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Short Paper

Matrix transpose is a permutation frequently performed in various techniques in-
volving systems of linear equations. Partial differential equations are typically solved
using the Alternating Direction Implicit (ADI) method by transposing the data between
the solution phases in different directions [7]. Another example in which data transposi-
tion may be advantageous is solving Poisson’s problem using the Fourier Analysis Cy-
clic Reduction (FACR) method. The mesh is one of the most important parallel architec-
tures. A number of parallel computers with 2-dimensional or 3-dimensional mesh topol-
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ogy have been built. Examples of 2-dimensional mesh computers include the Intel Delta,
the Intel Paragon, the Symult 2010, and the Victor of IBM. The MP-1 of Maspar contains
an 8-connected mesh topology. The Jmachine developed at MIT has a 3-dimensional
mesh topology, and the Cray T3D parallel system has a 3-dimensional torus topology.

Most newer generation hypercube and mesh parallel computers have replaced
store-and-forward routing (used in the first generation machines) with wormhole, cir-
cuit-switched, or virtual cut-through routing. While there are differences between
wormhole, circuit-switched and virtual cut-through routings, they al can be modeled by
complexity estimates of the same form when there is no congestion (see the next section)
[11]. In this paper, we assume wormhole switching on a mesh. We assume that commu-
nication is performed in a locked-step fashion; i.e., in one communication step, each
node can send and receive a message.

Another orthogonal issue related to the routing policy is how the path is selected. In
most existing mesh parallel computers, an oblivious routing is used, in which the path
selection is fixed independent of other messages. For instance, the most popular XY
routing routes a message first along the X dimension and then along the Y dimension.
Ordering the dimensions in this way ensures that the XY routing will prevent deadlock
(but adaptiveness is also lost). In this paper, we first develop an algorithm that achieves
the optimal bound when there is no restriction on the path selection policy and then ex-
plain how it can be implemented when the selected paths are restricted to XY paths. In
fact, 3 more steps are required when XY routing is assumed.

Efficient algorithms for matrix transpose have been proposed in a large number of
papers. Matrix transpose (in an abstract form) can be formed recursively as described in
[3]. Stone [12] gave algorithms for transposing a matrix on a shuffle-exchange network.
Nassimi and Sahni [10] gave agorithms for performing the class of Bit-Permute-Com-
plement operations, which include matrix transpose, on a mesh. Johnsson [5] and, inde-
pendently, McBryan and Van de Velde [8] applied the Recursive Exchange Algorithm
given in [3] to hypercubes. Later, Johnsson and Ho [6] and, independently, Stout and
Wagar [13] gave transpose agorithms on hypercubes with lower communication com-
plexity for an all-port model. All the above algorithms assume store-and-forward routing.

Matrix transpose agorithms on hypercubes with wormhole-like and e-cube routing
and a 1-port model were given by Ho and Raghunath [4]. The transpose algorithm for
meshes with wormhole routing was recently studied by Ding, Ho and Tsay [2]. They
presented several algorithms based on the well-known Recursive Exchange Algorithm
(REA) [3]. The best performance achieved by their algorithms is about N/3.27 steps. In
this paper, we present an algorithm that almost achieves the optimal % bound, and
requires only 3 more steps when the routing is restricted to XY routing, which is sup-
ported by most commercial mesh-connected parallel computers. Furthermore, our algo-
rithm is simple and can be implemented on current mesh-connected parallel computers.
The rest of this paper is organized as follows. Section 2 gives preliminaries, section 3
gives the algorithm, and section 4 concludes this paper.

2. PRELIMINARIES

Consider an N x N mesh of N? nodes each |abeled with indices (i, j), 0<i,j < N-1,
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where node (i, j) denotes the node in row i and column j of the mesh. A diagonal of the
mesh consists of all the nodes (i, j) withi —j = c for someinteger L—-N<c<N-1. The
main diagonal isthe diagona withi —j =0.

In this paper, we consider algorithms for matrix transpose on the mesh with worm-
hole switching. The matrix is assumed to be of size M; x M,, where M; and M, are mul-
tiplesof N, and is partitioned into N x N blocks with block (i, j), where 0 <1, j <N, being

My M

stored at mesh node (i, j). Thus, each node holds a submatrix of the form R

For convenience, let m = M;M,/N? be the size of a submatrix allocated to each node.
Each node (i, j), where i # j, therefore needs to exchange a message of size m with node
(j, 1), in order to form the transpose of the global matrix. For the purpose of complexity
analysis, we consider only communication cost and ignore the local processing time
(such asthelocal transpose time) as the latter is normally much smaller than the former.

When there is no congestion, wormhole, circuit-switched and virtua cut-through
routings (all referred to as wormhole-like routings in this paper) can be modeled by the
same form of complexity estimate as follows. To send a message of size m to a node
which is d hops away when there is no congestion, the time estimateis 7+ &d — 1) + nt,,
where 7 is the initia start-up time (overhead), Jis the start-up time for each additional
hop, and t; is the data transfer time per data unit (say, a matrix element). In most real
machines, zis much larger than &[4, 11]. Also, when mis large, which is typicaly the
case when solving real problems in scientific computing, the third term mt. will dominate.
We thus consider the third term only in the complexity analysis of our algorithm. Since
al the exchanged messages are of the same size (m), it is reasonable to assume that in
one communication step, each node on the mesh can send and receive a message as long
as there is no congestion. The complexity of our algorithm thus can be denoted by the
number of communication steps performed by it.

Let Ti,(N) denote the lower bound for transposing a matrix on an N x N mesh. A
lower bound was proved in [2], but it iswrong. We correct it in the following proof.

Lemmal
N-1
Tp(N) 2 .
° 2+\/§

Proof: From [2], the lower bound is the minimum of f(x) = [N%/4 + xN — x(x + 1)]/(N +
2x). We will now derive x. Letting the derivative of the formulato 0, we get N? — 2(2x +
1N — 4x% = 0, which has aroot x = (v2N2—2N = N)/2. When N is large, N?> >> N.
We then approximate the root by discarding the term 2N in the square root and get

x=2N% =N)/2= (2 -1)N/2. Taking x= (2 -1)N/2, we have f (x) = 242,

In fact, when N > 10, the difference between the exact value of f(x) and our solution
issmall than 0.01. For safety, we take

@

NZ/4+xN-x(x+1) _ N-1
N + 2x T 2442

(for N >10) a
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3. THE ALGORITHM

In this section, we present an optimal algorithm which takes $ communication
steps to perform matrix transpose on an N x N mesh with wormhole switching. The basic

idea of the algorithm is as follows. Let x:ﬁ,y: (\/5—1)x, and let 4x + 2y = N(N

must be even). We partition the lower half of the mesh into 15 regions as illustrated in
Fig. 1. The transpose in then performed in two phases. In the first phase, all the nodesin
the regions labeled from 1 to 10 complete the exchange with their corresponding nodes
in the upper half. The exchange for the nodes on the unlabeled regions is performed in
the second phase. The first phase is performed in x steps, and the second phase is per-
formed in y steps. The algorithm thus takes x+ y =+/2x=—-N_ steps. We next gives

. RPN
details of each phase.
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Fig. 1. Partitioning of the mesh in phase 1.

3.1Phasel

In phase 1, nodes of blocks labeled from 1 to 10 in Fig. 1 exchange their data with
their corresponding nodes in the other half of the mesh in x communication steps. Note
that every node in the main diagonal has two links connected to each half of the mesh
except for the two nodes at the corner of the mesh. This implies that at every time step,
there can be two messages originating from nodes in the same half and passing through
the same node in the main diagonal to the other half except for the corner nodes. Our
idea is to schedule the exchange so that the links of the nodes in the main diagonal are
fully used. It is not clear how this can be achieved.

We partition the main diagonal into 5 portions and label them A, B, C, D, and E in
order from the upper-left corner to the lower-right corner as shown in Fig. 1. Note that
portion C contains 2y nodes in the main diagonal, and each of the other portions contains
x nodes. We take the 4 horizontal lines as well as the 4 vertical lines passing through the
shared boundaries of the above 5 portions and partition each half of the mesh into 10
rectangular blocks and 5 triangular blocks. Phase 1 performs the exchange for nodes in
the blocks labeled 1 to 10 in Fig. 1.
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Each step of phase 1 performs the following exchange is performed.

1. Choose arow in block 1. The message of each node in that row will go up to A, and
then turn right and go to its destination in block 1'.

2. Choose a column in block 2. The message of each node in that column will go right
to D and then turn up and go to its destination in block 2'. See Fig. 2 for an illustra-
tion.

3. Choose a column in block 3. The message of each node in that column will go right
to E and then turn up and go to its destination in block 3.

4. Choose arow in block 4. The message of each node in that row will go up to B and
then turn right and go to its destination in block 4'.

5. Choose a column in block 5. The message of each node in that column will go right
to C and then turn up and go to its destination in block 5'.

6. Choose arow in block 6. The message of each node in that row will go up to C and
then turn right and go to its destination in block 6'.

7. Choose a column in block 7. The message of each node in that column will go right
to B and then turn up and go to its destination in block 7.

8. Choose arow in block 8. The message of each node in that row will go up to D and
then turn right and go to its destination in block 8'.

9. Choose a row in block 9. The message of each node in that row will go up to E and
then turn right and go to its destination in block 9'.

10. Choose a column in block 10. The message of each node in that column will go right
to A and then turn up and go to its destination in block 10°.

Note that in each step, each pair of corresponding nodes exchanges their messages
along the same path but in different directions. Fig. 2 illustrates the paths selected for
exchanging the messages between each pair of blocks. It is clear that there is no edge
congestion. Since each of blocks 1, 4, 6, 8, and 9 contains x rows, and each of blocks 2, 3,
5, 7, and 10 contains x columns, above operations can be iterated x times to complete
phase 1.
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Fig. 2. Paths selected in phase 1.
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Lemma 2 Phase 1 can be done in x steps.

Note that in the above process some messages, for example, the messages from
block 1, take YX routes, which requires 2 communication steps in XY routing. By pipe-
lining the communications initiated in different iterations, phase 1 can be donein x + 1
communication steps while restricted to XY routing. We thus have the following lemma.

Lemma 3 Phase 1 can be done in x + 1 steps when the routing is restricted to XY routing.
3.2 Phase 2
In phase 2, we perform exchange for nodes in the remaining blocks. The remaining

blocks are partitioned into 18 smaller blocks asin Fig. 3. Phase 2 performs the following
operations.
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Fig. 3. Partitioning of the mesh in phase 2.

¢ We combine block 1 and block 2 into a virtually rectangular block. Nodes in the com-
bined rectangular block exchange their messages with their corresponding nodes in the
upper half column by column as follows. Choose a column from the combined block.
The message of each node in that column will go right to C,, and then go up to its des-
tination node in the upper half. Nodes in the upper half use the same paths but in dif-
ferent direction to send their messages in the lower half. See Fig. 4 for anillustration.

¢ Block 3 and block 4 are combined into a rectangular block, and exchange their mes-
sages with their corresponding nodes in away similar to block 1 and 2. The message of
each node in the chosen column will go right to C,, and then go up to its destination
node in the upper half.
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Fig. 4. Paths selected in phase 2.

¢ Block 5 and block 6 are combined into a rectangular block, and work similarly to block
1 and block 2. At each communication step, we choose a row from the combined block.
The message of each node in that row will go up to C;, and then go right to its destina-
tion node in the upper half.

¢ Block 7 and block 8 are combined into a rectangular block, and work similarly to block
1 and block 2. At each communication step, we choose a row from the combined block.
The message of each node in that row will go up to C,, and then go right to its destina-
tion node in the upper half.

¢ Nodes in block 9 performs the exchange row by row. At each communication step, we
choose arow from block 9. The message of each node in that row will go up to A, and
then go right to its destination node in the upper half.

e Nodesin block 10 performs the exchange row by row. At each communication step, we
choose arow from block 10. Asiillustrated in Fig. 4, the message of each node in that
row will go down to the diagonal of the block immediately below block 10, then go
right to D, and then follow a symmetric path in the upper half to reach its destination
node.

e Nodes in block 11 performs the exchange column by column in away similar to nodes
in block 10. At each communication step, we choose a column from block 11. Asillus-
trated in Fig. 4, the message of each node in that column will go left to the diagonal of
the block immediately left to block 11, then go up to B, and then follow a symmetric
path in the upper half to reach its destination node.

¢ Nodes in block 12 performs the exchange column by column. At each communication
step, we choose a column from block 12. The message of each node in that column will
go right to E, and then go up to its destination node in the upper half.

¢ Note that nodes in block 13 consists of y lines parallel to the main diagonal. For sim-
plicity, each line is referred as a diagonal. Nodes in block 13 performs the exchange
diagonal by diagonal. At each communication step, we choose a diagonal from block
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13. The message of each node in that diagonal will go right to B, and then go up to its
destination node in the upper half.

e Nodes in block 14 performs the exchange diagonal by diagonal. At each communica-
tion step, we choose a diagonal from block 14. The message of each node in that di-
agonal will go up to D, and then go right to its destination node in the upper half.

We have explained how to perform the exchange for nodes in blocks 1 to 14. We
next explain how to perform the exchange for nodes in blocks 15, 16, 17 and 18.

Since block 15 is equivalent to block 6, we combine block 15 and block 11 to form
avirtually rectangular block in which a row of block 15 is concatenated to a column of
block 11 to form a virtual column in the combined block. When a column in block 11 is
chosen to send out messages, nodes in the row of block 15 concatenated to that column
also start to send out their messages. The messages from each row of block 15 will go up
to B, and then turn right to their destinations. See Fig. 4 for an illustration. Similarly, we
combine block 16 and block 10, and whenever arow of block 10 is scheduled to perform
the exchange, the column of block 16 concatenated to that row is also scheduled to per-
form the exchange.

Nodes in block 17 are combined with nodes in block 9. Consider a row of block 9
containing x — k nodes. That row will use linksin column 0 to x — k — 1 in the lower half,
and links in rows 0 to X — k — 1 in the upper half to perform the exchange. This implies
that links in column x — k to x — 1 in the lower half, and linksin rows x — kto x — 1 are
not used by that row. We then choose k nodes from block 17 to used those used links to
perform the exchange. Namely, the message of each of the k chosen nodes will go left to
aused column first, then go up to A, and then follow a symmetric path in the upper half
to reach its destination. See Fig. 4 for an illustration. To guarantee that no edge conges-
tion occurs, those k nodes should be chosen from k different columns and k different
rows. To achieve this, we order the nodes in block 17 in diagonal-major order as illus-
trated in Fig. 5, and schedule nodes in block 17 according to that order. Namely, we
choose the first k unscheduled nodes to perform the exchange. Since k <y and each di-
agonal in block 17 contains at least y nodes, it is clear that in diagonal-major order, any k
consecutive nodes are in k different rows and in k different columns. Since the number of
nodesin block 17 is equivalent to the number of nodes in block 1, we can combine block
17 and block 9 to perform the exchange in y communication steps. Similarly, we com-
bine 18 and block 12.

Fig. 5. Diagonal-major order.
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Lemma 4 Phase 2 can be performed in y steps.

Note that each path selected to exchange a pair of messages in phase 2 consists of at
most 3 XY paths. By pipelining the exchange initiated in different step, phase 2 can be
performed in y + 2 communication steps. We thus have the following lemma.

Lemma 5 Phase 2 can be performed in 'y + 2 steps when the routing is restricted to XY
routing.

Sincex+y=x+ (\/5—1)X= V2x=-N_ we have the following theorem.

24427
Theorem 1 Matrix transpose on N x N mesh with wormhole routing can be performed in
2z SoPS

Theorem 2 Matrix transpose on N x N mesh with wormhole and XY routing can be per-

i N
formed in ﬁ+3 steps.

According to our mesh partition, the equation, 4x + 2y = N, implies that N must be
an even number. If N must be odd, we apply our algorithm to the (N — 1) x (N — 1) sub-

mesh and use extra \Fone step to transpose other nodes message. The total steps are
N-1 —_N 14++/2

242 1= 2442 2442

Theorem 3 When N must be odd, matrix transpose on N x N mesh with wormhole rout-

. . N 144/2
ing can be performed in oo T ok steps.

4. FURTHER REMARKS

In this paper, we have presented an optimal agorithm that takes % communica-
tion steps to transpose a matrix on an N x N (N is even) mesh with wormhole switching.
The performance almost matches the lower bound by a constant factor. When the routing
isrestricted to XY routing, the algorithm takes only 3 steps more.

Throughout the paper, we have implicitly assumed that each node can somehow
comply to the globally assigned schedule to avoid the message congestion [15]. There
are at least two approaches in implementing the algorithm on an asynchronous mesh.
One is to perform a globa synchronization before the matrix transpose, then some ap-
propriate amount of idle time is inserted to respective nodes before sending out their
messages. Another approach is to add explicit synchronization messages to control the
initiation of real messages. It is possible to do so such that the term for t. in the overall
communication complexity remains unchanged and the term for zisincreased only by a
very small constant factor.

It is interesting to study whether or not optimal performance can be achieved other
networks such astorus.
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