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This study investigated the application of genetic algorithms for solving a fuzzy 

optimization problem that arises in business and economics.  In this problem, a fuzzy 
price is determined using a linear or a quadratic fuzzy demand function as well as a linear 
cost function.  The objective is to find the optimal fuzzy profit, which is derived from 
the fuzzy price and the fuzzy cost.  The traditional methods for solving this problem are 
(1) using the extension principle, and (2) using the interval arithmetic and α-cuts.  
However, we argue that the traditional methods for solving this problem are too 
restrictive to produce an optimal solution, and that an alternative approach is possibly 
needed.  We use genetic algorithms to obtain an approximate solution for this fuzzy 
optimal profit problem without using the membership functions.  We not only give 
empirical examples to show the effectiveness of this approach, but also give theoretical 
proofs to validate the correctness of the algorithm.  We conclude that genetic algorithms 
can produce good approximate solutions when applied to solve fuzzy optimization 
problems. 
 
Keywords: genetic algorithms, fuzzy sets, fuzzy numbers, fuzzy optimization profit 
problem, fuzzy demand 

1. INTRODUCTION 

In this study, we investigated the application of genetic algorithms to solve a fuzzy 
optimization problem that arises in business and economics.  This problem is often 
involved in the study of how changes in such variables as production or price will affect 
other variables such as revenue or profit [4, 20, 21].  One problem instance is the fuzzy 
optimal profit problem [20], which is briefly depicted as follows. In a monopolist market, 
producers can control market prices and product quantities.  The demand x for a certain 
commodity is related to its price by a demand function )(xP .  This means that, as the 
price increases, demand usually falls, and that as the price falls, demand rises. Since 
revenue is equal to the price per unit times the quantity sold, we can determine the 
revenue received for selling x units of the commodity as )()( xxPxR = .  The cost of 
producing x  units of a certain commodity is given by a cost function )(xC  and the basic 
relation between profit, revenue and cost is formulated as )()()( xCxRxN −= . The 
monopolist can thus easily obtain the maximum profit by doing some simple calculations.  
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On the other hand, in a perfect competitive market, the demand x is no longer a fixed 
value, even for the same price function )(xP .  The price, of course, will fluctuate at any 
time in order to reflect various conditions in the market.  To deal with this kind of 
imprecise data, fuzzy sets provide a powerful tool for modeling and solving the 
optimization problem.  Thus, this leads to the use of the fuzzy number x~  to represent 
the fuzzy demand and the fuzzy profit.  The optimal price can then be obtained using the 
membership functions and the centroid of the fuzzy profit. 

Nevertheless, the main issue in this problem is as follows.  Consider a quadratic 
algebraic expression bxax +2  for a, b real parameters and where x is a real variable.  
Let y = N(a, b, x) = bxax +2 .  After substituting the triangular fuzzy numbers A

~
, B

~
, and 

X
~  into bxax +2  for a, b, and x, respectively, we obtain the fuzzy set XBXA

~~~~ 2 + .  The 
triangular fuzzy numbers are represented by ),,(

~
21 ∆+∆−= aaaA , ),,(

~
21 wbbwbB +−= , 

and ),,(
~

21 δδ +−= xxxX  together with their membership functions µ(a | A
~

), µ(b | B
~

), 
and µ(x | X

~ ), respectively.  Accordingly, there are two major traditional methods for 
evaluating the above fuzzy expression in the literature [2, 3].  The first method for 
finding the value of XBXA

~~~~ 2 +  involves using the extension principle.  Let Π(a, b, x) 
denote the minimum of µ(a | A

~
), µ(b | B

~
), and µ(x | X

~ ).  Assume that we set Y
~

equal to 
XBXA
~~~~ 2 + .  Then the membership function for Y

~
is defined by µ (y |Y

~
) = sup{Π(a, b, 

x) | N(a, b, x) = y}.  To find α-cuts of Y
~ , let Φ(α) = {N(a, b, x) | a ∈ )(

~ αA , b ∈ )(
~ αB , x 

∈ X
~ (α)}, 0 ≤ α ≤ 1.  Then we have Φ(α) = )(

~ αY .  Alternatively, the second method 
involves evaluating XBXA

~~~~ 2 + using interval arithmetic and α-cuts.  For any triangular 
fuzzy numbers A

~
 and B

~
, the following operations hold: 

(1)  ( A
~

B
~

)(α)  = )(
~ αA )(

~ αB , and 

(2)  ( A
~

 ± B
~

)(α)  = )(
~ αA  ± )(

~ αB . 

 
A
~

B
~

and A
~

 ± B
~

are computed using the extension principle, and )(
~ αA )(

~ αB , )(
~ αA  

± )(
~ αB  are found using interval arithmetic.  Let )(

~ αZ  = )(
~ αA )(

~ αX )(
~ αX  + 

)(
~ αB )(

~ αX , for 0 ≤ α ≤ 1.  We can see that )(
~ αY  is a subset of )(

~ αZ .  Obviously, 
evaluating a fuzzy algebraic expression using interval arithmetic and α-cuts can produce 
a larger fuzzy set than can evaluating using the extension principle.  In addition, these 
traditional methods for solving fuzzy equations are very often too restrictive to produce a 
solution [3].  The other disadvantages, as noted in [7], are that solving fuzzy equations is 
very complicated due to the lack of inverse operators, and that the multiple occurrence of 
parameters in an expression results in increased imprecision. 

In this study, we applied a genetic algorithm to obtain an approximate solution to the 
fuzzy optimal profit optimization problem.  When genetic algorithms are applied to 
solve this problem, the fuzzy equation computation requires no extension principle or 
interval arithmetic and α-cuts.  The genetic algorithm uses only the usual evolution. 

Assume that X
~  is an arbitrary fuzzy set on the interval ] ,0[

b

a
, and that )

~
(XN  is a 

fuzzy profit.  In the genetic algorithm approach, we do not need to define the 

membership functions of )
~

(XN . Instead, the interval ] ,0[
b

a
 is equally divided into m 

partitions.  Let 
bm

a
jx j = , j = 0, 1, …, m be the partition points. Let ]1 ,0[)(

~ ∈= jjxX µ , 
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j = 0, 1, …, m, be the membership grade of jx in X
~ .  Thus, we obtain a discrete fuzzy 

set X
~ = ) ...., , ,( 10 mµµµ , where 

jµ , j = 0, 1, …, m, is a random number in [0, 1].  In 

other words, we wish to find X
~  in ] ,0[

b

a
 by maximizing )

~
(XN  via the genetic 

algorithms.  However, we cannot maximize )
~

(XN  directly since it is a fuzzy set.  

Instead, we can compute the centroid of the fuzzy profit for the maximization problem.  
The centroid can be used as the fitness value for the evolution of the genetic algorithms.  
Therefore, the objective is to simply find a vector X

~  in [0, 1]m+1 that maximizes the 
centroid.  

This paper is organized as follows.  Section 2 deals with the optimal price for fuzzy 
profit based on the linear and quadratic demand functions.  First, we discuss the 
traditional method for obtaining the optimal solution using fuzzy optimization and then 
introduce problem discretization for the purpose of the genetic algorithm application to 
obtain an approximate solution to this problem.  In section 3, we design a genetic 
algorithm for solving the fuzzy optimal profit problem.  Section 4 gives two illustrative 
examples.  Section 5 discusses the main results of this work.  Finally, we state our 
conclusions in section 6. 

2. OPTIMAL PRICE FOR FUZZY PROFIT 

2.1 Linear Demand Function 

First, a linear demand function is introduced.  Assume that the linear function is 

baxbxaxP /0 ,)( ≤≤−=                                           (1) 

and that the cost function is  

0,)( 2 ≥++= xkxgxexC                                      (2) 

where kgeba ,,,,  are known positive numbers, )(2)( kbagab +<− , and ag < .  The 
profit function is defined by 

2)()()()()( xkbxgaexCxxPxN +−−+−=−= , bax /0 ≤≤ .            (3) 

In a monopolist market, the profit function is surely (3). Since xkbgaxN )(2)( +−−=′ , 

we have  
)(2 kb

ga
x

+
−= )( *x= .  According to the assumption that )(2)( kbagab +<− , we 

have *x ∈ ],0(
b

a .  Hence, the maximum profit is 

  
)(4

)(

)(2
)(

2
*

kb

ga
e

kb

ga
NxN

+
−+−=









+
−= .                           (4) 

However, in a perfect competitive market, the demand x 






 −=
b

xPa )(
  will vary, even for 

the same price )(xP .  As a result, the demand x can be represented by the fuzzy number. 
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2.2 Quadratic Demand Function 

Next, consider the quadratic demand function.  Given the demand function 

*
2 0  ,)( xxcxbxaxP ≤≤+−= ,                                 (5) 

and the cost function 0x  ,)( 2 ≥++= kxgxexC ,                              (6) 

where all variables a, b, c, d, e, g, and k are known positive numbers, the relations of this 
quadratic function are 

(1) If  042 ≥− acb , then set
c

acbb
x

2

4
 

2

*
−−= . 

(2) If  042 <− acb , then set c

b
x

2
 * −= . 

From (5) and (6), we have the profit function as follows:  

32)()()( cxxkbxgaexN ++−−+−= , *0 xx ≤≤ .                     (7) 

Consider a monopolist market.  By differentiating (7), we obtain the following equation: 

 23)(2)()( cxxkbgaxN ++−−=′ , *0 xx ≤≤ .  The maximum is found to be 

 0)()(23 2 =−++− gaxkbcx .                               (8) 

The discriminant for (8) is )(3)( 2
1 gackbD −−+= . 

Case 1. If D1 > 0, then (8) has two roots, 
c

Dkb
d

3
1

1

−+
=  and 

c

Dkb
d

3
1

2

++
= .  

We obtain ))((3)( 21 dxdxcxN −−=′ .  Then, we have the following three possibilities: 

(1) When *210 xdd <<< , ))(),(max()(max *1
0 *

xNdNxN
xx

=
≤≤

.            (9) 

( 2 )  W h e n  2*10 dxd <<< ,  )()(max 1
0 *

dNxN
xx

=
≤≤ .               (10) 

(3)  When 21* ddx << ,  )()(max *
0 *

xNxN
xx

=
≤≤ .                      (11) 

Case 2. If D1 = 0, then 0)
3

(3)( 2 >+−=′
c

kb
xcxN  and )()(max *

0 *

xNxN
xx

=
≤≤ .       (12) 

Case 3. If D1 < 0, then *0  0)( xxxN <<∀>′  and )()(max *
0 *

xNxN
xx

=
≤≤

.          (13) 

Assume that the optimal demand is **x .  Then the maximum profit is )( **xN .  Note 
that in a monopolist market, the demand x is uniquely determined by the given price P(x). 
However, in a perfect competitive market, the demand and the price do not necessary 

depend on the demand function. Therefore, the demand x 






 −=
b

xPa )(
  will vary, even for 

the same price P(x).  This is a completely different interpretation of the demand x in a 
competitive market compared with that in a monopolist market.  As a result, the demand 
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should be represented using linguistic variables, such as “if the price is P(x), then the 
demand is in the vicinity of x,” to obtain a reasonable description.  

2.3 Traditional Fuzzy Methods 

Obviously, the demand in a competitive market can be represented using the 
triangular fuzzy number x~ .  From (7), we obtain the fuzzy profit )~(xN  = − e + (a − 

g) x~ − (b + k) 2~x . Let yxN =)( . Then (3) becomes (b + k) x2 −(a − g)x + e + y = 0 . (14) 

From (14), we can see that 0))((4)()( 2 ≥++−−= yekbgayD , if )(0 *xNy ≤≤ .  If 

0)( >yD , then (14) has two roots, which are quadratic formulas, shown as follows: 

 
)(2

)(
)(1 kb

yDga
yr

+
−−

= , 
)(2

)(
)(2 kb

yDga
yr

+
+−

= .                      (15) 

Otherwise, if D(y) = 0, (14) has a duplicate root, then 

)(2
)()( 21 kb

ga
yryr

+
−== .                                    (16) 

After applying the extension principle method, we obtain the membership function of the 
fuzzy profit )~(xN  as 

 










 ≤≤==

= otherwise ,                                    0

)(0 ))],((~)),((~max[
)(~sup))(~(

*
21

)(

xNyifyrxyrx
xxyxN

xNy

,         (17) 

where the membership function of the triangular fuzzy number x~  is )(~ xx  and the 
membership function of the fuzzy profit )~(xN  is ))(~( yxN . Once we have ))(~( yxN , 
the centroid of )~(xN , E(x), can be obtained using the following equation: 

 

∫

∫=
)(

0

)(
0

*

*

))(~(

))(~(
)(

xN

xN

dyyxN

dyyxyN
xE .                                         (18) 

Then the best solution of the fuzzy optimal profit problem is obtained.  
Similarly, consider the quadratic function.  After we apply the extension principle, 

the membership function of )~(xN  is )(sup)( ~

)(
)~(

1
xy x

yNx
xN µµ

−∈
=  if N-1(y) ≠ ∅.  Note 

that N(x) = y is a cubic equation.  Clearly, producing )(1 yN −  for a cubic equation is not 

an easy task. (see section 5.3.1 for a detailed discussion). 

2.4 Genetic Algorithms Approach  

The genetic algorithms approach is depicted as follows.  Let the triangular fuzzy 
number x~ = (x − ∆1, x, x + ∆2) be replaced by an arbitrary fuzzy set X

~  in an interval [0, 
x*], where x* is defined in (5) (see Fig. 1).  
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1 

x  

)(
~

xX  µ3 µ2  µ1 

1x *
xmx =  

µ0 

0x =0 

 
 

 
 
 

Fig. 1. Fuzzy set X
~

. 

The interval [0, x*] is divided into m partitions, xj = j
m

x*
, where j = 0, 1, …, m are 

the partition points. Let the membership grade of X
~  at xj be jjxX µ=)(

~ , j = 0, 1, …, m 

and ]1 ,0[∈jµ .  Then, a discrete fuzzy set is obtained as follows: 

),...,,(
~

10 mX µµµ=  = 
m

m

xxx

µµµ
+++ ...

1

1

0

0 .                              (19) 

From yxN =)( , if each )( kxN , k = 0, 1, …, m, is different, then the fuzzy profit is 

defined by 
)(

...
)()(

),...,,()
~

(
1

1

0

0
10

m

m
m xNxNxN

NXN
µµµµµµ +++== ,                (20) 

and the centroid is defined by 

∑

∑

=

==
m

j
j

m

j
jjxN

XN

0

0
)(

))
~

((

µ

µ
θ .                        (21) 

From (7), let yxN =)( ; we obtain a cubic equation: 

0)()()( 23 =+−−++− yexgaxkbcx . 

Assume that there are three roots for this equation.  Let 0)()()(
321

yxNxNxN jjj === , 

where 321 jjj ≠≠ . According to the extension principle, we obtain ))(,...,,( 010 yN Nµµµ  

= )(
~

sup
)(0

xX
xNy =  = ],,max[))(

~
),(

~
),(

~
max(

321321 jjjjjj xXxXxX µµµ= .  Eq. (20) becomes 

)(

],max[

1

321 ,

j

jjj

xN

µµµ .  The centroid of )
~

(XN  is 
P

Q
XN =))
~

((θ ,               (22) 

 
where ),,max( 321

3,2,1
jjj

jjjj
jP µµµµ += ∑

≠
 and  

 

]),,)(max[()( 3211
3,2,1

jjjjj
jjjj

j xNxNQ µµµµ += ∑
≠

.  

Let the centroid of the fuzzy profit ),...,,()
~

( 10 mNXN µµµ= be  

 
),...,,(  ))

~
(( 10 mNofcentroidXN µµµθ = . 
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Finally, a vector X
~  is determined in [0, 1]m+1 (real numbers) in a population that 

maximizes ))
~

(( XNθ  by means of genetic algorithms. 

3. DESIGNING A GENETIC ALGORITHM FOR SOLVING 
THE FUZZY OPTIMAL PROFIT PROBLEM 

Genetic algorithms are stochastic search techniques based on the principles and 
mechanisms of natural genetics and selection [8, 15].  Genetic algorithms grew out of 
Holland’s [11] study on adaptation in artificial and natural systems.  The basic concept 
of genetic algorithms is that they start with a population of randomly generated 
candidates and evolve towards better solutions by applying genetic operators, such as 
crossover and mutation, modeled on natural genetic inheritance and Darwinian 
survival-of-the-fittest [8, 15].  Therefore, genetic algorithms are theoretically and 
empirically have been proven to process robust search capabilities in complex spaces, 
thus offering a valid approach to problems requiring efficient and effective searching [6].  

Genetic algorithms can be used to compute the membership functions of fuzzy sets 
[12, 13].  Given some functional mapping for a system, some membership functions and 
their shapes are assumed for the various fuzzy variables defined for a problem [16].  The 
membership functions are coded as bit strings that are then concatenated.  An evaluation 
function is used to evaluate the fitness of each set of membership functions.  There are 
two possible ways to integrate fuzzy logic and genetic algorithms [9].  One involves the 
application of genetic algorithms for solving optimization and search problems related to 
fuzzy systems [1, 10, 17].  The other, is the use of fuzzy tools and fuzzy logic-based 
techniques for modeling different genetic algorithm components and adapting genetic 
algorithm control parameters, with the goal of improving performance [9, 14, 18, 19]. 
Now, a genetic algorithm for solving the fuzzy optimal profit problem is given below. 

Step1. Generate an initial population. 
An initial population of size n is randomly generated from [0, 1]m+1 according to the 

uniform distribution in the closed interval [0,1].  Let the population be  

jX
~  = ), ... ,,(

10 mjjj µµµ  = 
m

jjj

xxx
m

µµµ
+++  ... 

10

10 , 

where j = 1, 2, …, n and ij
µ  is a real number in [0, 1], i = 0, 1, 2, …, m.  Each 

individual jX
~

 in a population is a chromosome. 

Step 2. Calculate the fitness value for each chromosome. 

For each chromosome
jX

~ , j = 1, 2, …, n, the centroid ))
~

(( jXNθ  is calculated as the 

fitness value.  The chromosomes in the population can be rated in terms of their fitness 

values. Let the total fitness value of the population be ))
~

((
1
∑

=

=
n

j
jXNT θ . The cumulative 

fitness value (partial sum) for each chromosome, ))
~

((
1
∑

=

=
k

j
jk XNS θ , k = 1, 2, …, n, is 

calculated.  Next, intervals I1 = [0, S1], Ij = [Sj-1, Sj], j = 2, 3, …, n − 1, and In = [Sn-1, Sn] 
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are constructed for the purpose of selection.  In our implementation, a roulette wheel 
approach [6, 8] is adopted as the selection mechanism. 

Step 3. Selection and reproduction. 
Reproduction is a process in which each chromosome is copied according to the 

selection process.  The selection process begins with spinning of the roulette wheel n 
times.  Each time, a single chromosome is selected from the current generation to create 
a new generation.  The selection process is as follows.  Each time, a random number r 
from the range [0, T] is generated. If r ∈ I1, then chromosome

1

~
X  is selected; otherwise, 

the kth chromosome kX
~ , nk ≤≤2 , is selected if r ∈ Ik.  This selection process is 

continued until the new population has been created.  Finally, the new population is 
renamed 321

~
 ,

~
 ,

~
YYY , … in the order they were picked.  The probability of selection for 

each chromosome 
jX

~  such that it appears in the new population is 
T

XN j ))
~

((θ
, and its 

expected value is n
T

XN j ))
~

((θ
. Thus, this procedure tends to choose more jX

~  with higher 

))
~

(( jXNθ  to go on into the next population. 

Step 4. Perform crossover. 
Crossover is the key to genetic algorithms’ power.  The purpose of crossover is to 

generate rearrangements of coadapted groups of information from high performance 
structures [8].  The crossover method used here is the one-point method, which 
randomly selects one cut-point and exchanges the right parts of two parents to generate 
offspring.  Each pair ( 1

~
Y , 2

~
Y ), ( 3

~
Y , 4

~
Y ), …, ( 1

~
−nY , nY

~
) , where n is even, produces two 

children via crossover.  Let p be the probability of a crossover, 0 ≤ p ≤ 1.  Usually, p is 
between 0.6 and 0.9 [8], so we expect that, on average, 60% to 90% of the chromosomes 
will undergo crossover.  Consider two chromosomes, 1

~
Y  and 2

~
Y , for crossover.  A 

random number r is generated in the interval [0, 1].  If r ≤ p, then crossover is 
performed on 1

~
Y  and 2

~
Y . Otherwise, if r > p, the two children '

1
~
Y  and '

2
~
Y  are 

identical to their parents, 1
~
Y  and 2

~
Y . Suppose that crossover needs to be performed. 

Another random integer number u is generated from the range [0, m − 1].  Assume that 
u equals 3; the two chromosomes 1

~
Y  and 2

~
Y  are cut after the fourth position, and the 

offspring '
1

~
Y  and '

2
~
Y  are generated by exchanging the right parts of each chromosome.  

Step 5. Perform mutation. 

Mutation is a background operator that produces random changes in various 
chromosomes [6].  Mutation resets one randomly selected position to a real number in 
[0, 1] or to zero with a probability equal to the mutation rate (see Examples in section 4). 
Let q be the probability of a mutation, 0 ≤ q ≤ 1.  Usually q is a very small value, around 
0.001 to 0.01 [8], so we expect that, on average, 0.1% to 1% of the total population will 
undergo mutation.  There are n × m positions in the whole population.  We expect 
0.001 n × m to 0.01 n × m mutations per generation. For example, consider chromosome 

'
1

~
Y .  Let wi be a random number in [0, 1], 0 ≤ i ≤ m.  If wi < q, then the i+1th position 
in '

1
~
Y  is reset to a real random number in [0, 1] or to zero.  After the mutation is 

completed on the whole population, we let jj YX ′= ~~
, j = 1, 2, …, n.  One iteration of the 
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genetic algorithm has been completed.  Step 2 through step 5 is done K times, where K 
is the maximum number of iterations. 

Finally, the algorithm is terminated after K generations are produced.  Let the last 
population be **

2
*
1

~
, .... ,

~
,

~
nXXX .  The centroid of each chromosome *~

jX , nj ≤≤1 , in 

the last population must now be calculated.  The maximum value of ))
~

(( *
kXNθ  is the 

best chromosome in the population, i.e., ))
~

(())
~

((max **

1
kj

nj
XNXN θθ =

≤≤
 for some k ∈{1, 

2, ..., n}. The best chromosome could be a sub-optimal or the optimal solution for the 

problem.  Let the best chromosome be ), ... ,,(
~ **

1
*

0
*

kmkkkX µµµ=
m

kmkk

xxx

*

1

*
1

0

*
0   ...  

µµµ
+++= .  

If 2)( iii cxbxaxP +−= , for each i, where i = 0, 1, …, m, are different values, then the 
fuzzy price function is  

2

*

2
11

*
1

2
00

*
02***  ... 

~~
)

~
(

mm

kmkk
kkk

cxbxacxbxacxbxa
XcXbaXP

+−
++

+−
+

+−
=+−=

µµµ .   (23) 

Therefore, the centroid of )
~

( *
kXP  is 

∑

∑

=

=
+−

=
m

j
kj

m

j
kjjj

k

cxbxa

XPE

0

*

0

*2

*

)(

))
~

((

µ

µ
.            (24) 

This is an estimate of the maximal profit in the fuzzy sense.  In particular, if 

jixPxP ji ≠=  ),()( , then 
)()(

*
,

*
,

j

jk

i

ik

xPxP

µµ
+  of (23) will become 

)(

),max( *
,

*
,

i

jkik

xP

µµ . 

In the following, two properties are given to show how good the final solution 
obtained by genetic algorithms is, and it is compared with the known crisp optimal value. 

Property 1. The optimal value ))
~

(( *
kXNθ  obtained using genetic algorithms is less than 

or equal to the crisp optimal value )( **xN .  That is, ))
~

(( *
kXNθ  ≤ )( **xN . 

Proof. For any discrete fuzzy set, ) , ...  , ,(
~

10 mX µµµ=  = 
m

m

xxx

µµµ
+++  .... 

1

1

0

0 , where xj 

∈ [0, x*], ]1 ,0[∈jµ , j = 0, 1, … m, its fuzzy profit is )
~

(XN  = ), ... ,,( 10 mN µµµ . When 

)( kxN , k = 0, 1, …, m, are different values, the centroid is obtained by 

∑

∑

=

==
m

j
j

m

j
jjxN

XN

0

0
)(

))
~

((

µ

µ
θ . Note that )( **xN  is the crisp optimal solution (i.e. maximum 

profit).  For each xj ∈ [0, x*], j = 1, 2, …, m, we have )()( **xNxN j ≤ , mj ≤≤0 . 
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Since 10 ≤≤ jµ  and ,0 mj ≤≤ we obtain ∑∑
==

≤
m

j
j

m

j
jj xNxN

0

**

0
)()( µµ . Therefore, 

).())
~

(( **xNXN ≤θ   Furthermore, for each )( jxN , j = 0, 1, …, m, if there exist three 

identical values, e.g. )( 1jxN  = )( 2jxN  = )( 3jxN , j1 ≠ j2 ≠ j3, then from (22), the 

centroid of  )
~

(XN  is  
P

Q
XN =))
~

((θ , where  ),,max( 321
3,2,1

jjj
jjjj

jP µµµµ += ∑
≠  

and 

]),,)(max[()( 3211
3,2,1

jjjjj
jjjj

j xNxNQ µµµµ += ∑
≠

.  We can see that )())
~

(( **xNXN ≤θ . 

Therefore, we obtain )())
~

(( *** xNXN k ≤θ .                 Q.E.D 

Property 2. The search space for genetic algorithms includes the crisp optimal profit 
solution.  However, the probability that the value of ))

~
(( *XNθ  is equal to the crisp 

value )( **xN  is small. 

Proof. The crisp optimal demand **x  is in the interval [0, x*].  When the interval [0, x*] 

is divided into m partitions,
bm

x
jx j

*= , j = 0, 1, … , m, we have the possibility that one of 

the partition includes **x .  Let ix  be **x , i ∈ {0, 1, … , m}.  From (19), we have 

=X
~

m

m

xxx

µµµ
+++  ... 

1

1

0

0 , where 
jµ  is a random number in [0, 1], j = 0, 1, … , m.  We 

can see that there is a possibility of having 0=jµ  for ij ≠∀  and 0≠iµ .  Thus, we 

have X
~  = 

i

i

x

µ  = 
**x
iµ .  From (21), we obtain )0 ..., ,0 , ,0... ,0( iN µ  = 

)( i

i

xN

µ  = 

)( **xN
iµ .  Then, the centroid )0,...,0,,0,...,0(( iN µθ  = )( ixN  is equal to )( **xN . 

Obviously, the genetic algorithm search space theoretically includes the crisp optimal 
profit solution.  However, the probability that the value of ))

~
(( *XNθ  equals the crisp 

value )( **xN  is small.                                               Q.E.D. 

4. EMPIRICAL RESULTS 

Two empirical examples are given below to illustrate the effectiveness of genetic 
algorithms when we applying them to solve the fuzzy optimal profit problem. 

Example 1. The first instance is as follows: the price function, P(x) = 100 − 2x, 0 ≤ x ≤ 
50; the cost function, C(x) = 10 + x; and the profit function, N(x) = xP(x) − C(x) = −10 + 
99x − 2x2, 0 ≤ x ≤ 50.  Since 0499)( =−=′ xxN , we obtain x = 24.75.  Thus, the 

optimal solutions for the crisp case are P(24.75) = 50.5 and N(24.75) = 1215.125.  Now, 

consider that the demand x is vague.  Let m = 10. We have kkxk 5
10

50 == , k = 0, 1, …, 

10, which means that ten partition points are given.  Then, we obtain N(x0) = -10, N(x1) 
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= 435, N(x2) = 780, N(x3) = 1025, N(x4) = 1170, N(x5) = 1215, N(x6) = 1160, N(x7) = 1005, 
N(x8) = 750, N(x9) = 395, and N(x10) = −60.  From (20) and (21), we have 

), ... ,,()
~

( 1010 µµµNXN =  and the centroid ))
~

(( XNθ = 
∑

∑

=

=
10

0

10

0
)(

j
j

j
j

jxN

µ

µ

. The estimated price 

in the fuzzy sense is given by ))
~

(( XPE

∑

∑

=

==
10

0

10

0

)(

j
j

j
j

jxP

µ

µ
.  The parameters for genetic 

algorithms are (1) the probability of a crossover p = 0.8 and (2) the probability of a 
mutation q = 0.003.  An essential feature of genetic algorithms when they are used to 
solve the fuzzy optimal profit problem is their effectiveness in solving the fuzzy problem.  
Two different approaches were taken in this study for the purpose of analyzing the 
effectiveness of the algorithm.  The first approach was based on using the same number 
of generations but with different population sizes.  The second approach was based on 
using the same population size but with different numbers of generations.  Each 
approach had five or six runs.  In the first approach, the number of generations was 
10000, and the population size for each run was 100, 200, 300, 400, and 500, respectively.  
The best results for X

~
 obtained in five runs are shown in Fig. 2.  The partition points 

jx  are 5, 10, 15, 20, 25, …, etc.  We can see that the genetic algorithm was trying to 

approximate =)(
~

jxX 1.0 for jx  = 20, 25, and 30, and =)(
~

jxX 0.0 otherwise, where a 

bell-shaped discrete fuzzy set was obtained.  In these runs, one of the best solutions 
obtained was X

~
= (0.04, 0.02, 0.03, 0.21, 0.92, 0.98, 0.87, 0.06, 0.04, 0.03, 0.02) with 

the largest value being ))
~

(( XNθ = 1193.882 and the estimated price in the fuzzy sense 

being ))
~

(( XPE  = 50.64.  A comparison of the above obtained result with that of the 

crisp case is 
125.1215

125.1215882.1193 − = −1.7482% and 
5.50

5.5064.50 − = 0.2737%. 
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Fig. 2. A bell-shaped discrete fuzzy set obtained using the first approach.  The number of 
generations is 10000, and the population size in each run is 100, 200, 300, 400, and 500, 
respectively. 

As for the second approach, the population size was 200 in all six runs.  The 
number of generations in each run was 10,000, 12,000, 14,000, 16,000, 18,000, and 
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20,000, respectively. The best results for X
~

obtained in six runs are shown in Fig. 3. 
Once again, the genetic algorithm was trying to approximate =)(

~
jxX 1.0 for jx = 20, 25, 

and 30, and =)(
~

jxX 0.0 otherwise, in these runs.  Note that the curve for “run 6” shown 
in Fig. 3 has a bell-shaped discrete fuzzy set with )20(

~
X = 0.86, )25(

~
X = 0.92, and 

)30(
~
X = 0.58. 

0
0.5

1

0 10 20 30 40 50

partition points

m
em

be
rs

hi
p run 1

run 2
run 3
run 4
run 5
run 6

 

Fig. 3. A bell-shaped discrete fuzzy set was obtained from “run 6”, which had a population size of 
200 and 20,000 generations. 

If we let the mutation reset one randomly selected position to zero (i.e. force the 
membership grade to 0), the best result obtained in each run became X

~
= (0.00, 0.00, 

0.00, 0.00, 0.00, 0.80, 0.00, …, 0.00).  In this case, the maximum profit obtained by 

genetic algorithms was the discrete fuzzy set *~
kX  = 

25

8.0
 (where the membership grade 

was 0.8 when x was 25) with an optimal value of 1215 and an estimated price of 50.  

Since the partition points kkxk 5
10

50 == , k = 0, 1, …, 10 did not include the optimal 

demand x* = 24.75 (the nearest point was x5 = 25.0), the best profit obtained by the 
genetic algorithms was only 1215 (the optimal profit in the crisp case was 1215.125).  

Finally, consider the situation when more partition points are given.  Let m = 15.  
The number of partition points was 15.  Fig. 4 shows the membership curves obtained 
from six runs based on using the same population size but different numbers of 
generations.  The number of generations in each run was 10,000, 12,000, 14,000, 16,000, 
18,000, and 20,000, respectively. All these curves are trying to approximate =)(

~
jxX 1.0 

for jx  = 23.3 and 26.7.  Note that the curve from “run 6” has a bell-shaped discrete 
fuzzy set with )20(

~
X  = 0.64, )33.23(

~
X  = 0.86, )67.26(

~
X = 0.85, and )30(

~
X = 0.76. 
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Fig. 4. The bell-shaped discrete fuzzy set obtained from “run 6” using the second approach with 15 
partition points. 
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Example 2. The problem instance is as follows: the price function is a quadratic, P(x) = 
101 – 10x + x2, 0 ≤ x ≤ 5; the cost function is C(x) = 10 + x, x ≥ 0; and the profit function 
is N(x) = −10 + 100x −10x2 + x3, 0 ≤ x ≤ 5.  Since b2 − 4ac = 100 − 404 < 0, we have x = 
10/2 = 5 and 050)5(2220100)( 22 >+−=+−=′ xxxxN .  In the crisp case of the 
problem, when x = 5, the optimal solutions are P(5) = 76 and N(5) = 365.  Now, 

consider that x is vague.  Let m = 10; we have ,5.0
10

5
kkxk ==  k = 0, 1, …, 10.  We 

obtain N(x0) = -10, N(x1) = 37.625, N(x2) = 81, N(x3) = 120.875, N(x4) = 158, N(x5) = 
193.125, N(x6) = 227, N(x7) = 260.375, N(x8) = 294, N(x9) = 328.625, and N(x10) = 365. 

The centroid is 

∑

∑

=

==
10

0

10

0

)(

))
~

((

j
j

j
j

jxN

XN
µ

µ
θ , and the optimal price in the fuzzy sense is 

))
~

(( XPE

∑

∑

=

==
10

0

10

0

)(

j
j

j
j

jxP

µ

µ
.  The parameters and the two approaches used for genetic 

algorithms were all the same as in Example 1.  The best results for X
~

obtained in five 
runs using the first approach with the same number of generations but with different 
population sizes are shown in Fig. 5.  The partition points jx  are 0.5, 1.0, 1.5, 2.0, 

2.5, …, etc. We can see that the genetic algorithm was trying to approximate 
=)(

~
jxX 1.0 for jx = 4.5, 5.0 and =)(

~
jxX 0.0 otherwise, where a half bell-shaped 

discrete fuzzy set was obtained. In these runs, one of the best solutions obtained was X
~

= 
(0.001, 0.004, 0.007, 0.058, 0.038, 0.052, 0.062, 0.112, 0.070, 0.849, 0.982) with the 
largest value being ))

~
(( XNθ = 359.367 and the estimated price in the fuzzy sense being 

))
~

(( XPE  = 76.808.  A comparison of the results obtained with that of the crisp case is 

%100
0.365

0.365367.359 ×− = −1.5432%, and %100
0.76

0.76808.76 ×− = 1.0631%. 

0

0.2

0.4

0.6

0.8

1

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

partition points

m
em

b
er
sh
ip

run 1

run 2

run 3

run 4

run 5

 

Fig. 5. A half bell-shaped discrete fuzzy set obtained using the first approach. 

For the second approach, using the same population size but with different numbers 
of generations, the best results for X

~
 obtained from six runs are shown in Fig. 6.  
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From Fig. 6, we can see that the genetic algorithm was trying to approximate 

=)(
~

jxX 1.0 for jx = 4.5, 5.0 and =)(
~

jxX 0.0 otherwise, where a half bell-shaped 

discrete fuzzy set was again obtained.   Once again, if we let the mutation reset one 
randomly selected position to zero, the best result obtained in each run became X

~
 = 

(0.00, 0.00, 0.00, …, 0.00, 0.00, 0.915). In this case, the maximum profit obtained by the 

genetic algorithms was the discrete fuzzy set *~
kX  = 0.5

915.0
 (the membership grade was 

0.915 when x was 5.0) with a value of 365.0. 
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Fig. 6. A half bell-shaped discrete fuzzy set obtained using the second approach. 

5. DISCUSSION 

In this section, we will point out that our work has produced the following main 
results based on the application of genetic algorithms to solve the fuzzy optimal profit 
problem.  

5.1  Genetic Algorithms Can Find the Optimal Solution 

As explained in Section 2, the crisp optimal demand **x , was in ],0( *x , and we can 

take m as a suitable value to divide the interval ],0( *x  into small partitions, i.e. 

bm

x
jx j

*= , j = 0, 1, …, m.  According to Properties 1 and 2, let ix  = **x  for some i 

∈{0, 1, 2, …, m}.  From (19), the random numbers mµµµ , ... ,, 21 , generated from the 

interval [0, 1], should have a possibility of ijj ≠∀=  ,0µ  and 0≠iµ .  Therefore, (19) 

becomes X
~

 = )0,...,0,,0,...,0( iµ  = 
i

i

x

µ  = .
**x
iµ  According to (20), we have 

)0 ,...,0 , ,0 ..., ,0( iN µ  = 
)( **xN

iµ
, where )( **xN  is the crisp maximum profit. We conclude 

that the search space for genetic algorithms includes the crisp optimal solution and crisp 
near-optimal solutions. 
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5.2 Mutation Strategies 

In our implementation, two strategies are used to perform mutation in genetic 
algorithms.  Normally, we use Strategy 1.  Strategy 1 resets one randomly selected 
position to a real number in [0, 1] (sets the membership grade to the other value).  On 
the other hand, Strategy 2 resets one randomly selected position in a chromosome to zero 
(forces the membership grade to zero).  Example 1 in Section 4 shows that Strategy 2 
had in more likely than Strategy 1 to include the crisp optimal solution in its search space. 
Empirical results show that the speed of convergence to the crisp optimal solution using 
Strategy 2 was much faster than that achieved using Strategy 1.  The underlying theorem 
for Strategy 2 is based on Property 1. 

5.3 Comparison Between the Traditional Fuzzy Method and Genetic Algorithms 

The major difference in obtaining the fuzzy optimal profit between using the 
traditional fuzzy method [20, 21] and genetic algorithms is stated as follows. 

5.3.1 Using the extension principle method 

As explained in Section 2, when the demand is fuzzified into a triangular fuzzy 
number x~  = ),  , ,( 21 ∆∆ +− xxx 0 ,0 21 >∆<∆< x , obviously, the fuzzy profit is )~(xN .  

By applying the extension principle method, we can obtain the membership function of 

)~(xN , )()~( yxNµ  = )(sup ~

)(1
xx

yNx

µ
−∈

.  Since N(x) = y is a cubic function, i.e., −e + (a – 

g)x – (b + k) x2 + cx3, it is difficult to obtain x = )(1 yN − .  As a result, the membership 
function )()~( yxNµ  is difficult to obtain by applying the extension principle.  
Furthermore, if we let the three roots of N(x) = y be t1(y), t2(y), and t3(y), then we can see 
that )()~( yxNµ  = ))((min[sup 1~ ytxµ , ))(( 2~ ytxµ , ))(( 3~ ytxµ ], where  
 

 

 

 
 
 

 
Obviously, it is also difficult to obtain )()~( yxNµ from the above equation.  In this case, 
the proposed genetic algorithm approach can be considered as an alternative way to find a 
near optimal solution. 

5.3.2 Using genetic algorithms 

With the genetic algorithm approach, however, no specific fuzzy set is needed (i.e. 
use of a triangular fuzzy number or other special fuzzy sets is not necessary).  Initially, a 


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population of discrete fuzzy sets, jX
~ = 

0

0

x

µ  + 
1

1

x

µ  + … + 
m

m

x

µ , j = 1, 2, …, n, is 

created based on the generation of random numbers in [0, 1].  After the completion of 
the evolution by genetic algorithms, the best discrete fuzzy set in the population is *~

kX  = 

0

*
0

x
kµ  + 

1

*
1

x
kµ  + … +

m

km

x

*µ .  The fuzzy profit is )
~

( *
kXN  = 

)( 0

*
0

xN
kµ  + 

)( 1

*
1

xN
kµ  + … 

+
)(

*

m

km

xN

µ .  After the centroid method is used for defuzzification, the estimated profit in 

the fuzzy sense is obtained: ))
~

(( *
kXNθ  = 

∑

∑

=

=
m

j
kj

m

j
kjjxN

0

*

0

*)(

µ

µ
.  Consider Example 2 in section 

4.  The crisp optimal solutions are P(5) = 76 and N(5) = 365.  The best discrete fuzzy 

set obtained from six runs is given in Fig. 6, represented by *~
kX  = ∑

=

10

0j j

j

x

µ
.  The fuzzy 

profit is )
~

( *
kXN  = ∑

=

10

0 )(j j

j

xN

µ
, N(xj) = 0, j = 1, … , 10, and the centroid is ))

~
(( *

kXNθ  = 

∑

∑

=

=
10

0

10

0
)(

j
j

j
jjxN

µ

µ
 = 359.367.  In addition, the best discrete fuzzy set in the population when 

using Strategy 2 is *~
kX  = 

0.5

915.0 .  The fuzzy profit is )
~

( *
kXN  = 

)0.5(

915.0

N
 = 

365

915.0 , 

and the centroid is ))
~

(( *
kXNθ  = 

915.0

915.0365 ×  = 365.  

6.  CONCLUSIONS 

This study has investigated the genetic algorithm approach to solving fuzzy 
optimization equations without using the membership functions of fuzzy numbers.  
When genetic algorithms are applied to solve fuzzy equations, the computation uses 
neither the extension principle nor the interval arithmetic and α-cuts.  The results of this 
study may lead to the development of effective genetic algorithms for solving general 
fuzzy optimization problems.  In summary, the fuzzy concept of the proposed genetic 
algorithm approach is different and gives almost the same results as the traditional 
methods. 
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