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This study investigated the application of genetic algorithms for solving a fuzzy
optimization problem that arises in business and economics. In this problem, a fuzzy
priceis determined using alinear or a quadratic fuzzy demand function as well as alinear
cost function. The objective is to find the optimal fuzzy profit, which is derived from
the fuzzy price and the fuzzy cost. The traditional methods for solving this problem are
(1) using the extension principle, and (2) using the interval arithmetic and o-cuts.
However, we argue that the traditional methods for solving this problem are too
restrictive to produce an optimal solution, and that an alternative approach is possibly
needed. We use genetic algorithms to obtain an approximate solution for this fuzzy
optimal profit problem without using the membership functions. We not only give
empirical examples to show the effectiveness of this approach, but also give theoretical
proofs to validate the correctness of the algorithm.  We conclude that genetic algorithms
can produce good approximate solutions when applied to solve fuzzy optimization
problems.
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1. INTRODUCTION

In this study, we investigated the application of genetic algorithms to solve a fuzzy
optimization problem that arises in business and economics. This problem is often
involved in the study of how changes in such variables as production or price will affect
other variables such as revenue or profit [4, 20, 21]. One problem instance is the fuzzy
optimal profit problem [20], which is briefly depicted as follows. In a monopolist market,
producers can control market prices and product quantities. The demand X for a certain
commodity is related to its price by a demand function P(x). This means that, as the
price increases, demand usually falls, and that as the price falls, demand rises. Since
revenue is egqual to the price per unit times the quantity sold, we can determine the
revenue received for selling x units of the commodity as R(x) = xP(x). The cost of
producing X units of a certain commodity is given by a cost function C(x) and the basic
relation between profit, revenue and cost is formulated as N(x) = R(x) —C(x). The
monopolist can thus easily obtain the maximum profit by doing some simple calculations.
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On the other hand, in a perfect competitive market, the demand x is no longer a fixed
value, even for the same price functionP(x). The price, of course, will fluctuate at any
time in order to reflect various conditions in the market. To dea with this kind of
imprecise data, fuzzy sets provide a powerful tool for modeling and solving the
optimization problem. Thus, this leads to the use of the fuzzy number X to represent
the fuzzy demand and the fuzzy profit. The optimal price can then be obtained using the
membership functions and the centroid of the fuzzy profit.

Nevertheless, the main issue in this problem is as follows. Consider a quadratic
algebraic expression ax +bx for a, b real parameters and where x is a rea variable.
Lety= N(a b, X) = ax®+bx. After substituting the triangular fuzzy numbersA ,and
X into ax? +bx for a, b, and x, respectively, we obtain the fuzzy setAX +BX. The
triangular fuzzy numbers are represented by A=(a- A, aa+A,), B= (b—w;,b,b+w,),
and X =(x—0,,X,x+0,) together with their membership functions u(a |A), u(b |B),
and u(x | X ), respectively. Accordingly, there are two major traditional methods for
evaluating the above fuzzy expression in the literature [2, 3]. The first method for
finding the value of AX?+BX involves using the extension principle. Let [I(a, b, X)
dgnote the minimum of x(a |A), x(b |B), and z(x | X ). Assumethat weset Y equal to
AX?+BX . Then the membership function for Y is defined by x (y |Y) = sup{ 77(a, b,
X) [IN(a, b,X) =y}. Tofind a~cutsof Y, let 47(0() {N(a,b,x) |ae A(a) b e B(e), X
€ X(a)}, 0< <1 Then we have &a) = Y(e). Alternatively, the second method
involves evaluating AX + BX using interval arithmetic and o~cuts.  For any triangular
fuzzy numbers A and B, the following operations hold:

I

1) (AB)® = Aa)B(a),ad
(@ (A*B)d = AQw) t B

l

ABandA + Barecomputed using the extension principle, and A(a) B(a) Al@)
+ B(a) are found using interval arithmetic. Let Z() = A(a) X(a) X(o) +
B(e) X(), for 0< ¢ < 1. We can see that Y(¢) is asubset of Z(¢). Obviously,
evaluating a fuzzy algebraic expression using interval arithmetic and o~cuts can produce
a larger fuzzy set than can evaluating using the extension principle. In addition, these
traditional methods for solving fuzzy equations are very often too restrictive to produce a
solution [3]. The other disadvantages, as noted in [7], are that solving fuzzy equationsis
very complicated due to the lack of inverse operators, and that the multiple occurrence of
parametersin an expression resultsin increased imprecision.

In this study, we applied a genetic algorithm to obtain an approximate solution to the
fuzzy optimal profit optimization problem. When genetic algorithms are applied to
solve this problem, the fuzzy equation computation requires no extension principle or
interval arithmetic and o~cuts. The genetic algorithm uses only the usua evolution.

Assume that X is an arbitrary fuzzy set on the interval [0, %], and that N(X) is a
fuzzy profit. In the genetic algorithm approach, we do not need to define the

membership functions of N(X). Instead, the interval [0,%] is equally divided into m

partitions. Let X; = j%,j =0, 1, ..., mbethe partition points. Let )A('(xj)z;zj €[0,1,
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j=0,1, ..., m bethe membership grade of X; in X. Thus, we obtain a discrete fuzzy

set i:(:uO'/Ull""uum)’ where ﬂj,j =0, 1, ..., m isarandom number in [0, 1]. In

~ a ~
other words, we wish to find X in [O’B] by maximizing N(X) via the genetic

algorithms.  However, we cannot maximize N(X) directly since it is a fuzzy set.
Instead, we can compute the centroid of the fuzzy profit for the maximization problem.
The centroid can be used as the fitness value for the evolution of the genetic algorithms.
Therefore, the objective is to simply find a vector X in [0, 1]™ that maximizes the
centroid.

This paper is organized as follows.  Section 2 deals with the optimal price for fuzzy
profit based on the linear and quadratic demand functions. First, we discuss the
traditional method for obtaining the optimal solution using fuzzy optimization and then
introduce problem discretization for the purpose of the genetic algorithm application to
obtain an approximate solution to this problem. In section 3, we design a genetic
algorithm for solving the fuzzy optimal profit problem. Section 4 gives two illustrative
examples. Section 5 discusses the main results of this work. Finally, we state our
conclusionsin section 6.

2.OPTIMAL PRICE FOR FUZZY PROFIT
2.1 Linear Demand Function

First, alinear demand function isintroduced. Assume that the linear function is
P(x)=a-bx,0< x<al/b 1)
and that the cost function is
C(X)=e+gx+ ke, x>0 )

where a,b,e g,k areknown positive numbers, b(a—g)<?2a(b+k),and g<a. The
profit function is defined by

N(x) = xP(x) - C(x) = —e+ (a—g)x— (b+k)x*, 0<x<alb. (©)]
In a monopolist market, the profit function is surely (3). Since N’(x) =a-g-2(b+k)x,
we havex = Z(ab_+gk) (=x"). According to the assumption that b(a - g) < 2a(b+k) , we

have x'e (0,2). Hence, the maximum profitis
b

N(X*)=N( b+ Jz—e+(a_g)2 : )
2(b+k) 4b+K)

a—P(x)
b
thesamepriceP(x). Asaresult, the demand x can be represented by the fuzzy number.

However, in a perfect competitive market, the demand x (= j will vary, even for
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2.2 Quadratic Demand Function
Next, consider the quadratic demand function.  Given the demand function
P(X) =a—-bx+cx?, 0< X< X, ©)

and the cost function C(x)=e+gx+kx?, x>0, (6)

where all variables a, b, ¢, d, €, g, and k are known positive numbers, the relations of this

quadratic function are
b—+/b? — 4ac

(1) If b?-4ac>0,thenset X = o

b
(2 If b?-4ac<0,thenset X =77 .

From (5) and (6), we have the profit function as follows:
N(X) =—e+(a— g)x— (O +K)x? +cx°, 0< X< X - (7)
Consider amonopolist market. By differentiating (7), we obtain the following equation:

N’(x) = (a—g) - 2(b+k)x+3cx?, 0<x<x. Themaximumisfound to be
3cx? —2(b+k)x+(a—g)=0. (8)

The discriminant for (8) is D, = (b+k)*-3c(a—g).

Case 1. 1t D, > 0, then (8) hastworroots, g, = 2¥K=VDi ang 4 _b+k+yD,.
3 3

We obtainN’(x) = 3c(x—d,)(x—d,) . Then, we have the following three possibilities:

(1) When 0<d; <dy<x., M N(x) = max(N(dy), N(x)) . (9)
(2) When 0<d;<x <d,, & NO)=N(d), (10)
(3) When x <d;<d,, & NOX=N() (11)

. N'(x) = 3e(x— 2052 5 0 g max N =N(x.)
Case 2. 1f D; =0, then = 2 and 2 : (12
Case 3. If D; < 0, then N'(X)>0VO<x<x and Mmax N(X) = N(x) . (13)

Assume that the optimal demand is x. Then the maximum profit is N(x”). Note
that in a monopolist market, the demand x is uniquely determined by the given price P(x).
However, in a perfect competitive market, the demand and the price do not necessary

-P
depend on the demand function. Therefore, the demand x (= 2 b(x)) will vary, even for

the same price P(x). Thisis a completely different interpretation of the demand x in a
competitive market compared with that in a monopolist market. As aresult, the demand
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should be represented using linguistic variables, such as “if the price is P(x), then the
demand isin the vicinity of x,” to obtain a reasonable description.

2.3 Traditional Fuzzy Methods

Obviously, the demand in a competitive market can be represented using the
triangular fuzzy number X. From (7), we obtain the fuzzy profit N(x) = - e+ (a-

g)X-(b+Kk) X%.Let N(X)=y.Then (3) becomes (b + k) x* —(a— g)x + e +y=0. (14)
From (14), we can see that D(y)=(a—g)>-4(b+k)(e+y)=0, if 0<y<N(x). If
D(y) > 0, then (14) has two roots, which are quadratic formulas, shown as follows:

r1()/)=<'st—51—\/D(y), rZ(y)za—gh/D(y). (15)
(b+Kk) 2(b+k)
Otherwise, if D(y) = 0, (14) has a duplicate root, then

a-g (16)
2(b+Kk)

n(y)=r(y)=

After applying the extension principle method, we obtain the membership function of the
fuzzy profit N(X) as

N®(Y) = sup K(x) = max[X(r (y)), X(r2(Y)],if0< y < N(x')| | (17)
y=N(x) 0 , otherwise

where the membership function of the triangular fuzzy number X is X(x) and the
membership function of the fuzzy profit N(X) is N(X)(y). Once we have N(X)(y),
the centroid of N(X), E(x), can be obtained using the following equation:

DO (18)

E(x) =2
§'CNR)(y)ay

Then the best solution of the fuzzy optimal profit problem is obtained.
Similarly, consider the quadratic function. After we apply the extension principle,

the membership function of N(X) is #n (V)= iug( )#;(X) if N%(y) # @. Note
xeN7Hy

that N(x) = y isacubic equation. Clearly, producing N~1(y) for acubic equation is not

an easy task. (see section 5.3.1 for a detailed discussion).

2.4 Genetic Algorithms Approach

The genetic algorithms approach is depicted as follows. Let the triangular fuzzy
number X = (X — Ag, X, X + Ay) be replaced by an arbitrary fuzzy set X inaninterval [0,
x:], where x- isdefined in (5) (see Fig. 1).
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A
1 —_—
2 X
ﬁz (x)
>
Xq =0 x, Xm = X X

Fig. 1. Fuzzy set X.

)&
The interval [0, %] is divided into m partitions, x; = jﬁ, wherej =0, 1, ..., mare
the partition points. Let the membership grade of X at x be )?(xj) =u,,j=01,...m
and 4;€[01. Then, adiscrete fuzzy set is obtained asfollows:

> _ Ho M Hm
- = 20, A, LM, 19
X = (Uos Myre M) o % %o (19)

From N(x)=vy, if esch N(x), k=0, 1, ..., m, is different, then the fuzzy profit is

defined by N(X)=N(ug, tyr tpm) = N‘(‘g S+ N/(’i St N‘(‘;" 1 (20)
0 1 m
m
2 N(Xj)
and the centroid is defined by g(N(X)) == . (21)
m
LH;
j=0

From (7), let N(x) = y; we obtain a cubic equation:

cx® = (b+Kk)x* +(a—g)x—(e+y)=0.
Assume that there are three roots for this equation. Let N(x; )= N(X;,) = N(x;,) = Yo,
where j, # j, # j;. According to the extension principle, we obtain  N(uq, t1,-.-:£in ) (Yo)

= 3 KO0 = ma(X (), X, ) X)) = max{ue e, 41 ]. g (20) becomes

max[u, 45, 45,] . The centroid of N(X) is 6(N(>?))=%, (22)
N(Xh)

where P= > pj+maX(ujy, 42, 4j3) and
i#iLj2,j3

Q= 2 N(xp)uj+ N )(max[pjy, iz, 43]) -
j#jLj2,j3

Let the centroid of the fuzzy profit N(X) = N(ug, ... 14) b€

O(N(X)) = centroidof N(ug, ty.-.. ) -
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Finally, a vector X is determined in [0, 1]™" (real numbers) in a population that
maximizes g(N(X)) by means of genetic algorithms.

3. DESIGNING A GENETICALGORITHM FOR SOLVING
THE FUZZY OPTIMAL PROFIT PROBLEM

Genetic algorithms are stochastic search techniques based on the principles and
mechanisms of natural genetics and selection [8, 15]. Genetic algorithms grew out of
Holland's [11] study on adaptation in artificial and natural systems. The basic concept
of genetic algorithms is that they start with a population of randomly generated
candidates and evolve towards better solutions by applying genetic operators, such as
crossover and mutation, modeled on natural genetic inheritance and Darwinian
survival-of-the-fittest [8, 15]. Therefore, genetic algorithms are theoretically and
empirically have been proven to process robust search capabilities in complex spaces,
thus offering a valid approach to problems requiring efficient and effective searching [6].

Genetic algorithms can be used to compute the membership functions of fuzzy sets
[12,13]. Given some functional mapping for a system, some membership functions and
their shapes are assumed for the various fuzzy variables defined for aproblem [16]. The
membership functions are coded as bit strings that are then concatenated. An evaluation
function is used to evaluate the fitness of each set of membership functions. There are
two possible ways to integrate fuzzy logic and genetic algorithms [9]. One involves the
application of genetic algorithms for solving optimization and search problems related to
fuzzy systems [1, 10, 17]. The other, is the use of fuzzy tools and fuzzy logic-based
techniques for modeling different genetic algorithm components and adapting genetic
algorithm control parameters, with the goal of improving performance [9, 14, 18, 19].
Now, agenetic algorithm for solving the fuzzy optimal profit problem is given below.

Sepl. Generate an initial population.
Aninitial population of size n is randomly generated from [0, 1]
uniform distribution in the closed interval [0,1]. Let the population be

m+1

according to the

Xi = (bt ntty) = Elo fhy 4Fin,
X X Xm
where j = 1, 2, ..., nand #j isaread number in [0, 1],i =0, 1, 2, ..., m. Each
individual X, inapopulation isachromosome.

Step 2. Calculate the fitness value for each chromosome. _
For each chromosome X ,j = 1,2, ..., n, the centroid O(N(X,)) iscaculated asthe

fitness value. The chromosomes in the population can be rated in terms of their fitness

values. Let the total fitness value of the population be T = 8(N(X,)). The cumulative

=1

k ~
fitness value (partial sum) for each chromosome, S.=> 0(N(X,)), k=1, 2, ..., n, is
=1

calculated. Next, intervalsl; =[0, S],1;=[S4,8],j=2,3,...,n=1,and |, =[S:1, S]]
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are constructed for the purpose of selection. In our implementation, a roulette wheel
approach [6, 8] is adopted as the selection mechanism.

Sep 3. Selection and reproduction.

Reproduction is a process in which each chromosome is copied according to the
selection process. The selection process begins with spinning of the roulette wheel n
times. Each time, asingle chromosome is selected from the current generation to create
anew generation. The selection processis as follows. Each time, a random number r
from the range [0, T] is generated. If r € 14, then chromosome )Zl is selected; otherwise,

the kth chromosome )?k,2< k<n, is selected if r € I, This selection process is

continued until the new population has been created. Finaly, the new population is

renamed Y;,Y,,Ys, ... in the order they were picked. The probability of selection for

O(N(X)))
T

each chromosome X,

w . Thus, this procedure tends to choose more X , with higher

such that it appears in the new population is , and its

expected valueisn
8(N(X,)) to go oninto the next population.

Sep 4. Perform crossover.

Crossover is the key to genetic algorithms' power. The purpose of crossover is to
generate rearrangements of coadapted groups of information from high performance
structures [8]. The crossover method used here is the one-point method, which
randomly selects one cut-point and exchanges the right parts of two parents to generate
offspring. Each pair (Y,,Y5), (Y3 Y1), ooy (Yo, Ya), where n is even, produces two
children via crossover. Let p bethe probability of acrossover, 0<p<1 Usudly, pis
between 0.6 and 0.9 [8], so we expect that, on average, 60% to 90% of the chromosomes
will undergo crossover. Consider two chromosomes, \71 and \72, for crossover. A
random number r is generated in the interval [0, 1]. If r < p, then crossover is
performed on \71 and \72 Otherwise, if r > p, the two chlldren Y, and Y, are
identical to their parents, Y1 and Y2 Suppose that crossover needs to be performed.
Another random integer number u is generated from the range [0, m — 1].  Assume that
u equals 3;_the two chromosomes Yl and \72 are cut after the fourth position, and the
offspring Y, and Yo are generated by exchanging the right parts of each chromosome.

Sep 5. Perform mutation.

Mutation is a background operator that produces random changes in various
chromosomes [6]. Mutation resets one randomly selected position to a real number in
[0, 1] or to zero with a probability equal to the mutation rate (see Examples in section 4).
Let g be the probability of amutation, 0<q< 1. Usualy qisavery small vaue, around
0.001 to 0.01 [8], so we expect that, on average, 0.1% to 1% of the total population will
undergo mutation. There are n x m positions in the whole population. We expect
0.001 n x mto 0.01 n x m mutations per generation. For example, consider chromosome
Y1._ Letw; bearandom number in [0, 1], 0<i<m. If w; <q, then the i+1th position
in Y1 is reset to a real random number in [0, 1] or to zero. After the mutation is
completed on the whole population, welet X; =Y/, j=1,2,...,n. Oneiteration of the
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genetic algorithm has been completed. Step 2 through step 5 is done K times, where K
is the maximum number of iterations.

Finally, the algorithm is terminated after K generations are produced. Let the last
population be X; X5,..., X . The centroid of each chromosome X}, 1<j<n,in

the last population must now be calculated. The maximum value of g(N(X)) isthe
best chromosome in the population, i.e., E@?(N(i?)) =6(N(X,)) for some k {1,
2, ..., n}. The best chromosome could be a sub-optimal or the optimal solution for the

problem. Let the best chromosome be Xy, = (uyo, fikg, s Mien) Mo Mo Him
X X Xm

If P(x)=a-bx +cx?, for each i, wherei = 0, 1, ..., m, are different values, then the
fuzzy price functionis

P(X})=a-bX} +cX2 = ko S+ Hia 5ot Hia 5 (23)
a—bxg+cxg a—bx +cxg a—bx, +cxg,
m 2 *
- - ) Z(a—bxl' +CXJ' ),Ukj
Therefore, the centroid of P(Xy) iS E(P(X})) =1 - (24)

m

3 i
j=0
Thisis an estimate of the maximal profit in the fuzzy sense.  In particular, if

*

Aii_, i of (23) will become M*Wki#i)
P(x)  P(x;) P(x)

P(x) = P(x;),i # j, then

In the following, two properties are given to show how good the final solution
obtained by genetic algorithmsis, and it is compared with the known crisp optimal value.

Property 1. The optimal value g(N()Z;)) obtained using genetic algorithms is less than
or equal to the crisp optimal value N(x™). Thatis, (N(Xy)) < N(x™).

Proof. For any discrete fuzzy set, X = (ug, ty, ., i) = 204 #1, Hm , wherex

Xo X Xm
€[0,x], w4 €[0,4.i=0 1, ... mitsfuzzy profitis N(X) = N(ug,uy, ..., 1) When
N(x), kK =0, 1, ..., m are different values, the centroid is obtained by
2 N(X))u;
e(N(i)):FOmi. Note that N(x™) is the crisp optimal solution (i.e. maximum
24
J:

profit). For each x € [0, %], ] = 1, 2, ..., m, we have N(x;)<SN(X"), o< j<m.
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' . <j< in ey O
Since 0< ;<1 and 0<j<m we obtain EON(X]_)Nj < N(x )Eo#j . Therefore,

O(N(X))<N(x"). Furthermore, for each N(x,), ] =0, 1, ..., m, if there exist three

identical values, €9-N(xj1) = N(Xj2) = N(xj3) j1# j2 # ja then from (22), the

centroid of  N(X) is oN(X) =2, where P= ¥ M +max(ug, Lo, Mj3) and
P i#i1,j2,j3
- N . . N . . . . ~ *k
Q j¢j],zjz,j3 (X +NOGMax[azjp, 2, 4531) - \We can see that AN(X)) S N(X ) -
Therefore, we obtain g(N(X)) < N(x™). Q.ED

Property 2. The search space for genetic algorithms includes the crisp optimal profit
solution. However, the probability that the value of g(N(X")) is equa to the crisp

vaue N(x") issmall.

Proof. The crisp optimal demand x~ isintheinterval [0, x]. When theinterval [0, x.]
X

is divided into m partitions, Xj = | j=0,1, ..., m we have the possibility that one of

bm’
the partition includes x™. Let X be x™,ie {0, 1, .., m. From (19), we have
)?=@+&+_.+ﬂ7m, where U, is a random number in [0, 1],j =0, 1, ... , m. We
Xo X1 Xm

can see that there is a possibility of having ;=0 for vj#i and 4 20. Thus, we

have X = Hi = H4i . From (21), we obtain N(0,..0,4,0,..,00 = _*4_ =
Xi X** N(Xi)
Hi__ . Then, the centroid g(N(0,...0,4,0...00 = N(x) is equa to N(x") .
N(X**)

Obvioudly, the genetic algorithm search space theoretically includes the crisp optimal
profit solution. However, the probability that the value of g(N(X)) equals the crisp

vaue N(x™) issmall. Q.E.D.

4. EMPIRICAL RESULTS

Two empirical examples are given below to illustrate the effectiveness of genetic
a gorithms when we applying them to solve the fuzzy optimal profit problem.

Example 1. The first instance is as follows: the price function, P(x) = 100 — 2x, 0 < x <

50; the cost function, C(x) = 10 + x; and the profit function, N(x) = xP(x) — C(x) = -10 +

99x — 2%, 0 < x < 50. Since N’(x)=99-4x =0, we obtain x = 24.75. Thus, the

optimal solutions for the crisp case are P(24.75) = 50.5 and N(24.75) = 1215.125. Now,
50

consider that the demand x isvague. Let m=10. We have X = kﬁ =5k, k=0,1, ...,

10, which means that ten partition points are given. Then, we obtain N(xg) = -10, N(xy)
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=435, N(xp) = 780, N(x3) = 1025, N(x4) = 1170, N(xs) = 1215, N(xs) = 1160, N(x;) = 1005,
N(xg) = 750, N(Xg) = 395, and N(xi9) = —-60. From (20) and (21), we have

10

;ON(Xj I3
N(X) = N(o, 1y, ... st3p) @nd the centroid (N (X))= . The estimated price

izoﬂj
10
_ D PO,
in the fuzzy sense is given by E(P(X)) = . The parameters for genetic
DM

j=0

agorithms are (1) the probability of a crossover p = 0.8 and (2) the probability of a
mutation q = 0.003. An essential feature of genetic algorithms when they are used to
solve the fuzzy optimal profit problem is their effectiveness in solving the fuzzy problem.
Two different approaches were taken in this study for the purpose of analyzing the
effectiveness of the algorithm.  The first approach was based on using the same number
of generations but with different population sizes. The second approach was based on
using the same population size but with different numbers of generations. Each
approach had five or six runs. In the first approach, the number of generations was
10000, and the population size for each run was 100, 200, 300, 400, and 500, respectively.
The best results for X obtained in five runs are shown in Fig. 2.  The partition points

x; are 5, 10, 15, 20, 25, ..., etc. We can see that the genetic algorithm was trying to

approximate )?(xj) =1.0for Xj = 20, 25, and 30, and )Z(xj):0.0 otherwise, where a

bell-shaped discrete fuzzy set was obtained. In these runs, one of the best solutions
obtained was X = (0.04, 0.02, 0.03, 0.21, 0.92, 0.98, 0.87, 0.06, 0.04, 0.03, 0.02) with
the largest value being g(N(X))= 1193.882 and the estimated price in the fuzzy sense

being E(P(X)) =50.64. A comparison of the above obtained result with that of the
crisp caseis 1193.882-1215.125=—1,7482% and 50.64-50.5=0.2737%.

1215.125 50.5
1
o
45 82 Omn 1
é 0.4 Emun?
g 02 Omn 3
0 o O (8 1] o I [ = o B, = S O 4
0 5 10 15 20 25 30 35 40 45 50 Wun 5
partition points

Fig. 2. A bell-shaped discrete fuzzy set obtained using the first approach. The number of
generations is 10000, and the population size in each run is 100, 200, 300, 400, and 500,
respectively.

As for the second approach, the population size was 200 in all six runs. The
number of generations in each run was 10,000, 12,000, 14,000, 16,000, 18,000, and
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20,000, respectively. The best results for X obtained in six runs are shown in Fig. 3.
Once again, the genetic algorithm was trying to approximate X(x;)=1.0 for X;j= 20, 25,
and 30, and X(x;)=0.0 otherwise, in these runs. Note that the curve for “run 6” shown
in Fig. 3 has a bell-shaped discrete fuzzy set with X (20)= 0.86, X (25)= 0.92, and
X (30)=0.58.

2 run 1
ﬁ 1 run 2
é 05 r / run 3
g O ! I I | run4
RS S A R run 5
partition points run 6

Fig. 3. A bell-shaped discrete fuzzy set was obtained from “run 6", which had a population size of
200 and 20,000 generations.

If we let the mutation reset one randomly selected position to zero (i.e. force the

membership grade to 0), the best result obtained in each run became X = (0.00, 0.00,
0.00, 0.00, 0.00, 0.80, 0.00, ..., 0.00). In this case, the maximum profit obtained by

genetic agorithms was the discrete fuzzy set X k = %: (where the membership grade
was 0.8 when x was 25) with an optimal value of 1215 and an estimated price of 50.

50
Since the partition points % =k75=5K k=0, 1, ..., 10 did not include the optimal

demand X = 24.75 (the nearest point was xs = 25.0), the best profit obtained by the
genetic algorithms was only 1215 (the optimal profit in the crisp case was 1215.125).
Finally, consider the situation when more partition points are given. Let m = 15.
The number of partition points was 15. Fig. 4 shows the membership curves obtained
from six runs based on using the same population size but different numbers of
generations. The number of generationsin each run was 10,000, 12,000, 14,000, 16,000,
18,000, and 20,000, respectively. All these curves are trying to approximate X(X;)=1.0
for Xj =233 and 26.7. Note that the curve from “run 6” has a bell-shaped discrete
fuzzy setwith X(20) =0.64, X(23.33) =0.86, X(26.67)=0.85 and X(30)=0.76.

[®N
= —runl
g 1 ™ —run 2
g Og 7——\ \// | | | | | R run 3
GE) O~ m O ~ m O ~ —run4
> N o o Y © run 5

© N M <
. . —run 6
partltlon pomts

Fig. 4. The bell-shaped discrete fuzzy set obtained from “run 6” using the second approach with 15
partition points.
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Example 2. The problem instance is as follows: the price function is a quadratic, P(X) =
101 — 10x + x%, 0 < x < 5; the cost function is C(x) = 10 + x, x> 0; and the profit function
isN(x) =10 + 100x —10x°+ x°, 0 < x< 5. Since b? — 4ac = 100 — 404 < 0, we have x =
10/2 = 5 and N’(x) =100-20x+2x* =2(x—5)*+50>0. In the crisp case of the
problem, when x = 5, the optimal solutions are P(5) = 76 and N(5) = 365. Now,

. . 5
consider that x isvague. Let m= 10; we have X, = kﬁ =05k, k=0,1,...,10. We

obtain N(xo) = -10, N(x,) = 37.625, N(x,) = 81, N(xs) = 120.875, N(xs) = 158, N(xs) =
193.125, N(xs) = 227, N(x;) = 260.375, N(xs) = 294, N(x;) = 328.625, and N(xy) = 365.

2N,
The centroid is g(N(X))==_———, and the optimal price in the fuzzy sense is
24
_ 2Py .
E(P(X)) == . The parameters and the two approaches used for genetic
Su
<

algorithms were all the same as in Example 1. The best results for X obtained in five
runs using the first approach with the same number of generations but with different
population sizes are shown in Fig. 5. The partition points x; are 0.5, 1.0, 1.5, 2.0,

25, ..., etc. We can see that the genetic agorithm was trying to approximate
)Z(Xj)zl.o for x;= 45, 5.0 and i(xj)=0.0 otherwise, where a half bell-shaped

discrete fuzzy set was obtained. In these runs, one of the best solutions obtained was X =
(0.001, 0.004, 0.007, 0.058, 0.038, 0.052, 0.062, 0.112, 0.070, 0.849, 0.982) with the
largest value being e(N()?)) = 359.367 and the estimated price in the fuzzy sense being

E(P(X)) =76.808. A comparison of the results obtained with that of the crisp caseis

359.3§g5—0365.o 100 = —1.5432%, and 76.8(;22 ~76.0__ 1009 = 1.0631%.

1 Orun 1
é‘ 82 Wrun?
5 0.
< 04 Orn 3
g 02 Orun 4
0 HErn S

0 05 1 15 2 25 3 35 4 45 5
partition points

Fig. 5. A half bell-shaped discrete fuzzy set obtained using the first approach.

For the second approach, using the same population size but with different numbers
of generations, the best results for X obtained from six runs are shown in Fig. 6.
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From Fig. 6, we can see that the genetic algorithm was trying to approximate
)Z(Xj)zl.o forXj= 45, 50 and X(xj)=0.0 otherwise, where a half bell-shaped
discrete fuzzy set was again obtained.  Once again, if we let the mutation reset one
randomly selected position to zero, the best result obtained in each run became X =
(0.00, 0.00, 0.00, ..., 0.00, 0.00, 0.915). In this case, the maximum profit obtained by the
. 0.915

genetic algorithms was the discrete fuzzy set X, = 5, (the membership grade was
0.915 when x was 5.0) with a value of 365.0.

—runl

2 1
= run 2
S 3
2os | fun
IS run 4
(O]
e 0 run 5

0 05 1 15 2 25 3 35 4 45 5 |——rmné

partition points

Fig. 6. A half bell-shaped discrete fuzzy set obtained using the second approach.

5. DISCUSSION

In this section, we will point out that our work has produced the following main
results based on the application of genetic algorithms to solve the fuzzy optimal profit
problem.

5.1 GeneticAlgorithms Can Find the Optimal Solution

As explained in Section 2, the crisp optimal demandx™, wasin (0,x.], and we can
take m as a suitable value to divide the interval (0,x.] into small partitions, i.e.
X j=0,1, ..., m According to Properties1 and 2, let X = x™ for somei
bm
€{0,1, 2, ..., m}. From (19), the random numbers (4,5, ..., 4, generated from the
interval [0, 1], should have a possibility of #; =0,Vj #i and u #0. Therefore, (19)

Xj:j

becomes X = (0...0,44.,0,..00 = 4 = H4  According to (20), we have
X X
N(,...0,4,0,.,0) = N(ﬂi**),where N(x™) is the crisp maximum profit. We conclude
X

that the search space for genetic agorithms includes the crisp optimal solution and crisp
near-optimal solutions.
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5.2 Mutation Srategies

In our implementation, two strategies are used to perform mutation in genetic
agorithms. Normally, we use Strategy 1. Strategy 1 resets one randomly selected
position to a real number in [0, 1] (sets the membership grade to the other valug). On
the other hand, Strategy 2 resets one randomly selected position in a chromosome to zero
(forces the membership grade to zero). Example 1 in Section 4 shows that Strategy 2
had in more likely than Strategy 1 to include the crisp optimal solution in its search space.
Empirical results show that the speed of convergence to the crisp optimal solution using
Strategy 2 was much faster than that achieved using Strategy 1.  The underlying theorem
for Strategy 2 is based on Property 1.

5.3 Comparison Between the Traditional Fuzzy Method and Genetic Algorithms

The major difference in obtaining the fuzzy optimal profit between using the
traditional fuzzy method [20, 21] and genetic algorithmsis stated as follows.

5.3.1 Using the extension principle method

As explained in Section 2, when the demand is fuzzified into a triangular fuzzy
number X = (X— 4, %, x+4y), 0< Ay <X, Ay >0, obviously, the fuzzy profit iSN(X).
By applying the extension principle method, we can obtain the membership function of

N(K), “n@ ) = z‘{?( )/‘i(x). Since N(x) = y is a cubic function, i.e., —e + (a —
xe y

g)x — (b + k) x* + o¢, it is difficult to obtain x = N7%(y). As aresult, the membership
function unx)(y) is difficult to obtain by applying the extension principle.
Furthermore, if we let the three roots of N(X) =y be ty(y), tx(y), and ts(y), then we can see

that A (Y) = supminfuz (4(Y)), uz(ta(¥), #x(ts(¥)], where

t—Xx+4,
Ay

X+A, -t
Aj

0 , otherwise

 X—Ap St X

Uz () XSES X+ A,

Obviously, it is also difficult to obtain #n(x)(Y) from the above equation. In this case,
the proposed genetic algorithm approach can be considered as an alternative way to find a
near optimal solution.

5.3.2 Using genetic algorithms

With the genetic algorithm approach, however, no specific fuzzy set is needed (i.e.
use of atriangular fuzzy number or other special fuzzy setsis not necessary). Initialy, a
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population of discrete fuzzy sets, X = Ho + A1+ .+ Hm,j=1,2 ..,nis
Xo X1 Xm

created based on the generation of random numbersin [0, 1]. After the completion of

the evolution by genetic algorithms, the best discrete fuzzy set in the population is X K =

Ho + Ha + ... +/‘im. The fuzzy profit is N(Xy) = Mo + Ha o+
Xo X Xm N(Xo) N(%)

+ #;m . After the centroid method is used for defuzzification, the estimated profit in
N (Xm)

~ SN )
the fuzzy senseis obtained: g(N(X,)) = =2 . Consider Example 2 in section
3
j=0
4. The crisp optimal solutions are P(5) = 76 and N(5) = 365. The best discrete fuzzy
10 ,Uj
set obtained from six runsis given in Fig. 6, represented by )Zk = EOZ. The fuzzy

10 u;
profitis N(Xy) = EOW;(J_), N(x)=0,j=1, ..., 10, and the centroid is g(N(X})) =

10
2N )uj
J=°107 = 359.367. In addition, the best discrete fuzzy set in the population when
A
j=0
using Strategy 2 is X, = 0915 ' The fuzzy profit is N(Xp) = 0915 - 0915
5.0 N(5.0) 365
and the centroid is g(N(X})) = 365x0.915 - 365,
0.915

6. CONCLUSIONS

This study has investigated the genetic agorithm approach to solving fuzzy
optimization equations without using the membership functions of fuzzy numbers.
When genetic algorithms are applied to solve fuzzy eguations, the computation uses
neither the extension principle nor the interval arithmetic and a-cuts.  The results of this
study may lead to the development of effective genetic algorithms for solving general
fuzzy optimization problems. In summary, the fuzzy concept of the proposed genetic
algorithm approach is different and gives aimost the same results as the traditional
methods.
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