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We consider small depth boolean circuits with basis {AND, OR, NOT}. We ob-
tain lower bounds for the parity function using a relatively simple method. We prove
that for any depth 3 circuit with top fan-in t, computing the n-variable parity function

n-1

must have at least t2 t wires. Similarly, we obtain a lower bound for computing the
depth 4 circuits.
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1. INTRODUCTION

The goal of computational complexity isto measure the amount of resources needed
to perform certain computations. There has been great progress in finding upper
bounds (algorithms) for many problems. However, it is still very difficult to find lower
bounds for problems over general computational models, such as Turing machine or the
circuit model with a complete basis. Many key open problems in computer science and
related areas hinge on finding strong lower bounds.  For example, the Pv.s. NP problem
would be resolved if we could prove an exponential lower bound for any NP-complete
problem. While no method for proving lower bounds for general computational models
isin sight, there are some results for simpler and more restricted computational models,
such as small depth circuits, monotone circuits, etc.  Restricted models may enable usto
constrain the problem and achieve a clear analysis and derivation of strong lower bounds.
We hope that by studying the lower bounds for restricted models, we can help develop
useful tools for attacking problems involving more general models.

In this paper, we consider the depth 3 boolean circuit with basis {AND, OR, NOT},
where each level consists of the same type of gate, which can be achieved by adding a
small number of extragates. Without loss of generality, we can push the negation to the
input variables. Let AND, OR, AND be the top, middle and bottom gates, respectively.
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Fig. 1. Depth 3 circuit for PARITY withn=4.

For convenience, I1; is used to denote this type of depth-3 circuit. Fig. 1 shows aIl3
circuit that computes the 4-variable parity function. Here we measure the number of
edges that connect the gates. The edge measurement is well justified in VLS| design
since the communication edges consume a nsi lgnificant portion of the chip area. We prove

that the parity function requires at least t2 t edges, wheret isthetop fan-in. Note that
the same bound holds for OR-AND-OR circuits. This bound is interesting when t < Jn.
It is known that the depth-3 circuit size lower bound for PARITY isQ(2°®") [4]. In
the case of t<+/n,we get a large lower bound for the number of edges. The proof is
deterministic and very simple. Hopefully, with some extension of this method, we can
obtain more general lower bounds.

Small depth circuits have been studied by Ajtai [1], Furst et al [2]., Yao [7], Hastad
[3], Razborov [5], Somlensky [6], and Hastad et al. [4], in which superpolynomial and
exponential lower bounds on circuit size in terms of gate count were proved for parity
and mgjority functions. Our approach is different from the above. The result is based
on the property of the parity function. One magjor difference is that we prove exponen-
tial edge lower bounds by a simple counting argument, instead of size lower bounds and
by the probabilistic argument.

2. EDGE LOWER BOUND FOR THE DEPTH 3 CIRCUIT

Before we discuss the depth 3 circuit, we will warm up by looking at the complexity
of the depth 2 circuit for the parity function. Suppose the output is an OR-gate and
takes the outputs of AND-gates as inputs. We claim that the number of AND-gates for
the depth 2 circuit is 2™, which gives the exact bound for the depth 2 circuit. For the
n-variable parity function, there are 2™ inputs with odd parity. In the depth 2 circuit,
each AND-gate must have all the variables, negated or not, asinputs, i.e., each AND-gate
has n inputs; otherwise, there will be an even parity input that makes the AND-gate and
the output gate output 1. In other words, each AND-gate recognizes exactly one odd
parity input. Therefore, we need exactly 2™ AND-gates in the depth 2 circuit for the
n-variable parity function. Analogoudly, it is clear that this is also true for the case of
the AND-OR depth 2 circuit. Next, we will consider the depth 3 case.
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Theorem l1 Any depth 3 circuit computing the parity function with top fan-in t has at
least t2 ¢ edges.

Proof: Consider a IT; circuit that computes the parity function of n variables, where we
label the OR-gates from 1 to t and let 5 be the fan-in of the i-th OR-gate. Thus, the
third level AND-gates can be labeled with (i, j) for 1<i <tand 1 <j < 5. Moreover, let
Ajj, 1<i<tbetheset of 0-1 assignments that satisfies the (i, j)-th AND-gate. Note that
different Aj;’s may represent the same set.  This means that the fan-out of a bottom level
AND-gate can be greater than 1. Clearly A is determined by its input literals. For in-
stance, as shown in Fig. 1, A, = {0000, 0001, 0010, 0011} . Also, each sub-circuit rooted
by an OR-gate must have al variables, in negation or not, appear as inputs, otherwise,
the circuit would reject an input with odd parity. Observe that UjA;; is the set of 0-1
assignments satisfying the i-th OR sub-circuit.  Therefore, N, UL A isthe set of 0-1
assignments with odd parity. By the distributive rule, we know that the set is the union of
intersections of the formsn; A | ,where 1<|; <'s. Weclaim that|~, A |canbeO, 1 or an
even number. Thereason |sthat if al the (i, I;)-th AND gates haveall the n variables as
inputs, then|n; A, | must be O or 1, wheress if these AND gates do not have all the vari-
ables as their inputs, then |mi Al | is even. In the latter case, if the size of the intersection
is non-zero, then NjA;;; contains a 0-1 assignment of even parity.

Let X be an assignment with odd parity. Then for each 1 <i <t, there must be at
least one Ay such thatXe A, . Thus, Xe n;A . Based on the above observation,
we have that |, Al <1, where 1 < li<s. Intota, wehaveamosts; s, ... S intersec-
tions of Ajj's, WhICh must total at least 2 to guarantee that the circuit can compute the
parity function correctly. It is clear that the number of edges of the circuit is at least s; +

S+ ...+ &, whichisat leastt(s;s,.. s[) since the arithmetic mean is greater than or equa

to the geometric mean. Therefore the number of edges is at least t2 O . This com-
pletes the proof. (|

The above also holds for any depth 3 AND-OR-AND circuit that computes the par-
ity function correctly on at least €2™* odd parity inputs, where e isa constant and 0 < €
<1 Wecan summarizethisasfollows:

Corollary 2 Any depth 3 circuit with top fan-in t computing the parity function correctly
on at least €2™* odd parity inputs has at least & %tzﬂTf1 edges.

By applying aresult obtained by Héstad [3], we know that the top fan-in for the op-
timal depth 3 cricuit must be at least+/n, whichis proved as follows:;

Cor\/o_Hary 3 The optimal I1; circuit for the parity function must have a top fan-in of
Q(+/n).

Proof: It is known that PARITY can be computed by a depth 3 circuit of O(\/ﬁ 2 ) edges
[3]. With the above theorem, we havet2 © = O(+/n2'"). It followsthat t=Q(/n). QO
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Next, we will extend the depth 3 edge lower bound to the depth 4 OR-AND-
OR-AND circuit. For such a depth 4 circuit that computes the parity function correctly
with a top fan-in of m, we know that at least one of the m subcircuits rooted with
OR-gate must compute correctly on at least 2™/m odd parity inputs.  This gives an im-
mediate lower bound for the depth 4 circuit. By Corollary 2, the lower bound is

1 01
(2)tt’2" wheret' isthe smallest top fan-in among the depth 3 subcircuits.

3. CONCLUSIONS

In this note, we have proved thalt1 any depth 3 circuit computing the parity function

with atop fan-inof t hasat least t2 ¢ edges. This has been proved by means of asim-
ple counting argument. An obvious open question is: Can we apply this technique to
depth d (> 4) circuits and to circuits computing other boolean functions? So far, we
don’t know how to apply this technique to the majority function, and it is also not clear
how to keep the bound from diminishing as the depth increases.
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