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This paper introduces Fuzzy ARTRON as a general-purpose classifier that can do
high-quality classification in continuous, discrete, linear, or nonlinear domains. The to-
pology of Fuzzy ARTRON contains a fuzzy ART network, on which a perceptron layer
is superimposed. The learning algorithms involve unsupervised ART learning and su-
pervised error back-propagation learning. The former is used to auto-construct proper
clusters through the fuzzy ART self-construction ability. This improves the convergence
rate and alleviates the local minima problem usually associated with the error
back-propagation learning network. The latter is used to dynamically associate clusters
with proper classes via connection weight adjustment. This improves the generalization
ability so that Fuzzy ARTRON can successfully handle the linearly nonseparable prob-
lems usually associated with fuzzy ART and the weak generalization problem usually
associated with fuzzy ARTMAP. Finally, Fuzzy ARTRON employs fuzzy hyperboxes to
do clustering, which leads to better generalization performance compared to conven-
tional hyperboxes. Computer simulations were conducted to evaluate the performance
and applicability of Fuzzy ARTRON under continuous, discrete, linear, or nonlinear
domains.
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1. INTRODUCTION

Artificial neural networks (ANNs) simulate the concepts developed through physio-
logical modeling of the human brain in computational mechanics [19]. ANNs contain a
set of highly interconnected processing elements that are constructed in a regular
architecture and act in parallel. The overall behavior of an ANN exhibits the abilities of
learning, recalling, and generalization from training patterns or data by adjusting the
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connection weights inside the network. The model of an ANN includes three basic enti-
ties: functions of the processing elements, the network topology, and learning rules
(methods used to store information in the network). For a multilayer feedforward net-
work topology, the error back-propagation learning algorithm is one of the most widely
used supervised learning methods. The algorithm can perform rather high-quality gener-
alization by escaping from local minima provided that the number of hidden nodes is
properly selected. However, because the error surface may contain lots of areas with
shallow slopes in multiple dimensions, the algorithm tends to converge rather slowly.
ART, a typical example of an unsupervised learning algorithm for ANNs, is capable of
rapid unsupervised learning of categories. However, it cannot properly deal with linearly
nonseparable problems.

Fuzzy sets were formally introduced by Zadeh in 1965 as a mathematical method to
handle uncertain or ambiguous data encountered in real life. A fuzzy set allows the de-
gree of membership to be associated with each element of the universe of discourse.
Thus, the membership function of a fuzzy set maps each element to its range space,
which, in most cases, is set to the unit interval [0, 1]. As pointed out by Zadeh, any field
can be fuzzified and, thus, enjoy greater generality, higher expressive power, enhanced
ability to model real-world problems, and the benefits of a methodology to deal with im-
precision. Fuzzy ART [1] is a well known example of fuzzified ART. Fuzzy ART is able
to do rapid, unsupervised fuzzy classification by self-constructing the cluster layer. It,
however, still suffers from the linear nonseparability problem. The latest version of the
fuzzy ART series, called fuzzy ARTMAP, is capable of doing incremental supervised
learning of categories or multidimensional maps, given arbitrary sequences of continuous
or binary input feature vectors [15]. Fuzzy ARTMAP is also able to deal with linearly
nonseparable problems. However, its generalization ability is limited given discrete in-
put data because only a simple map field is used to associate hyperboxes with classes.

ANNs and fuzzy theory are complementary technologies in the design of intelligent
systems. Each one has its merits and drawbacks. Integration and synthesis approaches
have proliferated in the literature [4, 5]. The basic idea is to get the benefits of both
ANNs and fuzzy systems. For example, ANNs offer learning abilities [6, 14, 16] while
fuzzy systems offer a structural framework to reason with high-level fuzzy rules [7, 17,
18, 22, 23]. Integrating the two technologies in a single system thus allows them to com-
plement each other and achieve better performance. In this paper, we explore whether we
can combine fuzzy ART and back-propagation learning networks in a single system so
that we can do high-quality fuzzy classification and generalization without such difficul-
ties as slow convergence, local minima, or weak generalization under continuous, dis-
crete, linear, or nonlinear domains.

Basically, we propose to superimpose a simple perceptron layer on a fuzzy ART
architecture, thus called Fuzzy ARTRON, to work as a general purpose classifier. Fuzzy
ARTRON employs both unsupervised fuzzy ART learning and supervised error
back-propagation learning to train the classifier. The former’s self-construction ability
can auto-construct proper clusters, which speeds up the convergence rate and alleviates
the local minima problem usually associated with an error back-propagation learning
network. The latter’s connection weight adjustment ability can dynamically associate
clusters with proper classes, which can successfully deal with linearly nonseparable
problems usually associated with fuzzy ART as well as weak generalization ability usu-
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ally associated with the fuzzy ARTMAP. In addition, Fuzzy ARTRON employs fuzzy
hyperboxes to do clustering, which leads to better generalization performance compared
to conventional crisp hyperboxes. We have conducted a series of experiments to evaluate
the generalization and classification capabilities of Fuzzy ARTRON under continuous,
discrete, linear, or nonlinear domains.

The rest of the paper is organized as follows. Section 2 describes the topology of
Fuzzy ARTRON. Section 3 details the learning algorithms of Fuzzy ARTRON. Section 4
reports the results of three experiments conducted to evaluate Fuzzy ARTRON’s per-
formance and concludes the work.

2. SYSTEM ARCHITECTURE

Fuzzy ARTRON has four layers as illustrated in Fig. 1. Layer 1 contains input
nodes responsible for receiving input feature vectors. They are used to hold the input
feature values and distribute them to their respective fuzzy nodes. Each node in layer 2 is
a fuzzy node that works as a membership function to measure the membership degree of
an input feature. Note that a feature’s value may be located in a dimension of one or
more fuzzy hyperboxes [14] because fuzzy hyperboxes may overlap. Each node in layer
3 is a cluster node representing a fuzzy hyperbox defined by the connections of the layer
2 nodes. Layer 4 contains the conventional output nodes of a multilayer feedforward
neural network. Here, they are used as class nodes representing the target classes of the
input feature vectors. We want each input feature vector to produce an output value from
its desired class node that is higher than those produced by the others.

���

���

�� �� ��

���

1o 2o mo

0p 1p 2p qp

),( 11
cII ),( 22

cII ),( c
nn II

10x
11x 12x

qx1 20x
21x 22x qx2

0mx

1mx
2mx

mqx

11w
21w 1nw

12w

22w
2nw qw1

qw2 nqw

),( 1111 vu ),( 11 qq vu

),( 2121 vu ),( 22 qq vu

),( 11 nn vu ),( nqnq vu

11z 12z qz1 21z 22z qz2 1nz 2nz nqz Fuzzy Nodes

Cluster Nodes

Class Nodes

Input Nodes

��

Fig. 1. Fuzzy ARTRON.

The significance of this design can be explained from two viewpoints. On the one
hand, the architecture can be thought of as a fuzzy ART network as described in [1], on
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which a perceptron layer is superimposed. On the other hand, it looks like a multi-layer
feed-forward neural network in which the hidden layer is replaced with a fuzzy ART
network. Now, from the first viewpoint, the perceptron’s weight adjustment capability
allows dynamic association of relevant clusters with proper classes. This, in fact, can
support the creation of hyper-spaces of any shape to approximate the given training set
by flexibly associating relevant byperboxes with the same hyper-space. This design, thus,
solves the problem of inability to deal with linear non-separability problems associated
with fuzzy ART networks. It, at the same time, improves the generalization ability of
fuzzy ARTMAP. From the second viewpoint, the fast learning capability of fuzzy ART
allows rapid self-construction of clusters. As a result, hidden nodes for the multi-layer
feedforward neural network can be quickly generated, thus improving the convergence
rate. Moreover, the adjustability of the vigilance parameter leads to a best decision on the
number of the hidden nodes, which helps the multi-layer feedforward neural network
escape from the local optima problem.

2.1 Input Feature Vectors

First, each component of an input feature vector is coded in the unit interval [0, 1].
Fuzzy ARTRON adopts the technique of complement coding from fuzzy ART [1] to
achieve normalization of each input vector. Assuming the input vector is an
n-dimensional vector, ΙΙΙΙ = (I1, I2, …, In), the complement coding method will preprocess it
into a 2n-dimensional complement coding form, ΙΙΙΙ′. Formally,
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input feature vectors are converted to complement-coded vectors, which are then used for
training. As mentioned in [1], the good thing about using complement coding is that
category proliferation can be avoided during fuzzy clustering by fuzzy ART. Comple-
ment coding also preserves the amplitude information of the input vectors, thus leading
to a symmetric theory in which the AND operator (∧) and the OR operator (∨) of fuzzy
theory play complementary roles.

2.2 Fuzzy Nodes

Each of the fuzzy nodes acts as a one-dimensional membership function to measure
the degree of membership of its corresponding input feature. Fuzzy ARTRON adopts the
trapezoidal membership function described in [21]. Eq. (1) gives the ith dimensional
membership degree of the jth fuzzy hyperbox or, equivalently, the output of the ijth
fuzzy node, i.e., zij:

zij = f [Ii] = {1− g[Ii − vij, γ] − g[uij − Ii, γ]}, (1)

where ),( ijij vu is the pair of connection weights between the ijth fuzzy node and the ith
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input node; iI is the input feature value distributed from the ith input node; and

where γ is the sensitivity parameter controlling the fuzziness of f[⋅]. It regulates the fuzzi-
ness of one dimension of a fuzzy hyperbox. As γ becomes smaller, the fuzzy set becomes
fuzzier.

2.3 Cluster Nodes

A set of n fuzzy nodes (each connected to an input node) is connected to a node in
layer 3, forming an n-dimensional membership function, which in turn defines a fuzzy
hyperbox or a fuzzy cluster in the input feature space. Each node in layer 3 is, thus,
called a cluster node and represents a fuzzy hyperbox.

A cluster node is designed to be a neuron that realizes the standard fuzzy set opera-
tion of AND [17, 18] as shown in Fig. 2. It performs a min-max operation over its in-
puts, ijz , and the connection weights between the cluster node and the fuzzy nodes, i.e.,
wij’s. Eq. (2) gives the operation:

(2)

where pj is the output of the jth cluster node. The weights, wij’s, reflect the relative im-
portance of the inputs to a cluster node [8]. They may take on values in [0, 1] with the
following two extreme cases: wij = 1, meaning the connection is broken, or the input is
not important to the cluster node; wij = 0, meaning that the connection is the strongest
one. The output value of a cluster node, pj, thus represents the degree to which an input
feature vector belongs to the fuzzy hyperbox j.
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Fig. 2. A single cluster node and connections.

2.4 Class Nodes

The nodes in layer 4 are called class nodes, each representing a target class. Each
class node associates those fuzzy clusters (fuzzy hyperboxes) that belong to the same
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class together. Fuzzy ARTRON employs a conventional simple perceptron with linear
graded units as the neuron structure in this layer. (A node with a linear integration func-
tion and a graded activation function is called a linear graded unit.) The following linear
integration function f and unipolar sigmoid function a are used, respectively, to combine
the outputs from the cluster nodes and to compute the output of a class node:

, (3)

and

(4)

where θk is the threshold of the kth class node, pj is the output of the jth cluster node, and
λ > 0 determines the steepness of the activation function a(f) near f = 0. As usual, the
threshold of each class node is treated as a weight connected to an input terminal perma-
nently clamped at –1 (Fig. 1). By applying the delta learning rule, this layer allows the
application of a variation of the conventional error back-propagation learning algorithm
to flexibly associate fuzzy hyperboxes with a desired class.

3. LEARNING ALGORITHMS

Fuzzy ARTRON employs a two-phase learning algorithm. First, an unsupervised
structure learning phase is employed to learn the network topology. This includes the
decision on the initial connection weights for all (uij, vij)’s and the number of fuzzy and
cluster nodes in the network by means of the fast-learning fuzzy ART mechanism. This
will create proper fuzzy hyperboxes in the input pattern space. Second, a supervised pa-
rameter learning phase is then applied to optimally regulate all the connection weights
for the desired outputs using the error back-propagation mechanism. This will associate
relevant hyperboxes with proper classes. The salient feature of this learning method is
that the cluster nodes, fuzzy nodes, and their connections all can be dynamically created
and optimized during structure and parameter learning.

3.1 Structure Learning Phase

We use the fast-learning fuzzy ART algorithm [1, 2] to initialize the parameters uij

and vij of the trapezoidal membership function for each fuzzy node. This is identical to
finding proper input-space fuzzy clusters or, more exactly, to making proper fuzzy hy-
perboxes in the input pattern space. Given a complement-coded input feature vector ΙΙΙΙ′,
the structure learning phase starts by applying a cluster choice function Tj given below to
each cluster node:

(5)
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Y j is the complement weight vector of the jth cluster node defined by
]}.1,[,],1,[,],1,{[ 11 njnjijijjjj vuvuvu −⋅⋅⋅−⋅⋅⋅−=Y ]},[,],,[,],,{[ 11 njnjijijjj vuvuvu LL is

the weight vector of layer 2 related to the cluster node j. Tj(.) calculates the similarity
between the input feature vector ΙΙΙΙ′ and the complement weight vector Yj. We are looking
for a cluster node that has the complement weight vector closest to ΙΙΙΙ′. This is identical to
looking for a fuzzy hyperbox to which ΙΙΙΙ = (i1, i2, …, in) could belong. Let the chosen
cluster node be indexed by J; i.e., the cluster node J has the largest choice value among
all the cluster nodes, or

TJ = max{ Tj : j = 1, …, q}, (6)

Now, this chosen cluster node is checked against the vigilance criterion using (7):

(7)

If it satisfies (7), resonance occurs and learning ensues. In this case, the complement
weight vector YJ of the fuzzy hyperbox J is updated according to the fast-learning rule
[1], i.e., .)()( old

J
new

J YIY ∧′= If the vigilance criterion is not met, mismatch reset occurs.
In this case, the largest choice value TJ is set to –1 for the remaining duration to prevent
persistent selection of the same cluster node during the subsequent search. Another clus-
ter node of index J is then chosen using (6). This search process continues until we find a
cluster node J that satisfies (7).

3.2 Parameter Learning Phase

With the basic structure learned in the structure learning phase, we are ready to do
parameter learning to adjust the weight of each connection by the error back-propagation
algorithm. The goal, as in traditional neural nets, is to minimize the following perform-
ance function:

where ok is the actual output of the kth class node, dk is the desired output of the kth class
node, and m is the number of class nodes. Let w be the adjustable weight on a connection.
The general learning rule would be

where η is the learning rate and α is the momentum parameter. In our experiments, α
was only used to update the connection weights in the class layer; that is, we set α to 0
for learning in the other layers. The following summarize the respective ∆w(t) in each
layer. The reader can find detailed derivations from [3]. Note that for the sake of clarity,
an architecture that involves only a single cluster node like Fig. 3 is used for explanation.
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4. EXPERIMENTS AND CONCLUSIONS

Three experiments were reported here to demonstrate the performance from various
viewpoints of Fuzzy ARTRON. They included the XOR problem, the IRIS plant classi-
fication [24], and the Heart Disease Database [24]. The simulation program was coded in
C and run on a PC. Each experiment was executed ten times, each time using a different
random data partition. Table1 summarzes the parameter settings for the experiments.

Table 1. Suggested parameter settings for the experiments.

ε ρ γ α η1 η2 η3
XOR 0.5 0.5 4 0.95 4.5 0.04 0.04
IRIS 0.5 0.946 37 0.95 0.95 0.04 10-5

Heart Disease 0.5 0.991 222 0.95 0.3 0.04 3*10-7

4.1 Experiment Results

4.1.1 XOR problem

The first example is the XOR problem. This example is the most famous one due to
its linear nonseparability. We used it here as a benchmark test to compare the perform-
ance of our model with the results of conventional back-propagation networks. Table 2
presents the results reported in [9] with respect to the number of training epochs and
TSSE (Total Sum of Squared Error). Clearly, Fuzzy ARTRON outperforms conventional
back-propagation networks.

Table 2. The XOR problem experimental results.

XOR Epochs TSSE
Conventional Back-propagation 320 0.063900

Fuzzy ARTRON 2-37 0.002254-0.045260
Fuzzy ARTRON (average) 18 0.015828

4.1.2 IRIS plants classification

The second example is the IRIS plant classification, created by R. A. Fisher. This is
one of the best known databases in the pattern recognition literature. The goal is to clas-
sify a set of IRIS flowers into 3 classes, Virginica, Setosa, and Versicolour, using 4 con-
tinuous features: the sepal length, sepal width, petal length, and petal width. This data set
contains 150 instances, 50 for each class. One class is linearly separable from the other
two, which are, however, linearly nonseparable from each other. The components of
each input vector were normalized within the interval [0, 1].

The purpose of this experiment is to evaluate the generalization ability of Fuzzy
ARTRON. We randomly picked 25 instances in each class for training and used the re-
maining instances for testing. Fuzzy ARTRON was constructed by the training set and
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then tested on the testing set. The instances were randomly permuted for generality. Ta-
ble 3 compares the performance of Fuzzy ARTRON with that of several other neural,
fuzzy, or traditional classifiers collected in [11, 13].

Table 3. Generalization capability experiment on the IRIS data set.

Technique No. of misclassifications
Bayes classifier 2

k-nearest neighbor 4
Fisher ratios 3
Ho-Kashyap 2

Fuzzy min-max network 2
SEART 0-6

ID3 6-16
Quick propagation 2-35

ssPPc 0-5
Fuzzy ARTRON 1-5

Fuzzy ARTRON(average) 2

4.1.3 Heart disease database

The Heart Disease Database was created by R. Detrano at the Cleveland Clinic
Foundation. It contains 76 attributes, but only 14 of them have been used in published
experiments. They contain 6 continuous and 8 discrete attributes. There are two classes:
healthy heart and diseased heart. The full data set includes 303 instances, which are
nearly equally divided between the two classes. We skipped the six instances that contain
missing feature values. The value of each feature was normalized within [0, 1].
Two-thirds of the instances were randomly selected as the training set with the rest used
for testing. Without losing generality, the instances were randomly permuted. Table 4
shows the results of classification compared with those obtained using some other tech-
niques [12, 13, 20]. Fuzzy ARTRON has superior success rates in both training and test-
ing sets using reasonable training epochs.

Table 4. The heart disease database experimental results.

Technique Training Epochs Training Set Correctness Test Set Correctness
ID3 100% 71.2%

Perceptron 769 63.1% 60.5%
Back-propagation 5000 96.0% 80.6%

FVGE 9.5 99.5% 81.2%
SEART 1 100% 73.1%

Fuzzy ARTRON 118-250 97.0%-98.5% 76.0%-87.0%
Fuzzy ARTRON

(average)
178 97.0% 83.0%
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5. CONCLUSIONS

We have described the general purpose classifier Fuzzy ARTRON, which employs a
learning method that combines unsupervised learning, i.e., the fast-learning fuzzy ART
procedure, and supervised learning, i.e., the error back-propagation learning scheme.
This design has many features. First, the fuzzy ART’s self-construction ability is able to
partition in a flexible manner the input feature space and then find a proper number of
hidden nodes. Specifically, fuzzy ART can self-generate the hidden nodes (cluster nodes)
and auto-initialize the connection weights of the fuzzy layer so as to reduce the possibil-
ity of falling into a local minimum. It can, thus, overcome the slow convergence rate
problem, which usually appears in conventional error back-propagation learning net-
works. In addition, the back-propagation mechanism’s generalization ability can help the
conventional fuzzy ART efficiently deal with linearly nonseparable problems. It also
enhances the weak generalization ability associated with fuzzy ARTMAP. Second, we
adopt fuzzy hyperboxes as in fuzzy ART to obtain better generalization ability compared
with the crisp hyperbox mechanism. Third, expert knowledge can be directly used in
forming the fuzzy ART part of Fuzzy ARTRON before learning, which reduces the
amount of learning effort required. After learning, the fuzzy ART part becomes an opti-
mized fuzzy rule base through pruning of the connections that have weak or insignificant
weights. According to the results of our experiments, Fuzzy ARTRON not only improves
the learning speed, alleviates the local minima problem and guarantees convergence, but
also exhibits high-quality classification and generalization capabilities in continuous,
discrete, linear, or nonlinear domains.
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