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This paper explores the prefix operation on a message-passing fully connected mul-

ticomputer with multiport postal communication.  We present an exact communication 
lower bound for the prefix operation on the model.  Two efficient parallel prefix algo-
rithms are also presented; they are optimal in terms of the number of communication 
steps.  For an input of size n, one of the algorithms using n processors is also 
time-optimal; the other algorithm using p < n processors can be cost-optimal and can 
achieve linear speedup. 
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1. INTRODUCTION 

The prefix operation is defined as follows:  Given n values v(0), v(1),..., v(n – 1) 
and an associative binary operation ⊕, compute v(0) ⊕ v(1) ⊕ ... ⊕ v(i), for 0 ≤ i ≤ n – 1.  
This operation has many applications [1, 6, 9, 10], and it has been proposed as a 
primitive operation [4].  Thus, many parallel prefix algorithms on various models have 
been presented [7-16, 18].  This paper explores the prefix operation on a mes-
sage-passing fully connected multicomputer with multiport postal communication.  On 
this model, each processing element (PE), in a communication step, can send k messages 
to k other PEs and receive k messages from k PEs, for some k ≥ 1.  In addition, to model 
the communication latency, a message sent in step j is received in step j + λ – 1, and the 
received message can then be forwarded in step j + λ, where λ ≥ 1.  This model, called 
the k-port postal model, or simply the postal model, in this paper, has been recognized as 
a trend in multicomputers and in programming environments [2, 3, 5].   

In a multicomputer, the time taken to transfer a message between two PEs is sig-
nificant, and it is desirable to have communication-efficient algorithms.  This paper 
contributes to solving the prefix problem in as few communication steps as possible.  
We present an exact communication lower bound on the k-port postal model, and pro-
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pose two efficient parallel prefix algorithms that are optimal in terms of the number of 
communication steps.  The first algorithm using n processors is also time-optimal.  
The second algorithm using p < n processors can be cost-optimal and can achieve linear 
speedup.  It should be noted that when λ = 1, meaning that a message can be received in 
the same step it is sent, the model is reduced to the k-port model.  The prefix problem 
already has efficient solutions on the simpler k-port model [16]. 

Section 2 presents the exact communication lower bound for the prefix operation on 
the postal model.  Section 3 gives an efficient prefix algorithm using n PEs, which is 
not only optimal in terms of the number of communication steps, but is also time-optimal.  
Section 4 presents a parallel prefix algorithm on a system of p < n PEs; the algorithm is 
also optimal in terms of the number of communication steps, and may be cost-optimal 
and achieve linear speedup.  Section 5 concludes this paper. 

2. COMMUNICATION LOWER BOUND 

This section presents a communication lower bound for the prefix operation on the 
k-port postal model with n PEs.  Initially, PE i has v(i), 0 ≤ i ≤ n – 1, and PE 0 can send 
v(0) to k PEs in communication step 1.  To complete the prefix operation, every PE 
must have either v(0) or a value contributed to by v(0); for simplicity, we say that every 
PE must contain v(0).  Let G(j) denote the maximum number of PEs that can contain 
v(0) after step j in all possible ways, where j ≥ 1.  Since no PEs can receive any message 
in step j, where 1 ≤ j < λ, only PE 0 has v(0) after step j.  We also let G(0) = 1, indicat-
ing that initially, only one PE, i.e., PE 0, contains v(0). Therefore, G(j) = 1, for 0 ≤ j < λ.   

By definition, when j � ≥ λ, after step j – λ, G(j – λ) PEs can contain v(0).  Each of 
these G(j – λ) PEs can send v(0) to k PEs in step j – λ + 1; thus, in step j, kG(j – λ) PEs 
can receive v(0).  Also by definition, after step j – 1, G(j – 1) PEs can contain v(0).  
Hence, after step j, G(j – 1) + kG(j – λ) PEs can contain v(0).  That is, G(j) = G(j – 1) + 
kG(j – λ), for j ≥ λ.  Suppose that at least i communication steps are needed to solve the 
prefix problem; then G(i) ≥ n.  Thus, a prefix algorithm needs at least min{j | G(j) ≥ n}  
communication steps.  Therefore, we have the following theorem.  

 
Theorem 1. On the k-port postal model with n PEs, a prefix algorithm needs at least 
min{j | G(j) ≥ n} communication steps, where 
 

G(j) = 1,     0 ≤ j < λ; 
G(j) = G(j – 1) + kG(j – λ), j ≥ λ. 

3. ALGORITHM A 

This section presents a prefix algorithm on the k-port postal model with n PEs.  To 
design the algorithm, it helps to consider how v(0) can be sent from PE 0 to other PEs.  
Since G(j – 1) PEs can contain v(0) after step j – 1, where j ≥ 1, assume that these PEs 
are numbered 0, 1,..., G(j – 1) – 1.  Each of these G(j – 1) PEs can send v(0) to k PEs in 
step j; thus, kG(j – 1) PEs can receive v(0) in step j + λ – 1.  To specify which PEs are 
to receive v(0), we assume that the G(j + λ – 2) PEs containing v(0) after step j + λ – 2 
are numbered 0 through G(j + λ – 2) – 1, and we want the G(j + λ – 1) PEs that contain 
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v(0) after step j + λ – 1 to be numbered 0 through G(j + λ – 1) – 1. To achieve this, in 
step j, a way of passing v(0) to PEs G(j + λ – 2) through G(j + λ – 1) – 1 is as follows. 
For all t ∈ {0, 1, ..., k – 1} �, 

 
PE 0 sends v(0) to PE G(j + λ – 2) + tG(j – 1), 
PE 1 sends v(0) to PE 1 + G(j + λ – 2) + tG(j – 1), 
..., 
PE G(j – 1) – 1 sends v(0) to PE G(j – 1) – 1 + G(j + λ – 2) + tG(j – 1).  

 
That is, for all t ∈ {0, 1,..., k – 1}, 

 
PE i sends v(0) to PE i + G(j + λ – 2) + tG(j – 1), 0 ≤ i ≤ G(j – 1) – 1. 

 
Thus, in step j + λ – 1, kG(j – 1) PEs receive v(0), and consequently, G(j + λ – 2) + 
kG(j – 1) = G(j + λ – 1) PEs can contain v(0). 

Now we will describe the exact communication pattern among PEs achieved 
through the construction of n spanning trees rooted at nodes labeled from 0 to n – 1, re-
spectively.  Let Ti denote the tree rooted at node i, 0 ≤ i ≤ n – 1; Ti will finally contain 
n – i nodes labeled i through n – 1, and these nodes represent PE i through PE n – 1.  
The construction process for Ti corresponds to how and when a message containing v(i) 
is sent from PE i to PEs i + 1 through n – 1.   

The tree Ti is constructed step by step as follows.  Initially, Ti consists of only node 
i, indicating that PE i initially contains v(i).  For any node x in the partial tree before 
step j, the set of child nodes of node x added in step j is defined by 

Sx,j = {y | y = x + G(j + λ – 2) + tG(j – 1) < n, 0 ≤ t ≤ k –1, t is an integer} . 
That is, edge (x, y) is added to Ti in step j for each y ∈ Sx,j.  This means that PE x 

sends a message containing v(i) to PE y in step j.  On the postal model, a message sent 
in step j is received in step j + λ – 1, and the received message can then be forwarded in 
step j + λ.  Thus, if y ∈ Sx,j, then node y cannot have a child node before step j + λ.  

For example, consider constructing T0 (see Fig. 1) with n = 10, k = 2, λ = 3.  
Clearly, G(0) = 1, G(1) = 1, G(2) = 1, G(3) = 3, G(4) = 5, G(5) = 7, and G(6) = 13.  The 
construction steps are as follows: 

 
Step 1 (j = 1): S0,1 = {1, 2} ; add edges (0, 1), (0, 2) to T0. 
Step 2 (j = 2): S0,2 = {3, 4} ; add edges (0, 3), (0, 4) to T0. 
Step 3 (j = 3): S0,3 = {5, 6} ; add edges (0, 5), (0, 6) to T0. 
Step 4 (j = 4): S0,4 = {7} ; add edge (0, 7) to T0. 

S1,4 = {8} ; add edge (1, 8) to T0. 
S2,4 = {9} ; add edge (2, 9) to T0. 

 
When j ≥ 5, Sx,i = φ for each node x in T0.  That is, T0 is completed in four steps.  

Note that as shown in Fig. 1, a newly added leaf node is white, and it turns black when it 
has at least one child.  Fig. 2 shows the last step of constructing T1 and T2. 

By definition, if y ∈ S
x,j–λ+1

, then y = x + G(j – 1) + tG(j – λ) < n, where 0 ≤ t ≤ k – 1; 

thus, x = y – G(j – 1) – tG(j – λ).  Since a value sent out in step j – λ + 1 will be re-
ceived in step j, the set of PEs from which a PE y receives a value in step j, j ≥ λ, is 
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Fig. 1. Construction of T0 with n = 10, k = 2, λ = 3: (a) step 1, (b) step 2, (c) step 3, (d) step 4. 
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Fig. 2. T1 and T2 with n = 10, k = 2, λ = 3. 

R
y,j 

= { x | x = y – G(j – 1) – tG(j – λ) ≥ 0, 0 ≤ t ≤ k – 1, t is an integer}. 

 
Now we can present the parallel prefix algorithm shown in Fig. 3.  The algorithm 

consists of min{j | G(j) ≥ n} time steps, each being an iteration of the for loop.  Note 
that we use i : j to represent the result of v(i) ⊕ v(i + 1) ⊕ ... ⊕ v(j), where i ≤ j.   

 
Algorithm A.  /* Prefix algorithm executed by PE x, 0 ≤ x < n, on the k-port postal 
model. A memory location in PE x, c(x), initially stores v(x), then a partial result, and 
finally 0:x. The cardinality of R

x,j 
is |R

x,j
| = h, and e

r denotes the rth smallest element in 

R
x,j 

*/ 
 

 m := min{ j | G(j) ≥ n}  
 for j = 1 to m do      /* min{ j | G(j) ≥ n} time steps */ 
  if 1 ≤ j ≤ m – λ + 1 then 
   for all y ∈ S

x,j
, send c(x) to PE y   /* 1 ≤ |S

x,j
| ≤ k */ 

  end if 
  if λ ≤ j ≤ m then 
   for all r ∈ {1, 2,..., h}, receive c(er) from PE er  /* 1 ≤ h ≤ k */ 
   c(x) := c(e1) ⊕ c(e2) ⊕ ... ⊕ c(eh) ⊕ c(x) 
  end if 
 end for 

Fig. 3. Parallel prefix algorithm using n PEs on the k-port postal model. 
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To illustrate the execution of Algorithm A, consider the case where n = 10, k = 2, λ 
= 3.  Because G(5) = 7 and G(6) = 13, we have m = 6.  We will use Cj = < cj(0), 
cj(1), ..., cj(9) > to represent the values of c(0), c(1),..., c(9) in PE 0, PE 1,..., PE 9, re-
spectively, after time step j.  In particular, C0 represents initial values of c(i), and we let 
c(i) = i, 0 ≤ i ≤ 9; that is, 

 
C0 = <0, 1, 2, 3, 4, 5, 6, 7, 8, 9>. 
 
In time step 1, Si,1 = {i + 1, i + 2} for 0 ≤ i ≤ 7, and S8,1 = {9}.  The values sent out 

are taken from C0.  Since none are received in time step 1, after time step 1 we have 
 
C1 = C0 = <0, 1, 2, 3, 4, 5, 6, 7, 8, 9>. 
 
In time step 2, Si,2 = {i + 3, i + 4} for 0 ≤ i ≤ 5, and S6,2 = {9}.  The values sent out 

are taken from C1.  Since none are received in time step 2, we have 
 
C2 = C1 = <0, 1, 2, 3, 4, 5, 6, 7, 8, 9>. 
 
In time step 3, Si,3 = {i + 5, i + 6} for 0 ≤ i ≤ 3, and S4,3 = {9}.  The values sent out 

are taken from C2.  Now, R0, 3 = φ, R1,3 = {0}, and Ri,3 = {i – 2, i – 1} for 2 ≤ i ≤ 9.  The 
values received come from C0; thus,  

 
C3 = <0, 0:1, 0:2, 1:3, 2:4, 3:5, 4:6, 5:7, 6:8, 7:9>. 
 
In time step 4, Si,4 = {i + 7} for 0 ≤ i ≤ 2.  The values sent out are taken from C3.  

Now, Ri,4 = φ for 0 ≤ i ≤ 2, R3,4 = {0}, and Ri,4 = {i – 4, i – 3} for 4 ≤ i ≤ 9.  The values 
received come from C1; thus,  

 
C4 = <0, 0:1, 0:2, 0:3, 0:4, 1:5, 2:6, 3:7, 4:8, 5:9>. 
 
In time step 5, no data are sent out.  Now, Ri,5 = φ for 0 ≤ i ≤ 4, R5,5 = {0}, and Ri,5 

= {i – 6, i – 5} for 6 ≤ i ≤ 9.  The values received come from C2; thus,  
 
C5 = <0, 0:1, 0:2, 0:3, 0:4, 0:5, 0:6, 1:7, 2:8, 3:9>. 
 
In time step 6, no data are sent out.  Now, Ri,6 = φ for 0 ≤ i ≤ 6, and Ri,6 = {i – 7}  

for 7 ≤ i ≤ 9.  The values received come from C3; thus,  
 
C6 = <0, 0:1, 0:2, 0:3, 0:4, 0:5, 0:6, 0:7, 0:8, 0:9>. 
 

Therefore, it takes 6 time steps to complete the prefix operation. 
Fig. 4 shows the communications of the above example.  Every vertical line repre-

sents a PE whose label is on top of the line.  Each horizontal line represents a time step.  
Every oblique line is assumed to be directed downward and ends with a dot on a vertical 
line.  An oblique line that starts at vertical line i at time step t and ends at vertical line j 
at time step t + 2 denotes that a message is sent by PE i at time step t and received by PE 
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j at time step t + 2.  Furthermore, a dot on a vertical line j denotes that PE j performs ⊕ 
operations on the received values; that is, c(e1) ⊕ c(e2) ⊕ ... ⊕ c(eh) ⊕ c(j).  For ease of 
understanding, oblique lines that start at even-numbered time steps are dashed. 
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Fig. 4. Communication graph of Algorithm A for n = 10, k = 2, λ = 3. 

Lemma 2. In time step j (≥ λ) of Algorithm A: 
 

Case 1. If 0 ≤ i < G(j – 1), then PE i receives no data. 
Case 2.  If G(j – 1) + sG(j – λ) ≤ i < G(j – 1) + (s + 1)G(j – λ), 0 ≤ s ≤ k – 1 and s is 

an integer, then for t ∈ {0, 1,..., s}, PE i receives c(i – G(j – 1) – tG(j – λ)) 
from PE (i – G(j – 1) – tG(j – λ)). 

Case 3. If G(j – 1) + kG(j – λ) ≤ i < n, then for t ∈ {0, 1,..., k – 1}, PE i receives 
c(i – G(j – 1) – tG(j – λ)) from PE (i – G(j – 1) – tG(j – λ)). 

 
Proof: The proof is straightforward, and can be found in [17]. 

 
Lemma 3. After time step j, 1 ≤ j ≤ m, of Algorithm A, PE i, 0 ≤ i < n, contains 
 

c(i) = 0:i,          if 0 ≤ i < G(j); 
c(i) = (i – G(j) + 1):i,    if G(j) ≤ i < n. 
 

Proof: The proof is by induction on j and can be found in [17]. 
 

Theorem 4. Algorithm A performs the prefix operation in Θ(m) time, where m = min{j | 
G(j) ≥ n}.  It is optimal in terms of the number of communication steps and is 
time-optimal. 

Proof: By Lemma 3, after time step j, PE i contains c(i) = 0:i if 0 ≤ i < G(j). Thus, after 
time step m, PE i has the final result c(i) = 0:i, 0 ≤ i < n ≤ G(m).  The number of com-
munication steps taken by Algorithm A, m, equals the lower bound given in Theorem 1. 

The computing time of Algorithm A is O(k(m – λ)).  Since k and λ are constants 
for any particular computer, O(k(m – λ)) = O(m). The computing time plus the commu-
nication time is O(m) + Θ(m) = Θ(m). Because Theorem 1 implies that the prefix prob-
lem requires Ω(m) time, Algorithm A is time-optimal.                       Q.E.D. 
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4. ALGORITHM B 

In this section, we will present a parallel prefix algorithm that uses only p < n PEs.  
The algorithm is derived from Algorithm A.  Using the same number of PEs on the 
postal model, the algorithms have the same communication pattern.  Let q = n/p.  As-
sume that initially, PE 0 through PE (n – p × q – 1) each contain q initial values, and 
that the other PEs each contain q values.  For ease of presentation, we further assume 
that q is an integer, and that PE i initially contains v(iq), v(iq+1),..., v((i+1)q–1), for 0 ≤ i 
< p.  PE i uses the following memory locations: c(i), d(i), and temp for saving partial 
results; and an array of q elements u[iq..(i+1)q–1] for storing input data v(iq), v(iq+1),..., 
v((i+1)q–1) and final results 0:iq, 0:iq+1,..., 0:(i+1)q–1.  Fig. 5 gives the algorithm. 

 
Algorithm B.  /* Prefix algorithm executed by PE x, 0 ≤ x < p < n, on the k-port postal 
model.  Assume that q = n/p is an integer.  The cardinality of R

x,j
 is |R

x,j|
 = h, and e

r
 

denotes the rth smallest element in R
x,j

. */ 

 
 c(x) := u[iq] ⊕ u[iq + 1] ⊕ ... ⊕ u[(i + 1)q – 1] 
 d(x) := u[iq] 
 s := min{j | G(j) ≥ p}  
 for j = 1 to s do 
  if 1 ≤ j ≤ s – λ + 1 then 
   for all y ∈ S

x,j
, send c(x) to PE y   /* 1 ≤ |S

x,j
| ≤ k */ 

  end if 
  if λ ≤ j ≤ s then 
   for all r ∈ {1, 2,..., h}, receive c(e

r
) from PE e

r
  /* 1 ≤ h ≤ k */ 

   temp := c(e
1
) ⊕ c(e

2
) ⊕ ... ⊕ c(e

h
) 

   c(x) := temp ⊕ c(x) 
   d(x) := temp ⊕ d(x) 
  end if 
 end for 
 u[xq] := d(x) 
 for j = 1 to q – 1 do 
  u[xq + j] := u[xq + j – 1] ⊕ u[xq + j] 
 end for 

Fig. 5. Prefix algorithm using p < n PEs on the k-port postal model. 

Theorem 5.  Algorithm B solves the prefix problem in Θ(n/p + s) time, where s = min{j 
| G(j) ≥ p} .  It is optimal in terms of the number of communication steps.  When n = 
Ω(ps), it is cost-optimal and achieves linear speedup. 
 
Proof: Algorithm B takes only s communication steps; by Theorem 1, this is optimal.  
The communication time is thus Θ(s).  In addition, the algorithm requires Θ(n/p) + O(ks) 
computing time.  Therefore, the total execution time is Θ(n/p + s) + O(ks).  Since k is a 
constant for any particular computer, the execution time is Θ(n/p + s).  If n = Ω(ps), 
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then n/p = Ω(s), and Θ(n/p + s) = Θ(n/p). The prefix operation requires Θ(n) time on a 
sequential computer; thus, the algorithm is cost-optimal and achieves linear speedup.  

Q.E.D. 

5. CONCLUDING REMARKS 

We have presented an exact communication lower bound for the prefix problem on 
the postal model.  Two efficient prefix algorithms have also been introduced.  The first 
algorithm uses n PEs; it is not only optimal in terms of the number of communication 
steps, but is also time-optimal.  The second one solves the prefix problem by using only 
p PEs, where p < n.  It is also optimal in terms of the number of communication steps.  
Furthermore, it may be cost-optimal and may achieve linear speedup. 
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