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To reduce the response times of wireless data access in a mobile network, caches
are utilized in wireless handheld devices. If the original data entry has been updated, the
cached data in the handheld device becomes stale. Thus, a mechanism is required to
predict when the cached copy will expire. This paper studies a weskly consistent data
access mechanism that computes the time-to-live (TTL) interval to predict the expiration
time. We propose an analytic model to investigate this TTL-based algorithm for fre-
quently accessed data. The analytic model is validated against simulation experiments.
Our study quantitatively indicates how the TTL-based agorithm reduces the wireless
communication cost by increasing the probability of stale accesses. Depending on the
requirements of the application, appropriate parameter values can be selected based on
the guidelines provided in this paper.
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1. INTRODUCTION

Modern mobile networks support wireless data applications. Asshownin Fig. 1, a
mobile customer may use a wireless handheld device (e.g., a wireless PDA) to access
data services from an application server through a mobile network. An example of a
wireless data architecture can be found in [11-13]. An application running on such a
wireless handheld device may repeatedly access a data entry received from the applica-
tion server. If the data entry is not sensitive to time, then the customer may access the
data stored in the wireless handheld device instead of querying the application server, and
the expense of the wireless transmission overhead will be reduced. If the data entry is
sensitive to time, then the current data entry should be provided by the application server.
An example is a stock quote.  This application is strongly consistent, which means that
it must guarantee that the data presented to the client is the same as that in the server.
Such applications typically result in large amounts of wireless traffic and long response
times, and may be charged by each data access. Some time-sensitive wireless applica-
tions can tolerate a certain degree of in accuracy. For this type of application, we can
set an expiration period t to predict when the data entry will be updated. During period t,
the data entry in the handheld device can be used. When t expires, the next data access
will result in a query to the mobile network.  In this case, the application is weakly con-
sistent, and the wireless handheld device may occasionally access staledata. A mecha
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Fig. 1. Mobile network supporting wireless data applications.
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Fig. 2. Timing diagram I.

nism is required to predict when a data entry will expire. In a TTL-based consistency
agorithm, atime-to-live (TTL) interval t is defined for a data entry stored in the wireless
handheld device. Consider the timing diagram shown in Fig. 2. In thisfigure, the up-
dates to the data entry occur at timez; (fori >0, i # 1), where 7; > 7;,1. InApache[1]
and Squid [9], when the server is queried for a data entry at time z; , the TTL interval t
for the dataentry is set to

t=c(7g —72) o))

where 72 is the time for the previous update to the data entry (see Fig. 2) and ¢t is a
system defined fudge factor. In Jigsaw [3], the TTL interval is set to afixed value of 24
hours.  In LNC-R-W3-U [8], the TTL interval t is determined by the sliding window
sizem. Thatis,

t= 71— T , (2)
m
where 7, is thetime of the mth most recent distinct update to the data entry. In Fig. 2,
for asliding window sizem=3,
T -1y
3
Note that the TTL-based algorithm is typically implemented with a cache replace-

ment scheme such as LRU (least recently used) or LFU (least frequently used) [2, 8] in a
proxy cache for WWW accesses.  Since the storage memory of a handheld device is

t=
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limited, the application may determine that no cache replacement algorithm is imple-
mented for frequently accessed data (or they are likely to be replaced by infrequently
accessed data). That is, when a wireless handheld device runs a particular application,
some data used by this application may be considered as “frequently accessed,” and will
aways be kept in the handheld device until it expires. This is especially true for some
location dependent services provided by mobile operators. A customer may also enable
a data entry as “frequently accessed,” and the handheld device will not perform cache
replacement for this data entry until the frequently accessed indication is disabled.

In this paper, we investigate the performance of the TTL-based algorithm for
frequently accessed wireless data with weak consistency. We propose an analytic
model for the TTL-based agorithm. Then we use severa examples to analyze the
agorithm. Our results provide guidelines for implementing the weakly consistent
mechanism on wirel ess data services.

2. INPUT PARAMETERSAND OUTPUT MEASURES

Several trace-driven approaches have been proposed for Internet web performance.
In awireless environment, especially for location dependent services, no such traces exist.
Therefore, we make the following assumptions to investigate frequently accessed wire-
less data. We assume that there is a sufficient number of accesses and a sufficient
number of updates to a frequently accessed data entry. Thus the accesses can be ap-
proximated as a Poisson stream with rate A, and the updates can be approximated as a
Poisson stream with rate ¢.  With the above assumptions, we can conduct mean value
analysis [6] on wireless data access / update algorithms and obtain useful primary results.
We will consider the following input parameters:

o 1. the data access rate.

o 1. the data update rate.

e J. the query / acknowledgement cost. Suppose that the cost for a query with data
transmission is one unit. Then the cost for a query with acknowledgment
(without data transmission) is0< § <1.

Define a cycle as the interval between two consecutive queries from a wireless
handheld device to a server. In Fig. 2, [%, %1) isacycle. An access at time 7 re-
sultsin aquery to the server. During (%, 71), the handheld device returns the cached copy
to all the accesses to the dataentry. We derive the following primary output measures.

e The expected number E[K ]of stale accesses in a cycle: For a stale access, when
the access occurs, the data entry is found in the cache, but the copy in the server
has aready been updated. For the cycle [%, ?1) shown in Fig. 2, the cache re-
turns a stale data entry for any access between 7, and 7;. We also derive
V[K*], the variance of K*.

¢ The expected number E[K] of accessesinacycle: This number includes the stale
and the non-stale accesses in the cache plus the access resulting in a query from
the handheld device to the server (for the cycle[ %, 1) shown in Fig. 2, this query
occursat 7). Thus, K> 1awaysholds. We also derive V[K — 1], the variance
of K — 1 (without considering the access that results in a query to the server).
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e The probability § that when the handheld device queries the server, the data entry
will bevalid (i.e., the data entry has not been modified since the last query).

It is clear that the handheld device communicates with the server for every E[K] access.
Based on E[K'], E[K] and /3, two major output measures are derived:

e The staleness ratio ps [8] is the probability that the handheld device will return a
stale dataentry for an access. That is,

Ps = ElK*J (©)
> E[K]

e The server query cost or wireless transmission cost C: When the handheld device
gueries the server, if the data entry is valid, then the server returns a positive ac-
knowledgement. If the data has been modified, then the server returns the up-
dated data entry to the handheld device. Note that on average, a query to the
server occurs for every E[K] accesses. Thus, if we normalize the cost (e.g., the
wireless transmission delay) for a query with data transmission as one unit, then
the server query cost can be expressed as

c_0B+U-p) _1-(U-0)8 @
E[K] E[K]

As previously defined, disthe cost of delivering a query-acknowledgement message if

the cost of delivering the whole data entry is one unit.

3.MODELING THE TTL-BASED ALGORITHM

This section models the TTL-based algorithm. As mentioned in section 2, the ac-
cesses are a Poisson stream with rate A, and the updates are a Poisson stream with rate g
Thus, t', ty, ts, ..., tn in Fig. 2 have the identical exponential distribution with mean Vu.
Since the accesses are a Poisson stream, the access at time7y is a random observer of the
inter-update intervals.  From the memoryless property of the exponential distribution [7],
t, has the same distribution ast’. From (2), the TTL value computed in LNC-R-W3-U
[8] with adiding window size of mis

L+t 4t
o .

t

To generalize our derivation, the fudge factor ¢ is also used to determine the TTL
interval. Thatis,

tch[tleJrrn...thm) )

When ¢ = 1, the TTL interval t computed in (5) is the one generated by
LNC-R-W3-U [8]. When m= 1, tisgenerated by Apache[1] and Squid [9]. When m
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— oo, tisafixed value. Sincet (wherel < i < m) are exponentially distributed, t has
an Erlang density function frr.(m, t) with mean 1/u1 [4], where

7

Hy :a- (6)
That is,
m m-1
fr (mt) = {%1 e ™. 7)

In Fig. 2, the next update after time 7; occurs at time 7. Let x = 79— 71.
Then the cached copy of the data entry is valid during the period x. If x > t, then all ac-
cesses to the cached copy are valid before the TTL interval t expires. On the other hand,
if t > x, then during the period y = x —t, all accesses to the cached entry are stale. The
relationship between x, y, and t is shown in Fig. 3. The density function fy(y) for y is
derived as follows. Sincet = x +y, and since x is exponentially distributed with mean
Vu, from (7), we have
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Fig. 3. Timing diagram I1.
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It is clear that Pr[t < X] = Pr[y < 0] is the probability that all accesses to the cached copy
will bevalid during the TTL interval t.  From (9),

Py<O)=1- [ v ()
imacs |

m
lim Pr[y<01=|im[ m J —e
M—o0

(10)

When m — oo,

M—eo| M+ C¢

isthe casewhenthe TTL interval hasafixed value of 1/u=cdu .

For the TTL algorithm with a sliding window size of m, we use the symbols E,[K'],
ViK1, EnlK], Ve K =11, B m, Psm @nd Cr, to represent the measures E[K’], V[K'], E[K],
VIK =1], B, ps and C (defined in the previous section). Thus, for a sliding window
size of m, 3, is the probability that when the handheld device queries the server, the
data entry will be valid. The probability 5, is derived as follows. Consider Fig. 4.
Suppose that after the TTL interval expires at time 7 + t, the next data access time oc-
cursat To +t+ t; (which results in a query to the server). Also, after 7o, the next
update occurs at 7y + X.  Then from the memoryless property of the exponential distri-
bution, both t; and x will aso be exponentially distributed with rates A and x, respectively.
In other words,
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From (10) and (11), we have
P =Pily<0] (Lj - (12)
A+u

The intuition behind (12) is given as follows: S, is the probability that the TTL
interval will expire before the next update arrives (with probability Pr[y < 0Q]), and that

after it expires, the first event will be an access (with probability ﬁ).

Let Pr[N = n|T =y] be the probability that there will be n accesses to the data entry
during periody. Since the data accesses are a Poisson stream with rate 4, we have [7]

PIN=n|T=y]= {%}e"w . (13)

Let P,(n) be the probability that there will be n stale accesses to the data entry dur-
ing the TTL interval t with asliding window sizeof m.  Then from (9) and (13),

pm(= [ RIN=n 1 T=ylty )y

:f Me—ﬁy mZ_:l’u(nw%)myi_efmﬂfy dy
—o| n i)™

:"il p(mu )™ A" (n+i)!
St (umug )™ || ()™

i |

Al{anz[”“j } , (14)

where

m
My U M+ Mg A
= VA = ,and z = . 15
(;Hm,uf} [/1+myf]A2 A+ mu; andz A+mu; (15)

Let E,{K'] be the expected number of stale accesses during a TTL interval t (i.e., in
acycle) with agliding window size of m.  Then from (29) in Appendix A,

m[K*1=ian(n)

n=1

{ﬂ“mf‘cf Jm_lmf] | (16)
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For a diding window size of m, let E,[K] be the number of accesses to the cached entry
during the TTL interval t plus one (representing the query to the server at the beginning
of thecycle). Thenfrom (13) and (39) in Appendix C,

E [K] :1+in{£OPr[N —n|T=t] fTrL(t)dt}
n=1 .

_Cid+u
M

(17)

Equations (16) and (17) indicate that E,[K'] and E,{K] are not affected by the dis-
tributions of y, t, and the inter-access intervals, but are only affected through their mean
values (see (30) in Appendix A and (39) in Appendix C). The variance of K’ is derived
in Appendix B as

vm[K*]=fjn2Pm(n)—(Em[K*])2
=t (18)

12 ) c% P m " ‘o
:[;J cf+ﬁ+(z—2j {m+cf] -1+cs | —(En[K D°.

The variance of K — 1 (by excluding the access that results in a query to the server)
isderived in Appendix C as

VinlK -1 =§n2{EP5[N =n|T=q fm(t)dt}—(Em{K -1)*
n=1

[lJ(CMJZ crd
== —| +—.
mA u #

From (16) and (17), ps for the TTL-based algorithm with a sliding window size of m

m
A m

= -1 ) 20

Psm {Cf/1+ﬂ}{m+0f} +C¢ (20)

Let C, be the server query cost (see (4)) for the TTL-based algorithm with a sliding
window sizeof m.  Then from (11) and (17),

cm=[ H Jl—(l—é)( A J{ m J . (21)
CiAd+u A+u ) m+ce

The equations derived in this section have been validated against simulation ex-
periments. In all the test cases, the errors were within 0.5% as shown in Table 1.

(19)
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Table 1. A comparison of the analytic and simulation resultsfor psn, (¢i= 1).

Access Rate 4 5u 10u 15u 20u
Simulation (m=1) |0.416248 0.454732 0.468268 0.475432
Analytic(m=1)  |0.417 0.455 0.469 0.476
Simulation (m=2) |0.369821 0.403122 0.417460 0.423964
Analytic(m=2) 0.370 0.404 0.417 0.423
Simulation (m=3) |0.350942 0.383360 0.395460 0.401911
Analytic(m=3) 0.352 0.384 0.396 0.402
Simulation (m=4) |0.340774 0.372161 0.384785 0.389087
Analytic(m=4) 0.341 0.372 0.384 0.390

4. NUMBERICAL EXAMPLES

This section provides numerical examples for investigating the TTL-based algorithm.
We have generated test cases with large ranges of input parameters. This section
presents the results obtained with selected input parameter values. Similar conclusions
are drawn for other test cases not shown in this paper.

Effects of the accessrate A: Fig. 5and 8 plot psm, /A mand Cy, for 4 =54, 10y, 154, and
20u, respectively. These figures indicate that psm, and 8 m incresse as A increases, and
that C,,, decreases as A increases.
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Fig. 5. Effects of the sliding window size on the TTL-based agorithm (¢; = 1, and 6= 0.5).
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The 8 1, curves can be explained using (12). Suppose that when the TTL interval expires,

the next update has not yet arrived (with probability Prly < 0] = [ m ] which is

mHcy

independent of ). Then for alarge A value, it is more likely that the next event will be
adataaccess, and that /3, will increase as A increases.

The impact of A4 on psm is explained as follows. In a cycle, the first access is a
query to the application server, which always returns the current data entry. If we ex-
clude this access, then from (17), the expected number of remaining accesses in the cycle
will be

EmlK = 1] = Epy[K]— 1:CL—’1. (22)

Note that for these accesses, the handheld device always returns the cached copy. Among
these accesses, the portion of stale accessesis (cf. (16) and (22))

Ek) (1)) Cm
En[K-1 |c; m+Cs f

which is independent of the access rate 4. Thus, A only affects psn, through the first
access in the cycle, i.e, the query to the application server. Since the first accessis al-
ways valid, the first-access effect reduces ps,,. For alarge 4 (e.g., 4 > 10x in Fig. 8),
there are more accesses in a cycle, and the first-access effect becomes insignificant.

The effect of A on Cistrivial. As A increases, there are more accesses in a cycle,
and the server query cost per cycle is reduced. A non-trivial observation is that Cy, is
more sensitive to the change of A than psm (and S r) is.  Fig. 5 plots the psm and Cp,
curvesforcg=21and 6=0.5. For m= 3, when A increases from 5u to 20u, C,, decreases
by almost 40%, while ps, increases by 14%.

Effectsof mon psm, A m and Cy: Fig. 5 shows that psm decreases asmincreases. This
phenomenon is due to the fact that as m increases, the predicted TTL interval moves
closer to the mean of the inter update interval, which results in a smaller psm.  This re-
sult is consistent with the observation of the trace-driven WWW access study in [8].
The psm improvement is most significant when mincreases from 1to 3. For A = 10y,
this improvement is about 16%. On the other hand, when mincreases from 3 to 19, the
improvement islessthan 10%. In[8], m=2 or 3 issuggested.

Fig. 5 shows that, like psm, 8 m decreases as mincreases. Intuitively, we expect
that if stale accesses (i.e., alarge psm) are likely to occur in a cycle, then the handheld
deviceis unlikely to have avalid cached entry when it queries the server (i.e., asmall 5,
is expected). Fig. 5 illustrates opposite result for the following reason. The variances
of K" and K are larger for smaller m (as will be shown in Fig. 7), which implies that for
the same psm value, more cycles without any stale accesses or more cycles with large
numbers of stale accesses will be observed for smaller m.  Indeed, from (14), we have
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Pm(0)=[ M ¢ jl{ Ml ¢ ] ,
mus +u A+mug

which is a decreasing function of m as shown in Fig. 5. A larger P(0) implies that
there is alarger probability that the cached copy will be valid when the handheld device
queriesthe server. Hence, [ increasesas mincreases.

Since E,[K] is not affected by m (see (17)), the cost C,, is affected by m through 5,
and ¢ (see (21)). From the above discussion for 5, it follows that C,, increases as m
increases. The effect of dwill be discussed next.

Effectsof 0 Itisclear that C,, decreases when ¢ decreases, asobserved in Fig. 6. From
(4), we have

04 0.7
#:4=0001;0:8 =0.01 L e A
o lLe 04 #:8=0.001;0:6=001

o: =08 x:4=1 06 +:8=01a:6=04
o:d=08x:4=1

0.31

Cm 0.2

- L
0.1
0.0 T T T T T T T 0.0 T T T T
1 35 7 §11131517 18 a1 05 08 13 1.7
&{m =1) &g{m = 2)

Fig. 6. Effects of on the TTL-based algorithm (4 = 54).

Jdforo=1
C — Em[K]
" %,forcS:O )
EmlK]

That is, when 6= 1, C, is only affected by E,[K]. When §=0, C, is dso affected by
1- Bm Thus, as d decreases, 5, has more impact on C,,. For 6 > 0.4, when min-
creases from 1 to 3, C,, increases by less than 5%. Also, for m > 3, the effects of mon
Cmcan beignored. This figure also indicates that when 6 < 0.1, C, isinsensitive to the
change of 4.

Effects of mon V,[K'] and V,[K — 1]: Fig. 7 indicates that both V,[K'] and V,[K — 1]
decrease as mincreases. Note that when V,[K'] and V,[K — 1] become larger, this im-
plies that there will be more cycles with large numbers of stale accesses and more cycles
without any stale accesses. In other words, bursty stale accesses will be observed for
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Fig. 7. Variances of K~ and K — 1 (cf +1).

smal m. In some wireless data applications, regular stale access patterns may be desir-
able. Consider apositioning application as an example, where the location data are used
to predict the position of a moving object. During a TTL interval, the cached location
data entry may be periodically used together with a time function to predict the current
position of the object.  If there are many consecutive stale accesses to the data entry, the
error caused by prediction may be large. In this example, small V,[K'] and Vi [K — 1]
are desirable, and alarger m should be selected for the TTL-based algorithm.

Effects of ¢: Fig. 8 shows how the fudge factor ¢; affects psm, 8 m and C,, where m = 2
and 6=0.5. Itisclearthat for alargec;, alarge TTL interval be expected, and that there
will be more accesses in a cycle (i.e, large E,[K] and E,[K]). In this case, large psm
and small 5, will be observed.

The cost C,, is affected by the conflicting factors 5, and E,[K], and the net effect
shown in Fig. 8 is that C,, decreases as c; increases. This result holds for al J values
(seedso Fig. 6).

In Fig. 8, if we limit psm to be less than 0.1 by selecting ¢ = 0.2, then the server
query cost Cp,, will be less than 0.35. In other words, when 65% of the wireless trans-
mission cost is saved, the customer pays the price of one stale access per 10 data accesses.
The factor ¢; can be dynamically adjusted to limit the wireless transmission cost Cy, or the
stale penalty psm. Asobserved in both Figs. 5 and 8, Cy, is more sensitive to A than psm,
is, and it is probably better to adjust c; based on C,,.  In other words, (21) can be used as
aheurigtic to dynamically determine the c; value.

Note that the psm value can be controlled by adjusting mor ¢;.  Fig. 9 plots the Cy— psm
curves for various mvalues. For example, the “*” curveis for m= 1, where a point in
the curve represents the (Cy, psm) pair when a particular ¢; value is chosen.  We can ad-
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just ¢; so that the same psm value can be obtained for different sliding window sizes. In
this case, Fig. 9 indicates that a larger m value resultsin asmall C,, value. Thus, alar-
ger sliding window size will yield better performance. This advantage become insignifi-
cant when m> 3.
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5. CONCLUSIONS

To reduce data access times and wireless traffic in a mobile network, frequently ac-
cessed data are typically cached in a wireless handheld device. The cached copy be-
comes stale if the data entry has been updated in the application server, and a mechanism
is required to predict when the cached copy will expire. A popular approach is the
TTL-based algorithm, which computes the time-to-live (TTL) interval to predict the ex-
piration time. Several trace-driven approaches have been proposed to improve Internet
web performance.  In awireless environment, especialy for location dependent services,
no such traces exist. Therefore, we make Poisson assumptions for data accesses and
updates. Based on these assumptions, we have proposed an analytic model for investi-
gating the TTL-based algorithm with various sliding window sizes for frequently ac-
cessed data.  In our study, we have conducted mean value analysis of TTL-based algo-
rithms. The analytic model has been validated against simulation experiments, giving
useful primary results.

Our study has indicated that when the sliding window size misincreased from 1 to 3,
the stale probability psm, can be moderately reduced by slightly increasing the wireless
communication cost (i.e., the application server query cost) C,,. For m> 3, both ps, and
Cn are insignificantly affected by the change of m.  This result is consistent with the
trace-driven WWW access study in [8]. Since the storage overhead for estimating the
TTL interval increases as m increases (see [8] for a storage cost analysis), m=2 or 3is
suggested.

We have also observed that by adjusting the fudge factor ¢, psm can be balanced
against C,. For the cases investigated in this paper, if we select ¢; = 0.2, then 65% of
the wireless communication overhead can be saved at the cost of one stale access per 10
data accesses.  We have found that C, is more sensitive to the change of ¢; than pgp, is,
which suggests that it is more appropriate to adjust ¢; based on the measured C,,, than on
the measured psm.
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A Derivation for E,[K']

Let E,[K'] be the expected number of stale accesses during a TTL interval t (i.e, a
cycle) with asliding window size of m.  Then from (14)
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Em[K 1= nPy(n)

n=1
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(23) can bere-written as
. Ui i =(n+i) ,
Em[K ]=A1{Z(l+1)A2[Z[n_JZ ]}
i=0 n=1
Letk=n-1. Then (24) can bere-written as
m-1 oo ;
E [K']= Alz{Z(i +1)NZ[Z(k+|l+ljzk]}-
i=0 k=0

Define a special case of the generalized binomial series[5]:

-3

From [10], it can be shown that

—(i+1)

1
ﬁ(Z)ZE-

Substituting (26) into (25), we have

m-1 )
Em[K']= [ﬁ(z)]%z{Z(i +1)[A2/3(z)1'}

i=0

_ | AdB@I || 1-[ABE1™ m
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(23)

(24)

(25)

(26)

(27)

(28)
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From (15), (27) and (28) can be re-written as

Em[K*]z(ij { m J ~l+cq | (29)

)| m+cy

Note that (29) can also be derived from intuition:

(' [Epmm— R (30)
E[inter — access interval]

From (9),

€= | )y

s /U(muf)myi —musy
= y LA A R, dy
oo {Zinwmuf)m'] }

) [r] e &

Since the expected inter-access interval is 1/, by substituting (31) into (30), we
have the same result as in (29). Equation (30) implies that E.{K] is only affected by
the expected values of the interval y and the access rate, and is independent of the distri-
butions of y and the inter-access times.

Note that the tedious derivation from (23) to (29) will be used in Appendix B.

B Derivation for VK]

From (14), the variance of K’ is

vm[K*]=in2Pm(n>—<Em[K*1)2
n=t (32)

o o(N+i) n . — (n+i)
nln[ i Jz —(|+1)LZ‘in(n_Jz}

:(i+1){i(n—l)(:iiljzn +(i+1)[i(2iiljzn]

n=2

(33

and
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ngz(n—l)[:tﬂzn =(i+ 2){;(:j;—jz"}
=(i+2){i(k+|i+2}zk+21 (3

k=0
) 35
=(i+22[p2]'"*3, (35)

equation (35) can be derived from (34) by using (26). From (33) and (35), (32) can be

re-written as

m-1
VK] = Al{zAiz(i )i+ 2)22[ﬁ(2)]”3}+ Em[K'] = (En[K'])? (36)

i=0
= AZY[ B(2)1POm(AoB(2) + En[K - (EnK 1)?,

where

m-1
Om(W) =D (i +1)(i +2)w
i=0

() {im +1>wl’] @37

i=1

:(ij l:mzwm +[W—_3jmwm —2 (w™ —l)} )
w-1 w-1 (w-1)?

Substituting (37) and (15) into (36), we have
2 2 m
Vm[K*]:(i] c%+c—f+(ﬁ—2) {[ m ] —1+cf] —(En[K ]2
U m 4 m+C¢

C Derivationsfor E,[K'] and VK - 1]

For a sliding window size of m, let E,[K*] be the number of accesses to the cached
entry during the TTL interval t plus one (representing the query to the server at the be-
ginning of the cycle). Then from (13),

En[K]=1+ nz—‘in{ EOPr[N =n|T=t] an_(t)dt} (38)
Apply the same reasoning to (30), E[K] can also be expressed as
A
E, [K]=1+— B[] AR (39)
E[inter — access interval] U

With tedious derivation, it can be shown that (38) yields the same result as (39).
The variance of K — 1 is derived as follows (we exclude the one access that results in a
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query to the server). Similar to (38),

Valk -1 = i {f Pr[N—nrr—tlfmmdt} (Enlk-1)°

m, m-1
S CaS s RN
1 !

- "h+m-1 2
L e T

Ms

From (15),

__ 4
A+mug

and

VilK 1= (1- z)m[inz[”:“_l]z“}—(Em[K ~1)2
n=1

—m(l-2) [Z( —1)( j } Eon[K 1 — (Ep[K ~1])2 (40)
n=2
— m(m+1)(1— z)m{i(“ E”l]zk”] FE[K ~1— (Ep[K ~1)2 (4D
k=0

m+2
— m(m+1)(1- 7)™ 22 flzj FE K =1 (E[K ~1)2 (42)

(a5 5 “

Note that (41) is derived form (40) using (26), and that (43) is derived form (42) using
(15), (27) and (39).
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