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In this paper, a novel method, called the fuzzy-based approach, for mesh simplifica-
tionispresented. Wefirst propose the fuzzy position uncertainty function and the fuzzy
curvature uncertainty function for, respectively, measuring the variation of the surface
position and the variation of the surface curvature while meshes are simplified. We then
utilize the TSK fuzzy inference model, which integrates and balances the fuzzy position
uncertainty and the fuzzy curvature uncertainty, to determine the cost as a criterion for
removing a portion of a mesh in the simplification process. Experimental results show
that our approach can produce good approximations that preserve the features of a
model.
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fuzzy inference model

1. INTRODUCTION

The mesh simplification technique provides a way to generate smpler versions of a
model. Naturally, we would like to take a highly detailed polygona model as input and
automatically generate a good low-polygon approximation of the original as output. To
achieve this goal, mesh simplification is necessary.

Mesh simplification has been intensively researched in recent years. Hoppe et al.
[5, 6] proposed the edge collapse technique for forming progressive meshes and
presented an approach to minimizing an energy function that measures the competing
desires of conciseness of representation and fidelity to the data.  Algorri and Schmitt [1]
presented an approach that evaluates the length of an edge as the cost and selecting the
shortest edge for edge collapsing at each step. Garland and Heckbert [3] presented
quadric error metrics for surface simplification to maintain surface error approximations
and used iterative contractions of vertex pairs to simplify models. Schroeder et a. [7]
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were first to propose an approach that iteratively selects a vertex for removal, removes all
adjacent faces, and re-triangulates the resulting hole.

The key to producing good approximations is to produce a simplification that will
cause the least variation of the model. If variations of surface attributes are poorly
measured and integrated, the features of the model, such as the legs in the spider model,
may disappear at high-polygon approximations. This will lead to the destruction of
features at low-polygon approximations or restriction of simplifying models further. In
this paper, we propose a fuzzy inference model for simplifying meshes since 1) fuzzy set
theory [4, 8-10] can model non-statistical imprecision and 2) the fuzzy inference model
can integrate the concepts of fuzzy sets, fuzzy if-then rules and fuzzy reasoning.

The rest of this paper is organized as follows. In section 2, we briefly describe the
TSK fuzzy inference model. In section 3, we present the fuzzy-based approach to mesh
simplification. Results are given in section 4. Finally, conclusions are drawn in section 5.

2. FUZZY INFERENCE MODEL
A fuzzy set Aisusualy defined as

HA(X): X —[0,1], (1)

where 4, isthe membership function indicating the membership grade of an element x
in the universal set X.

The TSK fuzzy inference model, as proposed by Takagi, Sugeno and Kang (TSK) [8,
9], uses atypical fuzzy if-then rule in the following form:

if xisAandyisBthenz=1(x,y), ()]

where X and y are input variables; A and B are fuzzy sets in the antecedent part; and zis
the output, which is a function of the input variables in the consequent part. Generally,
f(x, y) isapolynomial function of input variablesx andy. If multiple fuzzy if-then rules
are considered, then the final output is taken as the weighted average of each rule's out-
put. The weight of each fuzzy if-then rule is computed based on the minimum of the
membership grades of the input variables in the antecedent part.

Fig. 1 depicts an example of a two-rule two-input fuzzy inference model. The
fuzzy if-then rules are defined as follows:

Rule 1: if xisA; and yis B; then z; isfi(X, y);
Rule2: if xis A, and y is B, then z, isfx(X, ).

Here x and y are two input variables, and A, By, A, and B, are fuzzy sets. z and 2
are outputs of the two fuzzy if-then rules, respectively. fi(x, y) and fx(x, y) are functions
of input variablesx andy. The weights w; and w; of the two fuzzy if-then rules are cal-
culated based on the minimum of the membership grades of input variables x and y in
each antecedent part, respectively. The overall output z is taken as the weighted average
of each rule’s output.
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Fig. 1. An example of aTSK fuzzy inference model with two rules and two inputs.

3.MESH SIMPLIFICATION USING FUZZY-BASED APPROACHES

Without loss of generality, we assume that the polygona models consist of triangles
only. Basicaly, our approach is based on edge collapsing [5, 6]. Note that the pro-
posed approach can also be applied to other mesh simplifications algorithms that make
local, complexity-reducing simplifications, such as vertex decimation [7]. The basic
idea of edge collapsing is to simplify models through repeated use of the simple edge
collapse operation, depicted in Fig. 2. In this operation, two vertices v, and v; (the edge
VeV, are selected, and vsis collapsed onto v;.  In each step, the method first evaluates the
cost of each edge for collapsing and then selects the minimal cost edge for collapsing.

edge collapse
’ S ]
k ‘r e K Yy
Y Vs vy Vg

Fig. 2. Edge collapse operation.

We first use a fuzzy position uncertainty function and a fuzzy curvature uncertainty
function for, respectively, measuring the variation of the surface position and the vari-
ance of the surface curvature [2] of an edge before and after the edge collapse operation
is performed. We then utilize the TSK fuzzy inference model, which integrates and bal-
ances the fuzzy position uncertainty and the fuzzy curvature uncertainty, to determine the
cost of collapsing the edge.

We measure the variation of the surface position while meshes are simplified by
calculating the maximal value between the absolute values of the length of an edge adja-
cent to v before and after the edge collapse operation is performed. This maximal value
is called the fuzzy position uncertainty of the edge vev; when meshes are simplified. The
fuzzy position uncertainty function is defined as

V- position Vj * position - Vj * position

) (3)

=|v

s (Vo) = max 1|

t * position
VieV (vs) p
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where V(v;) of a vertex vsis a set of vertices adjacent to vs not including vsitself. For
example, see Fig. 2: here, the V(vs) contains the vertices vy, Vo, V3, V4 and v, For simplic-
ity, all computed fuzzy position uncertainties are normalized to [0, 1] in the edge collapse
algorithm in each step.

Let the vertices adjacent to vs be listed as a vertex chain C [w, Vi, Vo,..., V] in
counterclockwise order (n > 1); see Fig. 2, which illustrates the case where n = 4. We
evauate the variation of the surface curvature while models are smplified by computing
the absolute value of the difference between the minimal values of dot products of normal
vectors of triangles adjacent to vsbefore and after the collapse operation is performed.
This absolute value is called the fuzzy curvature uncertainty of the edge vev; when meshes
aresimplified. The fuzzy curvature uncertainty function is defined as

:ucur (stt) = ‘f“qlip(vs){fi'norm : fj'norma] }_ min {fi'norrral ' fj'normaj }(1 (4)

fi,1,eT(C)

where the set T(v;) of vsis aset of triangles adjacent to vs and the set T(C) of Cis a set of
triangles formed by A vivivo, A V\Vovs,..., and A vv,1v,. An exampleis shown in Fig.
2. Theset T(vs) contains aset of triangles A VeviVo, A VeVoVs, A VVaVi, A VeVaveand A
Vavvi. The set T(C) consists of a set of triangles A vivivo, A Vivovs and A v, For
simplicity, all computed fuzzy curvature uncertainties are normalized to [0, 1] in the edge
collapse algorithm in each step.

Let LARGE and SMALL be two fuzzy sets on [0, 1] used to characterize the fuzzy
position uncertainty, and let ROUGH and SMOOTH be two fuzzy sets on [0, 1] used to
characterize the fuzzy curvature uncertainty. For fuzzy-based approaches to mesh sim-
plification, the TSK fuzzy if-then rules are defined as follows:

Rule 1: if XisLARGE andy isROUGH then z; is x™y% ;
Rule2: if XisLARGE andy is SMOOTH then z is xPy% ;
Rule 3: if XisSMALL andy isROUGH then z; is x"y%;
Rule4: if XisSMALL and y is SMOOTH then zyis xPy% .

Here x is the fuzzy position uncertainty and y is the fuzzy curvature uncertainty.
The functions z, 2, zz and z, are outputs of the four fuzzy if-then rules, respectively, rep-
resenting the cost of collapsing an edge in each step. p; and g; are parameters for deter-
mining the cost of collapsing an edge.

The weights wy, W,, Ws and w, of the four fuzzy if-then rules are calculated based on
the minimum of the membership grades of input variables x and y in each antecedent part,
respectively. The overall system output z used as the cost of collapsing an edge is com-
puted using the weighted average of each rule' s output as follows:

S o W2 W2, + WoZs + W2, (5)
W, + W, + W, + W,
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Thereafter, it is compared with other outputs of other edges for carrying out edge
collapsing in each step. That is, the algorithm sorts al edges according to their costs
and selects the edge with the minimal collapsing cost in each step.

4. RESULTS

Our experimental platform is a PC with an Intel® Pentium® Il 733MHz CPU and
256 Mbytes of memory running the Microsoft® Windows 2000 Professional OS.

The Sfunction [4] is a valuable tool for defining a fuzzy set which encodes words
like “tall” and “large”. We apply the Sfunction to define the fuzzy sets LARGE,
SVIALL, ROUGH and SMOOTH. The membership functions of LARGE and ROUGH
are defined as §(x; 0,1), and the membership functions of SMALL and SMOOTH are de-
fined as 1-9(x; O, 1), respectively. The functions §(x; 0, 1) and 1-S(x; 0, 1) are shown in
Fig. 3.

1 1-5(x;0,1) 5(x;0,1)

05

0 + X
0 0.5 1

Fig. 3. The functions §x;0,1) and 1-(x;0,1).

It is difficult to determine the best parameters p; and g..  Usually, they can be ob-
tained by using heuristics as long as they can appropriately describe the output result.
Since x (the fuzzy position uncertainty) and y (the fuzzy curvature uncertainty) are nor-
malized to [0, 1], the smaller the values of p; and gj, the higher the cost of edge collapsing;
and the larger the values of p; and g;, the lower the cost of edge collapsing. The pa-
rameters p; and q; are, respectively, assigned to be 0.2 and 0.2, indicating that the cost of
edge collapsing is high; the parameters p, and g, are, respectively, assigned to be 2 and 2,
indicating that the cost of edge collapsing is dightly less; the parameters ps and gz are,
respectively, assigned to be 0.5 and 0.5, indicating that the cost of edge collapsing is
dlightly higher; the parameters p; and g, are, respectively, assigned to be 5 and 5, indicat-
ing that the cost of edge collapsing is low.

We apply our approaches to the original porsche model with 10474 polygons. The
calculations take about 3.87 seconds. Figs. 4(a)-4(d) show the resulting images of a
sample sequence of approximations generated by our approach for the porsche model.
Fig. 4(a) shows the original porsche model, and Figs. 4(b)-4(d) show the simplifications
with 5226, 2594 and 1286 polygons, respectively. Fig. 4(b) shows one simplification
(50%) of the original porsche model. In this approximation, the major details of the
tires and the antenna have been preserved. Fig. 4(c) is another approximation (25%) of
the original porsche model. In this case, the details of the tires have been preserved, but
the details of the antenna have disappeared. Fig. 4(d) is another simplification (12%) of
the original porsche model. In this simplification, the details of the tires and the antenna
of the porsche model have disappeared, but the basic structure of the porsche model is
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still preserved. We also test the foot bone model to compare the visual quality obtained
using our approach with that obtained using the previous method, evaluating the length of
an edge as the cost and selecting the shortest edge for collapsing at each step when
meshes are simplified. Fig. 5(a) shows the original foot bones model with 4204 poly-
gons. Figs. 5(b) and 5(c) show the resulting simplifications with 976 polygons gener-
ated using our approach and the previous method, respectively. In this case, using our
approach, features such as the bone segments are preserved better than they are using the
previous method.

@ (b) (© (d)

Fig. 4(a). The original porsche model has 10474 polygons. Figs. 4(b)-4(d). The approximations
have 5226, 2594, and 1286 polygons, respectively.

@ (b) ©

Fig. 5(a). The original foot bone model has 4204 polygons.  Figs. 5(b) and 5(c). The approxima-
tions with 976 polygons produced by our approach and the previous method, respectively.

5. CONCLUSIONS

A fuzzy-based mesh simplification approach has been studied in this work. With
the proposed approach, we can produce good approximations that can preserve the fea
tures of the original model. The proposed approach is not limited to two surface attrib-
utes and can be extended to m (m > 2) surface attributes, such as surface color [2]. Also,
the characterization of the variation of each attribute while models are simplified is not
limited to two fuzzy sets and can be extended to k (k > 2) fuzzy sets.
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