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In this paper, the bottleneck dominating set problem and one of its variants, the bot-
tleneck independent dominating set problem, are considered. Let G(V, E, W) denote a
graph with n-vertex-set V and m-edge-set E, where each vertex v is associated with a real
cost W(v). Given any subset V“of V, the bottleneck cost of V“is defined as max{ \W(x) | x
e V}. Themagor task involves identifying a dominating set / independent dominating
set of G such that their bottleneck costs are minimized.

This paper first proposes an O(nlogn + m) time algorithm for solving the Bottleneck
Dominating Set problem on weighted general graphs using the binary search technique.
Second, an O(n) time algorithm is designed for the problem on weighted trees. Then,
we show that the situation is greatly different when the Bottleneck Independent Domi-
nating Set problem (the BIDS problem) is considered. This paper proves that the BIDS
problem is NP-hard on planar graphs and presents a linear-time optimal agorithm for the
BIDS problem on weighted interval graphs.

Keywords: bottleneck cost, dominating set, independent dominating set, tree, planar
graph, interval graph

1. INTRODUCTION

Suppose that G(V, E, W) represents a connected and undirected graph, where V is
the set of n vertices and E is the set of m edges, respectively. Meanwhile, each vertex v
is associated with a real cost W(v). During the last twenty-five years, the fast-
est-growing area of study within graph theory has been domination and some of its re-
lated problems [31, 32]. The authors in [31, 32] pointed out some real applications of
domination in graphs, e.g., radio station allocation, the maximal structurally equivalent
set in socia network theory, kernels in 2-person games, etc. From theoretical point of
view, the major goal of all these applicationsisto find a set H of verticesin G such that
every vertex in V - H must be adjacent to at least one vertex in H.  Since each vertex is
associated with areal cost, the most natural objective is to determine a set such that the
sum cost (total cost) is minimized. Many previous works have dealt with this research
issue [1-3, 5-7, 11-23, 30, 34, 37, 42, 44, 49].

In service facility location problems, besides minimizing the sum of the costs related
to building service facilities, another significant goal is to minimize the “largest cost” of
alocating these service facilities. This is very important if these facilities are invested
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by different investors. It is reasonable and natural to keep the largest amount invested
by the investors as small as possible. This cost is termed the bottleneck cost. Some
papers have considered bottleneck cost minimization on graph problems, e.g., the Bot-
tleneck Traveling Salesman Problem [10, 46], the Bottleneck k-Supplier Problem [35],
the Bottleneck Spanning Tree Problem and the Bottleneck Maximum Cardinality Match-
ing Problem [25], the Bottleneck Graph Partition Problem [36], etc. This paper exam-
ines the problem of finding dominating sets as well as variants with the minimum bottle-
neck costs on weighted graphs.

In the following, we will describe our problems in detail. Traditionally, a dominat-
ing set Q of agraph G(V, E) isasubset of Vinwhich each vertex v e (V —Q) is adjacent
to at least one vertex u € Q, i.e, (v, u) € E. Many types of dominating sets on graphs
have been proposed and studied over the years, such as connected dominating sets (where
the subgraph induced by Q is connected) [8, 33, 37, 52], independent dominating sets
(where Q isindependent, i.e., (u, v) ¢ E, for dl u, ve Q) [22, 23, 38, 41], total dominat-
ing sets (where there is no isolated vertex in Q) [6, 12, 39, 47, 48], and perfect dominat-
ing sets (where every vertex u e V —Q is adjacent to exact one vertex in Q) [42, 53, 54].
Most of these previous studies focused on finding a certain type of dominating set D such
that the sum cost of D is minimized. For any H < V, the bottleneck cost is defined as
max{ W(X) | xe H}. The two problems considered in this paper are defined below:

The Bottleneck Dominating Set problem (The BDS problem): Identify a dominating set
S ¢ V with the minimum bottleneck cost among all possible dominating sets of a
weighted graph G(V, E, W). Sdenotes an optimal solution of G.

The Bottleneck 1 ndependent Dominating Set problem (The BIDS problem): Identify an
independent dominating set (ID set) H < V with the minimum bottleneck cost among all
possible ID sets of aweighted graph G(V, E, W). H denotes an optimal solution of G.

Fig. 1 shows a graph with real costs on vertices. Examples of optimal solutions for
the above two problems are described in the following.

(1) For the BDS problem, the sets {a, e, f} and {c, d, f} are two dominating sets. The
set {a, e f} isadominating set with the minimum bottleneck cost, 3, since max{\Wa),
W(e), W(f)} =max{1, 1, 3} = 3.

(2) For the BIDS problem, the sets{c, f} and {a, f} aretwo ID sets. Theset{a, f} isan
ID set with the minimum bottleneck cost which is equal to 3.

al k9

el f, 3
Fig. 1. A graph with real costs on vertices.
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In this paper, we will first prove that the BDS problem can be solved in O(nlogn + m)
time on weighted general graphs using the binary search technique. Next, we will show
that the time-complexity can be reduced to O(n) if the input graphs are restricted on trees.
Then, we will give a very interesting result; the BIDS problem is NP-hard even though
the class of input graphs is restricted on planar graphs. After this, an O(n) time ago-
rithm for the BIDS problem on weighted interval graphs will be designed using the dy-
namic programming strategy [4, 45]. This strategy has been applied to solve some other
dominating set problems [44, 53]. The lower bounds of the BDS problem and the BIDS
problem are both O(n) because each vertex must be examined at least once in order to
obtain an optimal solution. Thus, both the algorithm for the BDS problem on weighted
trees and the algorithm for the BIDS problem on weighted interval graphs are
time-optimal.

2. THE BDSPROBLEM ON WEIGHTED GENERAL GRAPHS
To solve the BDS problem, a corresponding decision problem is defined.

The Bottleneck Dominating Set decision problem (The BDS decision problem): Given
an undirected and connected graph G(V, E, W) as well as a rea constant 1, determine
whether a dominating set S ¢ V exists such that the bottleneck cost of Sis less than or
equal ton.

For each x € V, define N(X) ={y | ye Vand (X, y) € E}. Thefollowing key lemma
is established.

Lemma 1. Suppose that v (G(V, E, W) and 1) is an instance for the BDS decision prob-
lem. Let V'={x | xe Vand W(x) <n}. Then, V—V’={x | xe Vand W(x) > n}.
The answer for yis'YES iff N(V) n V2 J, fordlve (V-V).

Proof. If the answer for y is‘YES', then this implies that a dominating set S exists such
that its bottleneck cost islessthan or equal tomn, i.e, Sc V. From this, we can directly
derivethat NV) n V'@, foralve (V-V").
On the other hand, consider the case in which N(v) nV’= &, forall ve (V-V’).
The set V’is a dominating set with a bottleneck cost less than or equal tom. Therefore,
the answer for y iscertainly ‘YES'.
[ |
Based on Lemma 1, we give the following algorithm for correctly solving the BDS
problem on weighted general graphs.

Algorithm BDS
Input:
A weighted graph G(V, E, W), inwhich V = {x, ..., X.}.

Output:
A dominating set Sof G such that the bottleneck cost of Sis minimized.
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M ethod:

Step 1. Sort the vertices of G into non-decreasing order using their costs as keys;
I* W(x) < ... <W(x,) after sorting. */

Step 2: Ib = 1; ub = n; /* lower bound and upper bound of theindices*/

Step 3: S=empty set;

Step 4: while (Ib < ub)

Step 5: mid = (Ib + ub) / 2;

Step 6: V7= {X1, ooy Xmic} s

Step 7: flag = Test-Neighbor(V?;

Step 8: if flag == TRUE

Step 9: {

Step 10: S=V4ub=mid- 1;
Step 11: }

Step 12: else

Step 13: Ib=mid+ 1,

Step 14: endif

Step 15: endwhile

Step 16: if (Sis not empty)
output S

Step 17: endif

End BDS

The output of the procedure Test-Neighbor(V”) isTRUE if V'=V or N(v) n V"= &,
for al ve (V—-V’). Otherwise, its return value is FALSE. First, we anayze its
time-complexity. For each x € V, suppose that N(x) = { X, ...,%,}. Define In(X) = j,,
i.e., In(x) isthe smallest index value of the verticesin N(x). Then, it is easy to prove that
N(V) N V7= @ iff In(v) > mid, for each v € (V — V”). Therefore, the procedure
Test-Neighbor(V’) can be conducted in O( V-V ) time if In(X) have been pre-computed,
foral xe V.

The following theorem can be established.

Theorem 1. The BDS problem can be solved in O(nlogn + m) time on weighted general
graphs.

Proof. Let T(n) denote the time-complexity of Algorithm BDS. Step 1 involves sorting
of n numbers, and its time-complexity is O(nlogn). Based on the above discussion, the
while loop from Step 4 to Step 15 can be performed in O(nlogn) time if In(x) has been
pre-computed, for all x e V. Computing al In(x) requires examining each edge once,
and the time-complexity of thistask is O(m).

Combining the above results, it is easy to verify that T(n) = O(nlogn + m).

3. AN O(n) TIME ALGORITHM FOR THE BDS PROBLEM
ON WEIGHTED TREES

Given atree T and any vertex r of T, this tree is denoted by T(r), i.e., r is the root.
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For any dominating set D of T(r), B(D) represents the bottleneck cost of D; that is, B(D)
can be expressed as max,.p{ W(V)}. For the sake of clear presentation, let d(r) denote
the value of the minimum bottleneck cost of all optimal solutions of the BDS problem on
T(r); i.e., 8(r) = min{ B(D) | D isadominati ng set of of T(r)}.

It is clear that an optimal solution of the BDS problem either includes the root r or
does not. This leads us to introduce the following two new related problems, (P;) and
(P,), which are in fact the original problem with additional constraints.

(P;) Find adominating set H with the minimum bottleneck cost under the additional con-
straint that r ¢ H.
(P,) Find a dominating set H with the minimum bottleneck cost under the additional con-
straint that r € H.

Let 8o(r) and d4(r) denote the minimum bottleneck costs of all optimal solutions of
both problems (P;) and (P;), respectively; i.e., do(r) = min{ (D) | r ¢ D and D isadomi-
nating set of T(r)} and 8,(r) = min{B(D) |re DandDisa dominating set of T(r)}.
Based on the definitions of the BDS problem and problems (P,) and (P,), the following
formula can be easily obtained:

&(r) = min{8y(r), 64(r)}. (3.1

Formula (3.1) implies that &(r) can be computed in constant time when 8q(r) and 8(r)
have been obtained.

First, consider the boundary case in which T(r) only consists of vertex r. In this
situation, {r} isthe only dominating set. Therefore, 3q(r) = oo, 8(r) = d1(r) = W(r) under
this boundary condition.

Another boundary case is the situation in which T(r) only consists of vertex r and its
children, say Xq, ..., X, K> 1; i.e., Xq, ..., X are al leaf vertices. Let H be any optimal
solution. If r € H, then xy, ..., X are dominated by r and o(r) > W(r). It is easy to
check that including any vertex in {x, ..., X} will lead to a solution with a bottleneck cost
greater than or equal to W(r). Thus, {r} isaready an optimal solution of problem (P,).
On the other hand, if r ¢ H, then {xq, ..., X} isthe only dominating set left in T(r).

Based upon the above discussion, the correctness of the following formulas for
computing do(r), 81(r), and 8(r) under this boundary condition can be easily verified:

Bo(r) = maX<isd W(X)}, 3.2)
8(r) = W), (33)
8(r) = min{8o(r), 84(r)} (3.4)

Second, consider a genera tree T(r). The vertex-set of T(r) is{r} U QU T U V',
where Q, T, and V' can be described as follows:

Q={yy, ..., Yo} (€ may be empty),
I'={xg, ..., X} ([ # D), and

AR}

A general tree T(r) isshown in Fig. 2.
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Fig. 2. A generd tree T(r), whereys, ..., yq are leaf children of r and T(x;) contains at least two ver-
tices,i=1, ...,k k=1

Now, consider problem (P, ), in which no feasible solution includesr. Examine the
set Q. Two situations can occur.

Casel. Q isnot empty.

All the vertices in Q must be included in any optimal solution according to the defi-
nition of dominating sets.  After that, r is dominated by al the verticesin Q. Therefore,
X1, ..., X can be either included or excluded. Let 60(')(r) denote the minimum bottleneck
cost of T(r) inthiscase. Then, the following formula can be easily derived:

80(r) = max{maxyeof WV}, 8(x2), .., 8(X), ., 8(X} (35

Casell. Qisempty.

In this case, an optimal solution must contain at least one vertex belonging to " in
order to dominater. Let 5,""(r) denote the minimum bottleneck cost of T(r) in this case.
The following formula can be easily derived:

8o"(r) = min{I1y, ..., I} where IT; = max{8(Xy), ..., 8(%.1), 81(%:), 8(Xis1), -.,0(X} -
(3.6)

Based on the discussion of the above two cases, dy(r) can be easily computed using
the following formula:

60([') - 50“)(!’),9;&@ (37)
M), Q=0.

Next, we will deal with problem (P,). If H is an optimal solution of problem (F,),
thenr € Hand d,(r) 2 W([r). If Qisnotempty, then it is easy to verify that including
any vertex in Q will lead to a solution with a bottleneck cost greater than or equal to W(r).
Meanwhile, the vertices in T can be either included or not included. Verifying the cor-
rectness of the following formulais a simple task when the optimal solutions of the BDS
problem on the subtrees T(x;), 1 < i < k, have been computed:
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d1(r) = max{W(r), 6(x1), 6(X2), ..., 6(%)} . (3.8

In the following, we will prove that the time-complexity of implementing the above
formulasisO(n). Firgt, the following lemmas need to be established.

Lemma 2. If the 2k values d,(x;) and 8(x), | = 1, ..., k, have been computed, then dy(r) can
be obtained in O(q + k) time for any subtree T(r) as shownin Fig. 2.

Proof. Formula (3.7) states that 8o(r) is equal to either 8,"(r) or 8'"(r). 8,"(r) can be
computed in O(q + K) time based on Formula (3.5). The remaining task is to prove that
80""(r) can be computed in O(K) time.

First, we can compute the largest value, maxval, and the second largest value, secval,
of thek values 8(x), i =1, ..., k, in O(K) time.

Next, the value 8,""(r) can be derived using aloop in O(k) time as follows:

8o"(r) = maxval; /* initialization */
loopi=1tok
maxval; = maxval;
if 8(x) = maxval then
if 81(x) = secval then

mxaval; = 61(X);
1* 81(%) isthe new maximumin {8(xy), ..., 8(X.1),
81(Xi), 8(Xi+1), .., O(XJ}. */
else

mxaval; = secval;
[* 31(x) isthe second largest in {6(x1), ..., 0(Xi.1),
81(Xi), 6(Xi+1), ..., (X}, SO IT; = the second largest in
{6(x1), -y 8(Xi1), 8(X), 8(Xi+1), -y (X} */
endif
dse/* 5(x) < maxval;;
if 81(x) = maxval then
maxval; = 81(X);
endif

/* Indeed, maxval; = IT; in Formula (3.6) */

8o"(r) = min{ 3"(r), maxval};
endloop. -

Lemma 3. For any internal vertex r, 84(r) can be computed in O(k + 1) time when the
values 6(x), L <i <k, areavailable.
Proof. Thislemma can be directly derived from Formula (3.8). [ |

From Lemma 2, Lemma 3, and the fact that d(r) can be computed in constant time
by simply comparing d¢(r) and d4(r) for any internal vertex r, we can easily conclude that
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the number of operations executed on each vertex is bounded by a constant.

Finally, an optimal solution can be identified by examining each vertex once from
the root r after (r) has been computed, and its time-complexity isalso O(n). Therefore,
the following main result can be established.

Theorem 2. The BDS problem can be solved in O(n) time on weighted trees.

4. THE BIDSPROBLEM ISNP-HARD ON PLANAR GRAPHS

This section will examine the complexity of the BIDS problem on planar graphs.
A graph G(V, E) is said to be planar if it is possible to draw G in the plane so that the
edges of G intersect only at end vertices [28]. Fig. 3 depicts an example of a planar

graph.

Fig. 3. An example of aplanar graph.

A graph G(V, E) is called a bipartite graph if V can be partitioned into two disjoint
sets X and Y such that both X and Y are independent sets[29]. A bipartite graph iscalled
acomplete-bipartite graph if (u,v) € E, foral ue Xandve Y. Intherest of this paper,
Kmn Will denote a complete-bipartite graph in which |X| =mand | Y| =n.

The following theorem states the necessary and sufficient conditions for testing the
planarity of graphs[29].

Theorem 3 (Kuratowski’s Theorem). A graph G is planar if and only if G contains no
subgraph homeomorphic with Ks (‘aclique with 5 vertices) or Kz 3.

To analyze the complexity of the BIDS problem, a decision problem corresponding
to the BIDS problem is defined.

The Bottleneck Independent Dominating Set decision problem (the BIDS decision
problem): Given an undirected and connected graph G(V, E, W) aswell as areal constant
1, determine whether an independent dominating set Sc V exists such that the bottleneck
cost of Sislessthan or equal ton.
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To simplify our proof and make it clearer, avariant of the BIDS decision problem is
introduced below.

The Constrained | ndependent Dominating Set decision problem (the CIDS decision
problem). Given an undirected and connected graph G(V, E) and a set of vertices V'c
V, determine whether or not there exists an independent set Sc (V — V”) which domi-
natesV’.

Now, the following lemmaiis established.

Lemma 4. The BIDS decision problem is polynomially equivalent to the CIDS decision
problem.

Proof. First, we will prove that the BIDS decision problem can be reduced to the CIDS
decision problem in polynomial time.

Let Ggips.decison(V, E) and the constant | comprise an instance of the BIDS decision
problem. The corresponding instance of the CIDS decision problem can be constructed
by setting V “as the set of the vertices with weights greater thanm in V.

Suppose that there exists an independent set Sc (V — V) which aso dominates V*
in the CIDS decision problem. There are two cases to be considered.

Casel.S=V-V’
Inthiscase, itistrivial that Sisalso an independent dominating set of the graph, and
that the bottleneck cost of Smust be less than or equal ton.

Casell.Sc V-V’

In this situation, the set Q = (V- V’=9) isnot empty. Now, let Q"= {v | ve Q
and (u,v) ¢ E,fordlue §;i.e, Q’isthe subset of Q inwhich (u, v) ¢ E, for al pairsu
e Sandve Q. If Q’isnot empty, then let H be any independent dominating set of Q.
Thismeans that H ¢ Q“and any vertex x e Q’—H must be adjacent to at least one vertex
inH. Itiseasy to verify that H can be found using a smple greedy algorithm, and that
the time-complexity is polynomial. If Q’is empty, then set H to beempty. Itiseasy to
check that Su H is an independent dominating set of the BIDS decision problem where
the bottleneck cost is less than or equal ton.

From the above two cases, we can conclude that if the CIDS decision problem can
be solved in polynomia time, then the BIDS decision problem can aso be solved in
polynomial time.

The next required task is to prove that the CIDS decision problem can be reduced to
the BIDS decision problem in polynomial time.

The corresponding input of the BIDS decision problem can be obtained from an in-
stance of the CIDS decision problem in the following way.

1. Set afunction Wwhich maps V to real values as follows:
W(v) =2, fordlve Vi
W) =1, fordlve (V-V).
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2.Letn = 1.5.

Sincen = 1.5, if S={xy, ..., X} isasolution of the BIDS decision problem, then
W(x)=1,foralj=1,..,q Itisclearthat Sc (V—-V~) and Salso comprises a solution
of the CIDS decision problem. Therefore, if the BIDS decision problem can be solved
in polynomial time, then the CIDS decision problem can also be solved in polynomial
time.

Based on the above two polynomial time reductions, a solution for the BIDS deci-
sion problem can be easily obtained from a solution of the corresponding CIDS decision
problem in polynomial time, and vice versa. Therefore, these two problems are poly-
nomially equivalent.

[ |

Now, the task of proving that the BIDS decision problem is NP-complete [26] is
equivalent to the task of showing that the CIDS decision problem is NP-complete. First, a
known NP-complete problem is introduced [26].

The Planar Three Satisfiability problem (the P3SAT problem). Given a set C of Boo-
lean clauses in the conjunctive normal form over a set U of variables, determine whether
the given Boolean formulais satisfiable or not under the following constraints:
(1) Each clause contains at most three literals.
(2) The bipartite graph G®(V®, E®), where V® = U U C and E® contains exactly those pairs
{u, ¢} suchthat either u or U belongsto the clausec, is planar.
Now, the following lemma s established.

Lemma 5. The CIDS decision problem is NP-complete on planar graphs.

Proof. We will first show that the CIDS decision problem belongs to the NP class of
problems by designing an NP algorithm for it as follows:

Algorithm NP_CIDS decision

Input:
An undirected graph G(V, E) and a subset H of V.

Output:
‘YES' if an independent set Sc (V — H) which dominates H exists, and ‘NO’, oth-
erwise.

Guessing Phase:
Let (V_H) = {yll LRRS ] yZ}:
forj« 1toz
bj = choice({0,1}); /* by = 1iff y; is selected. */
endfor
s={y | b=1};
Checking Phase:
for each pairu,ve S
if (uv)e E
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return ‘NO’;
endif
endfor
for eechue H
if N(u) N (V—H) isan empty set
return ‘NO’;
endif
endfor
return ‘YES';

End NP_CIDS decision

It is a simple matter to show that the Checking Phase of the above algorithm can be
completed in polynomial time with respect to n and m.  This means that the CIDS deci-
sion problem belongs to the NP class of problems.

We will now show that the P3SAT problem can be reduced to the CIDS decision
problem on planar graphs in polynomial time. Suppose that there is an instance of the
P3SAT problem with the h variable-set U = {u,, ..., uy} and r clause-set C = {c,, ..., ¢}.
The bipartite graph G*(V®, E®), where V? = U U C and E® contains exactly the pairs {u;, ¢}
such that either u; or U; belongs to the clause ¢, is planar. Consider the graph
Geips.decison(V, E) constructed in the following way:

V={cy, ... &} U{Uy U} U{Up, . U},
E={(cs u) | cscontainsu} U{(c, u) | ¢ contains u}
u{(w, u) | 1<i<hy.

Indeed, the graph Geips.dedision(V, E) can be constructed from G®(V?, E®) as follows:

(1) Replace vertex u; with the edge (ui, u ), 1<i<h.
(2) For each pair ¢, and u;, the following three cases must be handled.

Casel. ¢, contains both u; and u, .
Add the edge (., u ).

Casell. ¢ contains only u.
Reserve the edge (¢, U).

Caselll. ¢ containsonly u . B
Remove the edge (c;, u;) and add the edge (c;, u; ).

It is easy to check that the graph Geipsdedison(V, E) contains no subgraph homeo-
morphic with Ks or K3 3. Therefore, it is also a planar graph according to the Kura-
towski’s Theorem.

The time-complexity of constructing Geips.dedision from G2 can be easily proved to be
polynomial. Now, let V'= {cy, ..., ¢}. Then, (V —=V’) = {uy, ..., Un, Uy, ..., Uy}.
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The goal of the CIDS decision problem is to determine whether there exists an inde-
pendent set Sc (V — V) which dominates V.

The remaining task isto show that there exists an independent set of (V —V”) which
dominates V’in G if and only if the given Boolean formulac; e ... e ¢, is satisfiable.

This figure assumes that c, contains both u; and u, .
Therefore, the edge (¢, U, ) is added.

Fig. 4. Construction of an input instance of the CIDS decision problem from an instance of the
P3SAT problem.

(1) Assume that there is an assignment satisfying the Boolean formula. Let u, = .. =
Yz, =TRUEand Uy =..= Uy, =FALSE, wherea +&=h. Then, 7 = wj, for any
iandj. LetS={u,, .., Yz, u,, .., U, } c(V-V’). Veifying that Sis an
independent set of (V — V), and that S dominates all of the verticesin V’isasimple
matter.

(2) Assume that Sc (V —V’) isan independent set, and that it also dominates V. Let Q
={u,, .., Uz, Uy, .. Uy, } bethe set of literals corresponding to S, oo + € < h.
Assign theliteralsin Q to be TRUE, i.e, assign U, =..= Uz, =Trueand Yw = ...
= Uy, = FALSE. All other literals (if they exist) can be assigned to be either
TRUE or FALSE. It is easy to ascertain that this assignment satisfies the given
Boolean formulais easy.

Based on the discussion so far, we can draw the following conclusion. There exists
an independent set in (V —V”) dominating V“in the planar graph Geips decision if @and only
if the given Boolean formula is satisfiable. Therefore, the CIDS decision problem is
NP-complete on planar graphs.

[ |

Consequently, the following theorem can be obtained.

Theorem 3. The BIDS problem is NP-hard on planar graphs.

5.AN O(n) TIME ALGORITHM FOR THE BIDSPROBLEM
ON WEIGHTED INTERVAL GRAPHS

This section deals with the BIDS problem on weighted interval graphs. A graph



BOTTLENECK DOMINATION AND BOTTLENECK INDEPENDENT DOMINATION 323

G(V, E) iscaled an interval graph if its vertices can be put into a one-to-one correspon-
dence with a set F of intervals on the real line R so that two vertices are adjacent in G iff
their corresponding intervals have a nonempty intersection. F is called an intersection
model for G [28]. Fig. 5 and Fig. 6 show an interval graph and its intersection model,
respectively.

In the rest of this paper, a highly effective tree structure, called a clique path, will
serve to represent any interval graph [9, 15, 27]. In [27], Gavril proposed the use of
clique trees to represent chordal graphs. Interval graphs form a subclass of the class of
chord graphs. Thus, we will first introduce chordal graphs. An edgeis achord of a cy-
cleif it connects any two nonconsecutive vertices of the cycle. A graph G is chordal iff
every cycle with length greater than three has a chord. Chordal graphs are intersection
graphs if the sets are restricted to subtrees of a tree [27]. In [27], Gavril also demon-
strated that the intersection models can be selected so that the nodes of the tree are al-
ways the maximal cliques of the origina graphs. Each vertex then corresponds to the
subtree consisting of exactly those cliques to which it belongs. Such an intersection
model is called a clique tree of the graph. If the intersection model is further restricted
such that the clique tree itself is a path, called a clique path, then it aso defines the class
of interval graphs [24, 40]. A clique tree of a chordal graph can be constructed in lin-
ear-time [51]. Fig. 7 shows the clique path of the interval graph shown in Fig. 5, where
Cy ..., C; are the maximal cliques of G.

Fig. 5. Aninterval graph G.

Suppose that the clique path of the input interval graph G has z cliques, Cy, ..., C,,
where C; denotes the jth clique from left to right in the clique path. Define that G < G
iff G stands to the left of C;. G4, is said to be the immediate successor of C; in this or-
dering scheme, for any 1 <j < z, and we will hereafter use the notation IS(C;) to denote
the immediate successor of C;. In addition, the index number of C; isjustj and is de-
noted by INDEX(C)). Ci; here represents the subpath of the clique path consisting of the
cliquesCi, Cisy, ..., G, foraliandj, 1<i<j<z

Fig. 6. Anintersection model F of the interval graph shownin Fig. 5.
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Each interval v can belong to more than one clique, say Cu, ..., Cv, , p> 1. Thefol-
lowing properties can be directly derived.

Property 1. For any interval v, if ve Cy, .., Cy,, p > 1, then these p cliques form a
subpath in the clique path.

Property 2. For any two maximal cliques C; and C; in the clique path, i # j, G - C; # &
and G —C; # J; i.e., C; can not contain C; and vice versa

Fig. 7. A cliquetree of the interval graph G shown in Fig. 5.

Assume that <L C(v), RC(v)> denotes the leftmost clique and the rightmost clique in
the subpath, respectively. If v only belongs to some clique C,, then <LC(v), RC(v)> =
<C,, C,>. InFig. 7, is belongsto four cliques, C,, Cs, C4, and Cs, and they form a sub-
path of the clique path. Therefore, <L C(is), RC(i5)> = <C,, Cs>. On the other hand,
<LC(i11), RC(i11)> = <C;, C7> becauseiy; only belongsto C;.

Table 1 illustrates <L C(v), RC(v)> for each vertex v of the interval graph shown in
Fig. 5. For any two vertices u and v, we define u < v iff RC(u) < RC(v) or (RC(u) =
RC(v) and LC(u) < LC(v)). InTablel,i; <..<iy. Without alossof generaity, the
vertices are assumed to be sorted according to this order in the rest of the paper.

Efficient algorithms exist for finding dominating sets [15, 49], path covering [50],
and Hamiltonian circuits [43] on interval graphs. In this section, we will design an O(n)
time algorithm for solving the BIDS problem on weighted interval graphs.

Table 1. The<LC(v), RC(v)> of all vertices of theinterval graph shown in Fig. 5.

Vertex v <LC(v), RC(v)> Vertex v <LC(v), RC(v)>
iy <Cy, Ci> iz <G4, Cs>
i2 <Cy, C> ig <Cs, Cs>
i3 <Cy, Cs> ig <GCs, Cp>
is <Cs Cp> i10 <Cg, Cr>
is <Cy Cs> i <C; Cr>
i <G, Cs>

Any vertex v is called a black vertex if v must be included in any optimal solution,
and v is called a white vertex if v must be excluded from any optimal solution. For any
pair s, hinwhich1<s<h<z let 8(Csp) be the bottleneck cost of al optimal solutions of
the BIDS problem on Cgy,; i.e., 8(Cs) = min{3(D) | Disan ID set of Csh, and B(D) isthe
bottleneck cost of D}, where for any two pairs of real numbers (a, b) and (c, d), (a, b) <
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(c,diff(a<c)or(a=candb<d),and(a, b) =(c, d)iff @=candb=d). Themain
objective of the BIDS problem isto compute 6(C; ,).

Since each node of the clique path corresponds to a maximal clique of the original
interval graph, at most one vertex in Cs can be black, 1 <s<z The following property
can be easily established.

Property 3. For each C,, if visablack vertex, then all verticesx e ((Csu ... U RC(V)) —
{Vv}) are dominated by v and they must be white.

Let us first consider node (clique) C;. Assumethat Q = C; n C,. By the defini-
tion of clique paths and Property 3, we can be sure that C; — Q must be nonempty.
Therefore, one of the vertices in C; must be black in order to dominate the vertices in
C;—Q. Thisimpliesthat the casein which al verticesin C; are white can not occur.

Let v betheonly black vertex in C,.  Assume that C; is the immediate successor of
RC(v). LetH=RC(v) N C. Basedon Property 3,in C,,, dl verticesin H are domi-
nated by v.. Thisimplies that all verticesin H can be “ignored” when we consider C;,
intheremaining steps. Meanwhile, it is easy to verify that LC(y) = C, for al ye C,—H.
Therefore, we refine the original BIDS problem to obtain a more general problem on C;,
asfollows:

(Pr) For any C;, and agiven Rc C,, in which LC(y) = C,, and for dl y e C;—R, find an
ID set with the minimum bottleneck cost on C;, such that all vertices in R can be “ig-
nored.”

It is easy to verify that the original BIDS problem on C,, is just a special case of
problem (Pr), in which Ris an empty set.

Let 0r{(C;2) be the minimum bottleneck cost of problem (Pg) on C;,. After solving
problem (Pr) on C;, in which t = INDEX(IS(RC(V))) and R is given as RC(V)) N
IS(RC(V)), for eachv' € Cy, we can easily derive the following formula.

8(Cy) = minvieol{max{W(v*), 3r(C:i)}}, wherefor eachv' € Cy;,t = INDEX
(IS(RC(V))) and Risthe set RC(V') N IS(RC(V")). (5.1)

The remaining task is to solve problem (Pg) on C; ,, t > 1, for some given R c C.
The following lemmais established.

Lemma 6. Consider problem (Pr) on C;,, t > 1. If (C; = R) n Ciiq # &, then there must
exist a black vertex in (C; — R) in order to dominate the vertices in (C; — Ci.q). Other-
wise, the problem becomes equivalent to problem (Pg) on Ci.1 ., Wwhere Q = R Cig.

Proof. If (C;—R) n Ci.y # G, thenthereexistsue C,—R, but u¢ C.y. Therefore, there
must be one black vertex in (C; — R) in this case.

The other case implies that (C; — R) ¢ C.y. Therefore, the problem becomes
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equivalent to problem (Pg) on Cuq, Where Q = RN Cug.
[ |
Based on Lemma 6 and using the similar reasoning in Formula (5.1), the following
formulas can be obtained:

Sr(Cip) = minu*e(q_R) { max{ W(u"), 3o(Cy )1}, if (Ci—R) N Ciy # &, where for

eachu e (C;—R), y= INDEX(IS(RC(u"))) and Q isthe set RC(u’) N IS(RC(U"));
(5.2)

Or(Ct2) = 80{(Ci+1,9), if (Ci—R) < Cpu1.
(5.3)

The boundary conditions of the problem occur when the interval graph only contains
the maximal clique C,. Verifying the correctness of the following two formulas is a
simple matter:

3(C) = mi”v*ec {W(U)},
(5.4)

Sr(C) = minu* {W(U)}, for any nonempty set R c C,. (5.5)

€(C,-R)

Based on the computational results obtained so far, the following algorithm can be
designed for solving the BIDS problem on weighted interval graphs using the dynamic
programming strategy.

Algorithm BIDS Interval_Graphs
/* The BIDS problem on aweighted interval graph. */
Input:

The clique path C, ; of theinterval graph G.
Output:

Thevalue §(C, ).
Method:

ifz=1

{

delta= mi Nyec, {WU)};

return(delta);
}
endif
delta = oo;
for eachv e C,do
t = INDEX(IS(RC(V)));
R=RC(V) N IS(RC(V));
delta P_R_prime=BIDS P_R_prime(t, 2);
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if max(W(v'), delta P_R_prime) < delta
delta= max(W(v'), delta P_R_prime);
endif
endfor
return(delta);

End BIDS Interval_Graph

Algorithm BIDS P_R_prime
/* The problem (Pg) on C;,. */
Input:

The clique path C, , of the interval graph G.

Output:

The value 6r(C: ).

M ethod:

ift=z  /|Rl =|C,| —1.%/
{
delta P R _prime=W(U'); /* u” istheonly vertex in C,— R. */
return(delta_ P_R_prime);
}
endif
if (Ci—R) N Cyy isnot empty
for eachu e (G —R)
y = INDEX(IS(RC(U))):
Q=RC(U) N IS(RC(U));
delta P Q prime=BIDS P R prime(y, 2);
if max(W(u'), delta_ P_Q prime) < delta P_R_prime
delta P_R_prime = max(W(v'), delta P_Q_prime);
endif
endfor
ese
{
Q=RnN Cuy;
delta P_R_prime=BIDS P_Q_prime(t + 1, 2);
}
endif
return(delta P_R_prime);

End BIDS P_R_prime
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The time-complexity of the above algorithm is analyzed in the following. Let T(Pr,

C. ) represent the time-complexity for solving problem (Pg) on interval graph C;, and let
T(BIDS, C,,) denote the time-complexity of the proposed algorithm. Summarizing the
results obtained so far, the following formulas can be easily derived:

T(BIDS, Ciz) =3 MUGCEE where for each V' e Cj, t = INDEX

(IS(RC(V))) and Risthe set RC(V') N IS(RC(V'));

(5.6)



328 WILLIAM CHUNG-KUNG YEN

TP CA =Y (T(Py.C,,) +D+T(P.,C,,,) Whereforeachu’ e (C—R),y

= INDEX(IS(RC(u"))), and Q isthe set RC(u') N IS(RC(U)), and F = RN Ci1.
(5.7)

Finaly, Formula (5.4) and (5.5) for the boundary condition yield the following for-
mula:

T(BIDS, C) = ZRCCZT(PR"Cz) =0(C,|) (5.8)

It is easy to ascertain that for each vertex v, we only need to examine it and LC(V)
and RC(v) a set number of times. Thisimpliesthat T(BIDS, C,,) = O(n), where n isthe
number of vertices of the input interval graph.

Theorem 4. The BIDS problem can be solved in O(n) time on weighted interval graphs.

6. CONCLUSIONS

The problem of finding a dominating set with the minimum sum cost on weighted
graphs is a well-known NP-hard problem. In this paper, we have derived a very inter-
esting and meaningful result stating that the problem is solvable in O(nlogn + m) time if
the cost considered is the bottleneck cost. The time-complexity can be reduced to O(n)
if the input graph is dways atree. However, the NP-hardness property remains when
we restrict the outputs to independent dominating sets. In addition, an O(n)
time-optimal algorithm for the BIDS problem on weighted interval graphs has been pro-
posed which employs the dynamic programming strategy.

In the future, the approach taken in this study can be easily applied to solve the BDS
problem and the BIDS problem on other classes of graphs, such as block graphs and
two-terminal series-parallel graphs.  Study of the complexities of finding other types of
dominating sets, e.g., perfect dominating sets and connected dominating set, with mini-
mum bottleneck costs on weighted graphs is another important research direction, as is
determining the relationships between bottleneck problems and summation problems on
weighted graphs.
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