, which is undesirable for detecting the pupil’s parameters. 
In order to reduce the required computation, we can also change the parameter weighting 
function, similar to (12), into a step weighting function: 
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The radius between R1 and R2 is the most likely parameter so we should give it the largest 
weighting value ρ2 while assigning a smaller weight to the radius under R1 or over R2. 
Hence, the weighting factors satisfy ρ2 > ρ1 and ρ2 > ρ3. Actually, we can combine both 
the spatial and parameter weighting processes together to achieve better detection per-
formance as follows: 
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where 
 

( ) ( ) ( ) ( )aadd ,y,xwy,xy,x BR ερ= 2 . (17) 

 

4. DETECTION OF FEATURE PARAMETERS 
 
 When used to fit the analytic equation, the HT and modified HT (MHT) algorithms 

require the same amount of computation. Because weighting factors are introduced, the 
modified HT algorithms must determine and accumulate non-integer factors while the 
standard HT only needs to accumulate only ones. To detect a circle from a binarized im-
age containing 863 edge pixels, we applied the HT and the MHT algorithms to compute a 
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100×100×100 parameter space. Table 1 shows the CPU times required by the HT and 
MHT, which were executed on Pentium-233 personal computer. The computation re-
quired by the modified HT slightly increased more than the computation required by the 
standard HT did. However, the modified HT algorithm achieved greater robustness than 
the HT did. For the detection of the pupil’s parameters, the counts versus the 3-D pa-
rameter cells could not be plotted. Here, we reduce the radius, r-axis by selecting the 
maximum count from those ones, who has the same circle center (u, v) as 

 
 )},,(C{max),(C R

rmax,
R vurvu

r
= .                                      (18) 

 

Table 1. A CPU time comparison between the HT and MHT. 

Algorithms Computation Time (sec) Remarks 
HT(Eq.6) 7.85 Conventional HT 

MHT(Eq.8) 10.00 ε=3 
MHT(Eq.14) 9.94 r0=15 
MHT(Eq.16)+ 12.85 ε=3, r0=15 

+ with continuous weighting ρ2(a) 
 
Fig. 1 shows the accumulated maximum-radius counts versus the circle center (u, v) 

parameter space obtained by using the standard HT. We find the HT shows three signifi-
cant peaks, and that it is very difficult to identify the true circle center. As for the MHT, 
however, Fig. 2 shows a significant and sharp peak in the target center, so we can easily 
locate the feature parameters. Furthermore, we also find that the accumulated counts ob-
tained by using the MHT are smoother than those obtained by using the HT. 

Due to its robust and smooth performance, we further apply a coarse-to-fine search 
mechanism to the MHT to reduce the required computation. The coarse MHT search was 
performed on a down-sampled image and with a lower resolution parameter space to 
roughly resolve an evident peak in the first stage. Around the evident peak, we then ap-
plied a fine-resolution MHT search to precisely detect the desired feature parameters. If 
the total number of edge pixels dB(x, y) is assumed to be NI, and if the number of accu-
mulation cells in the parameter space is nr×nu×nv, then applying the HT and MHT, we 
need 4 additions and 3 multiplications to determine one vote in the parameter space for 
detecting a circle. To complete the transformation, we need in total 4NInrnunv

 additions 
and 3NInrnunv multiplications. If we execute the MHT on the down-sampled image with 
step k and a low-resolution parameter space with n'r×n'u×n'v cells in the coarse search step, 
then the MHT requires 4NIn'rn'un'v/k

2 additions and 3NIn'rn'un'v/k
2
 multiplications. Due to 

the located evident peak, we can narrow the parameter space and give the finest parame-
ter resolution. We assume that the number of accumulation cells is vur nnn ′′×′′×′′  then 

the MHT requires vurI nnnN ′′′′′′4  additions and vurI nnnN ′′′′′′3  multiplications in the fine 

search step. If the image is down-sampled by 2 (i.e., k = 2), if the parameter space resolu-
tion is scaled by 3 (i.e., nr =3n'r, nu = 3n'u, and nv = 3n'v), and if we choose the same 
number of parameter cells for both coarse and fine searches (i.e., 

vvuurr nnnnnn ′=′′′=′′′=′′  and ,, ), then the direct MHT requires 108NIn'rn'un'v
 additions and  
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Fig. 2. Accumulated maximum-radius counts versus the circle center (u, v) parameter space for the 

proposed MHT method. 
 

CR   (u,v) 
max, r 

 
CR   (u,v) 

max, r 

 

Fig. 1. Accumulated maximum-radius counts versus the circle center (u, v) parameter space for 
the traditional HT method.  
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81NIn'rn'un'v multiplications to achieve the same parameter resolution as the coarse to-fine 
MHT. However, the MHT needs about NIn'rn'un'v additions and 3/4 NIn'rn'un'v multiplica-
tions in the coarse search step, and needs 4NIn'rn'un'v additions and 3NIn'rn'un'v

 multiplica-
tions in the fine search step. The coarse-to-fine MHT reduces the amount of computation 
required by the MHT to achieve the similar detection performance by about 22 times. Fig. 
3 shows the accumulated counts obtained by using the MHT in the fine search step. The 
MHT exhibits a cleaner shape peak for the desired feature parameters. 

By using the traditional HT, Fig. 4 depicts the detected results from four eye’s images. 
The results show that the extracted feature parameters by the HT are far away from the 
true pupil curves. The HT does not achieve satisfactory results. With spatial and parame-
ter weighting functions, Fig. 5 shows that the coarse-to-fine MHT exhibits visible im-
provement in detection of pupil parameters. Although the MHT in the coarse step show 
slightly variation in (a1) to (a4), the MHT in the fine search step successfully detects the 
feature parameters. It is noted that the coarse-to-fine MHT achieves much better detection 
performance and much lower computation than the traditional HT. To compare other 
modified HT algorithm, Fig. 6 shows the detected results achieved by the proposed MHT 
and the RWHT [19]. To detect other facial features, for example the upper lips, Fig. 7 
shows the detected results by the HT, the MHT and the RWHT. Since the upper lips do 
not have any other competitive curve, all three algorithms can track the main curves of 
the upper lips. However, the proposed MHT achieves the best match. All results demon-
strate that the proposed MHT exhibits a better detection performance than the HT and the 
RWHT algorithm [19]. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Accumulated maximum-radius counts versus the circle center (u, v) parameter space for the 

proposed coarse-to-fine MHT in the fine search step. 
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Fig. 4. Pupil features extracted by the original HT. 

 
 
 

  

  

(a) 
 

Fig. 5. Pupil features extracted by the MHT using the coarse-to-fine searching algorithm: (a) in the 
coarse search step; (b) in the fine search step. 
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(b) 
 

Fig. 5. (Cont’d) Pupil features extracted by the MHT using the coarse-to-fine searching algorithm: 
(a) in the coarse search step; (b) in the fine search step. 

 
 

   

   

Fig. 6. Pupil features extracted by the proposed MHT (upper row) and the RWHT [19] (lower 
row). 

 
 



MODIFIED HOUGH TRANSFORM FOR FEATURE EXTRACTION 

 

143 

 

   

   

   

Fig. 7. Upper lips detected by the HT(1st row), MHT (2nd row), and the RWHT [19] (3rd row). 
 
 

5. CONCLUSIONS 
 

In this paper, we proposed modified HT algorithms to effectively extract facial fea-
ture parameters. By introducing spatial and parameter weighting functions, the MHT with 
slightly increasing the computation complexity shows robust and precise detection in ex-
tracting the facial parameters. The spatial weighting results in an averaging approach for 
the noisy pixels while the parameter weighting removes the unlikely curves from the pa-
rameter space. Due to the robustness, we can further adopt a coarse-to-fine search proce-
dure to reduce the computation time and memory occupation of the MHT. Simulations 
show that the coarse-to-fine MHT achieves better detection performance and requires 
lower computation complexity than the traditional and other modified HT algorithms. 
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