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This paper presents two new types of fuzzy shortest-path network problems. We
consider the edge weight of the network as uncertain, which means that it is either im-
precise or unknown. Thus, the first type of fuzzy shortest-path problem uses triangular
fuzzy numbers for the imprecise problem. The second type uses level (1 − β, 1 − α) in-
terval-valued fuzzy numbers, which are based on past statistical data corresponding to
the confidence intervals of the edge weights for the unknown problem. The main results
obtained from this study are: (1) using triangular fuzzy numbers and a signed distance
ranking method to obtain Theorem 1, and (2) using level (1 − β, 1 − α) interval-valued
fuzzy numbers, combining statistics with fuzzy sets and a signed distance ranking
method to obtain Theorem 2. We conclude that the shortest paths in the fuzzy sense ob-
tained from Theorems 1 and 2 correspond to the actual paths in the network, and the
fuzzy shortest-path problem is an extension of the crisp case.

Keywords: triangular fuzzy number, level (1 − β, 1 − α) interval-valued fuzzy number,
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1. INTRODUCTION

One of the fundamental problems in network theory is finding shortest paths in a
network. Over the past several years this problem has often been posed as a subset of
other optimization problems [6]. Consider the following scenario. A motorist wishes to
find the shortest possible route from Chicago to Boston. Given a road map of the United
States on which the distance between each pair of successive intersections is marked,
how can we determine the shortest route [3]? Obviously, the shortest-path problem re-
quires determining the shortest route between a source and a destination in a transporta-
tion network. In some applications, the numbers associated with the edges of networks
may represent characteristics other than lengths, and we may want the optimum paths,
where optimum can be defined by different criteria. Nevertheless, the shortest-path
problem is the most common problem in the whole class of optimum path problems.
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Shortest-path algorithms can usually be modified slightly to find other optimum paths,
for example, in computer networks.

The analysis of fuzzy counterparts of the shortest-path problem appears to have be-
come a popular task in recent years [8]. The main advantage, compared to the nonfuzzy
problem formulation, is that the decision-maker (DM) is not forced into a precise formu-
lation. Indeed, there is much vaguely formulated information or imprecisely quantified
physical data in real world descriptions. Therefore, fuzziness can be introduced into a
network in a variety of ways, e.g., through edge capacities, edge weights, vertex restric-
tions, or arc lengths [1, 2, 10-12]. Dubois and Prade [4] first introduced the fuzzy short-
est-path problem in 1980. The major drawback of this fuzzy shortest-path problem is the
lack of interpretation. That is, a fuzzy shortest path is found but it may not correspond to
an actual path in the network. This problem is circumvented with new models based on
fuzzy shortest paths and multiple objectives presented by Klein [8]. He developed a hy-
brid multi-criteria algorithm based on fuzzy dynamic programming (DP), i.e., f(N) = (1, 1,
1, …, 1), f(i) = ))(~(

),(
jfedom ij

Eji
+

∈
, to solve these models. Klein analyzed the fuzzy short-

est-path algorithms in terms of general fuzzy mathematical programming. Nevertheless,
the proposed approach did not seem to be an extension of the crisp counterpart. Mares
and Horak [11] proposed that the uncertainty connected with the input data of a network
can be described and investigated by means of fuzzy sets and fuzzy quantities theory.
They showed that after summing fuzzy quantities, it is possible to derive the uncertainty
connected with more complex paths and reserves. Chanas and Kolodziejczyk [2] ana-
lyzed the maximum flow in a network in which an excess over the beforehand fixed
quota of arc capacity is admissible. This problem is represented as a partially fuzzy linear
programming task. They then presented an algorithm for searching maximum flow as-
suming integer values of flows on network arcs. Okada and Soper [12] introduced an
order relation between fuzzy number based on “fuzzy min” concept and that a nondomi-
nated path or Pareto Optimal path from the specified node to every other node is defined.
They then proposed an algorithm for solving fuzzy shortest path problems based on the
multiple-labeling method for a multicriteria shortest path problem.

In this study, we investigated two new types of fuzzy shortest-path problems, which
are different from previous methods mentioned in the literature [1, 2, 4, 8, 10-12]. In our
work, we considered each edge weight of the network as uncertain, which means that it is
either imprecise or unknown. Consequently, we first use triangular fuzzy numbers for the
imprecise problem, and then use a signed distance ranking method to defuzzify the fuzzy
numbers to obtain the first type of shortest-path problem in the fuzzy sense. Second, we
use level (1 − β, 1 − α) interval-valued fuzzy numbers for the unknown problem. Each
level (1 − β, 1 − α) interval-valued fuzzy number is based on past statistical data, which
corresponds to the confidence intervals of the edge weights. After applying the signed
distance ranking method to defuzzify the level (1 − β, 1 − α) interval-valued fuzzy num-
bers, we obtain the second type of shortest-path problem in the fuzzy sense. A dynamic
programming recursion and a tabular calculation method were developed in this study to
solve these problems. The main results from our study are that the fuzzy shortest paths
obtained from our models correspond to actual paths in the network, and that the fuzzy
shortest-path problems are an extension of the crisp problem. In addition, we propose an
approach to combine statistics with fuzzy sets for obtaining a fuzzy shortest-path model.
This approach will be very useful for solving practical problems.
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The paper is organized as follows. Section 2 outlines the definitions of a signed dis-
tance ranking method for fuzzy numbers and for level (λ, α) interval-valued fuzzy num-
bers. In section 3 we formulate the shortest-path problem and discuss its fuzzy counter-
part. Section 4 involves the first type of fuzzy shortest-path problem in which Theorem 1
is presented and an illustrative example is given. In section 5, we examine the second
type of fuzzy shortest-path problem based on past statistical data. We also present Theo-
rem 2 and give an illustrative example. Section 6 discusses the main results of this work.
Finally, we state our conclusion in section 7.

2. PREREQUISITES

While considering the fuzzy shortest-path problem, some prerequisites are needed to
deal with level (λ, ρ) interval-valued fuzzy numbers, which are given below.

Definition 1: A fuzzy set λb
~

defined on R = (−∞, ∞), which has the following member-
ship function called a level λ fuzzy point, 0 < λ ≤ 1.



 =

=
otherwise

bx
x

b ,0

,
)(~

λ
µ

λ
(1)

Definition 2: A fuzzy set ],[ αα ba , where 10 ≤≤ α and defined on R, which has the
following membership function called a level α fuzzy interval:



 ≤≤

=
otherwise

bxa
xba ,0

,
)(],[

α
µ

αα
(2)

Definition 3: The level λ triangular fuzzy number A
~

, 0 < λ ≤ 1, denoted by A
~

= (a, b, c,
λ), is a fuzzy set defined on R with the membership function defined as



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≤≤
−
−

=µ

otherwise
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bc

xcλ
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axλ

x
A

,0

,
)(

,
)(

)(~ (3)

Let the family of all level λ fuzzy numbers be denoted by FN(λ) = {(a, b, c; λ)∀a <
b < c, a, b, c ∈ R}, 0 < λ ≤ 1. In addition, let (a, b, c; 1) be the triangular fuzzy number
and denoted by (a, b, c).

Definition 4: A fuzzy set A
~

defined on R = (−∞, ∞), which has the following member-
ship function is called an interval-valued fuzzy set,

)])}(),([,{(
~

~~ xxxA UL AA
µµ= , x ∈ R, ≤≤ )(0 ~ xLA

µ 1)(~ ≤xUA
µ .
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Symbolically A
~

is denoted by UL AA
~

,
~

[ ], ∀x ∈ R. The membership grade of x in
A
~

lies in the interval )](),([ ~~ xx UL AA
µµ . Obviously, the largest grade is )(~ xUA

µ and
the smallest is )(~ xLA

µ . In particular, if LA
~

= (a, b, c; λ), UA
~

= (p, b, q; ρ), 0 < λ ≤ ρ ≤ 1,
and p < a < b < c < q, we obtain A

~
= UL AA

~
,

~
[ ] = [(a, b, c; λ), (p, b, q; ρ)], which is

called the level (λ, ρ) interval-valued fuzzy number (see Fig. 1). Then the membership

function of A
~

= UL AA
~

,
~

[ ] can be defined as
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Fig. 1. An interval-valued fuzzy number A
~

.

Let the family of all level (λ, ρ) interval-valued fuzzy numbers be denoted by FIN(λ,
ρ) = {[(a, b, c; λ), (p, b, q; ρ)]∀p < a < b < c < q, a, b, c, p, q ∈ R}, 0 < λ < ρ ≤ 1. We
obtain the following property of binary operation from [7, 15].

Property 1. Let );,,(
~ λcbaA = and );,,(

~ λrqpB = ∈ FN(λ). We have =⊕ BA
~~

(a + p,
b + q, c + r, λ) ∈ FN(λ).

Definition 5: Let A
~

= UL AA
~

,
~

[ ] = [(a1, b1, c1; λ), (p1, b1, q1; ρ)] and B
~

= UL BB
~
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[(a2, b2, c2; λ), (p2, b2, q2; ρ)] ∈ FIN(λ, ρ) be interval-valued fuzzy numbers. The binary

operation ⊕ is defined by BA
~~ ⊕ = ]

~~
,

~~
[ UULL BABA ⊕⊕ .

Property 2. Let A
~

= UL AA
~

,
~

[ ] = [(a1, b1, c1; λ), (p1, b1, q1; ρ)] and B
~

= UL BB
~

,
~

[ ] =
[(a2, b2, c2; λ), (p2, b2, q2; ρ)] ∈ FIN(λ, ρ) be interval-valued fuzzy numbers. Then we

have BA
~~ ⊕ = [(a1 + a2, b1 + b2, c1 + c2; λ), (p1 + p2, b1 + b2, r1 + r2; ρ)].

Before defining the ranking of level (λ, ρ) fuzzy numbers on FIN(λ, ρ), we first con-
sider the definition of the signed distance on R [14].

Definition 6: Let d*(d, 0) = b, b, 0 ∈ R.

Geometrically, 0 < b means that b lies to the right of the origin 0, and the distance
between b and 0 is denoted by b = d*(b, 0). Similarly, b < 0 means that b lies to the left
of 0 and the distance between b and 0 is denoted by − b = − d*(b, 0). Therefore d*(b, 0)
denotes the signed distance of b, which is measured from 0.

Let A
~

= UL AA
~

,
~

[ ] = [(a, b, c; λ), (p, b, q; ρ)] ∈ FIN(λ, ρ). Now we consider the
ordering of level (λ, ρ) interval-valued fuzzy numbers defined on FIN(λ, ρ).

From Fig. 2 we can see that an α-cut of level (λ, ρ) interval-valued fuzzy number
A
~

is determined as follows:

For 0 ≤ α ≤ λ, the α-cut is ∪)](),({[ αα L
l

U
l AA )]}(),([ αα U

r
L
r AA ; otherwise, for λ

≤ α ≤ ρ, the α-cut is )](,)([ αα α
U
r

U
l AA . (6)

Fig. 2. The α-cut of level (λ, ρ) interval-valued fuzzy number A
~

.

Then we derive the following equations from (4) and (5).
For 0 ≤ α ≤ λ,

λ
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ρ
αα )()( pbpAU

l −+= , and
ρ
αα )()( bqqAU

r −−= . (7)

For ραλ ≤≤ ,

ρ
αα )()( pbpAU

l −+= and
ρ
αα )()( bqqAU

r −−= . (8)

Next consider the signed distance defined on FIN(λ, ρ). For any closed interval [a,
b], the signed distance of [a, b] measured from 0 is defined by d*([a, b], 0) = )(

2
1 ba + .

For any two disjoint closed intervals [a, b] and [c, d], the signed distance of [a, b] ∪ [c,
d] measured from 0 is defined by d*([a, b] ∪ [c, d], 0)= 2

1 (d*([a, b], 0) + d*([c, d],

0)). We can see that for each α ∈ [0, λ], )](),([ αα L
r

L
l AA and ])(,)([ αα αα L

r
L
l AA are a

one-to-one mapping. Similarly, for each α ∈ [0, ρ], )](),([ αα U
r

U
l AA and ,)([ ααAU

l

])( ααU
rA are also a one-to-one mapping. Therefore, from Fig. 2, we can define the
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~
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~
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Property 3. Let A
~

= [(a, b, c; λ), (p, b, q; ρ)] ∈ FIN(λ, ρ), 0 < λ < ρ ≤ 1. Then the signed

distance from A
~

measured from 0 is defined by )0
~

,
~

( 1Ad o = +++ cab6(8
1 ++ qp 44

))2(3 qpb
ρ
λ −− .

Property 4. Let A
~

= [(a1, b1, c1; λ), (p1, b1, q1; ρ)] and B
~

= [(a2, b2, c2; λ), (p2, b2, q2;

ρ)] ∈ FIN(λ, ρ). Then we have the binary operation +°=⊕ )0
~

,
~
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Definition 7: Let A
~

= [(a1, b1, c1; λ), (p1, b1, r1; ρ)] and B
~

= [(a2, b2, c2; λ), (p2, b2, r2;
ρ)] ∈ FIN(λ, ρ), for 0 < λ < ρ ≤ 1. The rankings of interval-valued fuzzy numbers on
FIN(λ, ρ) are defined by
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For the family of all level λ fuzzy numbers FN(λ), we have the following similar
results.

Definition 8: For each λ ∈ (0, 1] and C
~

= (a, b, c; λ) ∈ FN(λ), the signed distance of
A
~

measured from 10
~

is defined by )0
~

,
~

( 1Cd )2(4
1 cab ++= .

Property 5. Let A
~

= (a, b, c; λ) and B
~

= (p, q, r; λ) ∈ FN(λ). Then we obtain the binary
operation )0

~
,

~
()0

~
,

~
()0

~
,

~~
( 111 BdAdBAd +=⊕ .

Definition 9: Let A
~

= (a, b, c; λ) and B
~

= (p, q, r; λ) ∈ FN(λ). For λ ∈ (0, 1), the rank-
ings of level λ fuzzy numbers on FN(λ) are defined by
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3. FORMULATION OF SHORTEST-PATH NETWORK PROBLEMS

3.1 Crisp Shortest-Path Network Problem

In the shortest-path problem, each edge in the network has a number, which is
called the edge weight. The length of a path is the sum of all of the edge weights in the
path. There are usually many paths between a pair of nodes, for instance nodes s and t,
but only a path with the minimum length is the shortest path from s to t. In some applica-
tions, edge weights can be interpreted as measurements other than distances. For exam-
ple, edge weights are often used to represent time, cost, penalties, or any other quantity
that accumulates linearly along a path and that one wishes to minimize. As we stated in
section 1, the shortest-path problem is the most common problem in network flow prob-
lems. The shortest-path algorithm can usually be modified to find other optimum paths.
Accordingly, we shall focus on the traditional shortest-path problem in networks. Gener-
ally, there are three kinds of shortest-path problems in a network.

(1) The shortest path from one source node to one destination node,
(2) The shortest paths from one source node to all other nodes,
(3) The shortest paths between all pairs of nodes.

Dijkstra’s algorithm [5] was designed to solve Problem (2). Problem (3) can be
solved by running Dijkstra’s algorithm once from each vertex or by using Floyd’s algo-
rithm [9] only. Since all algorithms for solving Problem (1) and Problem (2) are essen-
tially the same, we will discuss only the problem of finding the shortest path from one
source node to one destination. This problem can be stated as follows. A network is an
acyclic directed graph G = (V, E) with a weight function w: E → R mapping edges to
real-valued numbers. The set V refers to the vertices of the graph and the set E refers to
the edges of the graph. The length of a path from vertex i to vertex j, p = < i, i1, …, j>, is
the sum of the weights of its constituent edges. The problem is to find a shortest path
from a given source vertex s ∈ V to a given destination vertex n ∈ V in a network. How-
ever, the problem of finding shortest paths is defined only if the network does not contain
a negative cycle [3, 6]. Note that a network can have some directed edges with negative
weights and yet does not contain a negative cycle.

According to Bellman’s equation [9], a DP formulation for the shortest-path prob-
lem can be given as follows. Given a network with an acyclic directed graph G = (V, E)
with n vertices numbered from 1 to n such that 1 is the source and n is the destination.
Then, we have

f(n) = 0

f(i) = },|)({min Ejijfcij
ji

>∈<+
<

. (9)
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Here cij is the weight of the directed edge <i, j>, and f(i) is the length of the shortest
path from vertex i to vertex n (see Fig. 3). Note that it is relatively easy to solve the
shortest-path problem while all of the edge weights are nonnegative, and the O(n2)
greedy algorithm for this case is Dijkstra’s [5].

Example 1. Consider the network shown in Fig. 3 where the numbers are edge weights.

Fig. 3. The network and its shortest path for Example 1.

Fig. 3 shows that V = {j | j = 1, 2, … , 8}, E = { <1, 2>, <1, 3>, <1, 4>, … , <7, 8>},
and c12 = 3, c13 = 2, c14 = 4, …, c78 = 4. The shortest path from vertex 1 to vertex 8 is 1 →
2 → 5 → 8 which has a total length f(1) = 13 (hours).

3. 2 Fuzzy Shortest-Path Problem

The fuzzy shortest-path problem was first introduced by Dubois and Prade [4].
Generally, fuzziness can be introduced into the network in a variety of ways, e.g.,
through edge capacities, edge weights, or vertex restrictions. In real life situations, some
unexpected events may occur so that the edge weight in the network may change slightly.
Hence, in most situations, the weight can only be estimated within a certain interval.
Consequently, it is very difficult for a DM to give a single precise number to represent
each edge weight in the network. Because of this interval estimation feature, the repre-
sentation of each edge weight can be more realistically and naturally achieved through
the use of a fuzzy number. As a result, the fuzzy approach seems much more natural to
us for solving the shortest-path problem in practice.

In [8], two specific categories for fuzzy shortest-path problems are discussed. The
first involves each edge weight depicted as a fuzzy number, and the second depicts the
length of a path as a fuzzy number with each edge in the network having a membership
value. In [4], Dubois and Prade discussed the solution to the first problem using an ex-
tended sum with Floyd’s and Ford’s algorithms used to solve the problem. The major
drawback in this solution is that a fuzzy shortest path can be found, but a shortest path
with that length may not exist. However, this problem is circumvented with the new
models based on fuzzy shortest paths and multiple objectives presented by Klein [8]. He
presented a hybrid multi-criteria DP recursion, f(N) = (1, 1, 1, …, 1) and f(i) =

))(~(
),(

jfedom ij
Eji

+
∈

, to solve the models. In the next two sections, we will present two new

types of fuzzy shortest-path problems in networks.
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4. FUZZY SHORTEST-PATH PROBLEM BASED
ON FUZZY NUMBERS

In this section, the essential problem we consider is that the edge weight in the net-
work, cij, is imprecise. The edge weight should be expressed using fuzzy linguistics, such
as “around four miles”, for practical situations. Therefore, the fuzzy linguistics used for
imprecise edge weight lead to the use of triangular fuzzy number

),(~
2,1 ijijijijijij cccc ∆+∆−= , (10)

where 0 < ∆ij1 < cij1, 0 < ∆ij2 (see Fig. 4), for a suitable representation. Note that ∆ij1 and
∆ij2 should be determined by the DM.

Fig. 4. The fuzzy number ijc~ .

For λ = 1, from Definition 8, we obtain

=)0
~

,~( 1ijcd ijijc ∆+ 4
1 ( *

ijc= ), (11)

where ∆ij = ∆ij2 − ∆ij1. This is the signed distance of ijc~ measured from .0
~

1 Since
=*

ijc =)0
~

,~( 1ijcd )3( 24
1

ijijc ∆+ )( 14
1

ijijc ∆−+ > 0, we conclude that )0
~

,~( 1ijcd is a

positive distance measured from 10
~

to ijc~ , and *
ijc is also a positive number measured

from 0. In (11), when ∆ij1 = ∆ij2, we obtain ijij cc =* . Thus the fuzzy problem becomes
crisp. We call =*

ijc ijijc ∆+ 4
1 an estimate of the edge weight <i, j> in the fuzzy sense.

From Fig. 3 and (9), the solution of DP can be derived as follows:

.)}8(),6(min{},5|)({min)5(

,)7(},6|)({min)6(

,},7|)({min)7(,0)8(

5858565
5

7867676
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cEjjfcff

j
j

j
j

j
j

=++=>∈<+=

+=+=>∈<+=

=>∈<+==

<

<

<

Similarly, we obtain

f(4) = c46 + c67 + c78, f(3) = c35 + c58, f(2) = c25 + c58, and
f(1) = min{c12 + f(2), c13 + f(3), c14 + f(4)} = c12 + c25 + c58.

2ijijc ∆+

1

0
x

1ijijc ∆− ijc
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The mean for each f(i), i = 1, …, 7, is a sum of cij, <i, j > ∈ E. Because there are fi-
nite paths from node 1 to node n in a network, we conclude that there are also finite paths
from node i to node n in the network. Thus there must exist a path p = <i, i1, i2, …, im(i),
n> (i.e. <i, i1>, <i1, i2>, …, <im(i), n> ∈ E) for f(i) =

1iic +
21iic + …+ ni im

c
)(

. Note that f(i)
is the length of the shortest path from vertex i to vertex n. We then derive inequalities
from f(i) as

≤+++ niiiii im
ccc

)(211
... nkkkik kp

ccc
)(211

... +++ , (12)

where at least one equal sign holds for all possible paths, p = < i, k1, k2, … , kp(k), n>,
from vertex i to vertex n. In summary, this is

|...min{)(
)(21 nkikik kp

cccif +++= for all paths p = < i, k1, k2, … , kp(k), n>}.

The DM should choose appropriate values for parameters to satisfy

≤∆++∆+∆ niiiii im )(211
... nkkkik kp )(211

... ∆++∆+∆ , (13)

where at least one equal sign holds. Adding one quarter of (13) to (12), according to (11),
Definition 8, and Property 5, we obtain

)~...~~(
)(211 niiiii im

cccd ⊕⊕⊕ ≤ )~...~~(
)(211 nkkkik kp

cccd ⊕⊕⊕ , (14)

where at least one equal sign holds. From Definition 9, we can see that (14) is equivalent
to

niiiii im
ccc

)(211

~...~~ ⊕⊕⊕ ≲ nkkkik kp
ccc

)(211

~...~~ ⊕⊕⊕ , (15)

where at least one ≈ holds for all possible paths from vertex i to vertex n. Obviously, (15)
is obtained from fuzzifying (12) and taking (13) as a fuzzified condition. Note that the
relations ≺ and ≈ in (15) are the rankings defined in FN(1) (see Definition 9). From Defi-
nition 8 and Property 5, we obtain )0

~
,~()0

~
,~()0

~
,~...~~( 111 211)(211 iiiiniiiii cdcdcccd

im
+=⊕⊕⊕

+ … ....)0
~

,~( ***
1 )(211)( nkiiiini kpim

ccccd +++=+ Similarly, we obtain ...~~(
211

⊕⊕ kkik ccd

)0
~

,~
1)( nk kp

c⊕ = +*
1ikc +*

21kkc … + *
)( nk kp

c . (16)

Then, from (11), (15), (16), and Definition 9, we derive the following inequalities:

+*
1iic +*

21iic … + *
)( ni im

c ≤ +*
1ikc +*

21kkc … + *
)( nk kp

c , (17)

where at least one equal sign holds for all possible paths from vertex i to vertex n. Let f*(i)
be the length of the shortest path from vertex i to vertex n in network G = (V, E) with

},|{ * Ejicij ∈>< . From (17), we obtain =)(* if +*
1iic +*

21iic … + *
)( ni im

c . Similarly, we
can obtain =)(* jf +*

1jjc +*
21 jjc … + *

)( nj jm
c . (18)

We rewrite (9) as follows: For any fixed i, )()( jfcif ij +≤ ,∀i < j, <i, j> ∈ E,
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where at least one equal sign holds. Then,

≤+++ niiiii im
ccc

)(211
... njjjjjij jm

cccc
)(211

... ++++ ,∀i < j, <i, j> ∈ E, (19)

where at least one equal sign holds. The DM should choose appropriate values for pa-
rameters to satisfy

≤∆++∆+∆ niiiii im )(211
... njjjjjij jm )(211

... ∆++∆+∆+∆ ,∀i < j, <i, j> ∈ E, (20)

where at least one equal sign holds. From (19) and (20), we obtain

niiiii im
ccc

)(211

~...~~ ⊕⊕⊕ ≲ njjjjjij jm
cccc

)(211

~...~~~ ⊕⊕⊕⊕ ,∀i < j, <i, j> ∈ E, (21)

where at least one ≈ holds. From Definitions 8 and 9, Property 5, and (11), we obtain

+*
1iic +*

21iic … + *
)( ni im

c ≤ +*
ijc +*

1jjc *
21 jjc +… + *

)( nj jm
c ,∀i < j, <i, j> ∈ E, (22)

where at least one equal sign holds.

Remark 1. Note that (19) and (20) have the same relation property.

From (18) and (22), the DP recursion of the first type of shortest-path problem in
the fuzzy sense can be given by },|)({min)( *** Ejijfcif ij

ji
∈><+=

<
and f*(n) = 0. Fi-

nally, we summarize the above description in the following Theorem.

Theorem 1. Consider a network G = (V, E) with n vertices numbered from 1 to n with
edge weights {cij | <i, j> ∈ E}. An estimate of the edge weight, *

ijc , is based on a trian-
gular fuzzy number from (10), and is defined by =*

ijc =∆−∆+ )( 124
1

ijijijc ijijc ∆+ 4
1 ,

where ∆ij1 and ∆ij2 are parameters whose values are determined by the DM so as to satisfy
(20), thus creating a set of edge weights in the fuzzy sense, },|{ * Ejicij ∈>< . The DP
recursion of the first type of shortest-path problem in the fuzzy sense is given by

},|)({min)( *** Ejijfcif ij
ji

∈><+=
<

, and (23)

,0)(* =nf

where )(* if is the length of the shortest path in the fuzzy sense from vertex i to vertex n.
Notice that when ∆ij2 and ∆ij1 for each edge <i, j> ∈ E in Theorem 1, we obtain

ijij cc =* , and as a result, the fuzzy shortest-path problem becomes a crisp problem.

Example 2. This example is a continuation of Example 1. In this paper, we introduce a
tabular method for evaluating the dynamic programming recursion of Example 1. The
tabular method is stated as follows. First, we put the edge weights from Fig. 3 into the
correct entries in Table 1, i.e., c12 = 3, c13 = 2, c14 = 4, …, c67 = 2, and c78 = 4. Next, we
calculate f(j) in reverse order of j = 7, 6, …, 2, 1 (see Table 1).
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Initially, f(8) = 0. We start with j = 7; see the i = 7 row. Since c78 = 4, check the j = 8
column, obtaining f(8) = 0. Hence, we obtain f(7) = c78 + f(8) = 4 + 0 = 4. Next, j = 6, see
the i = 6 row. Since c67 = 2, check the j = 7 column, obtaining f(7) = 4. We obtain f(6) =
c67 + f(7) = 2 + 4 = 6. Then, j = 5; see the i = 5 row. Since there are two entries, c56 and
c58, in that row, we obtain f(5) = min{c56 + f(6), c58 + f(8)} = min{1 + 6, 6 + 0} = 6. Us-
ing the same process we have f(4) = 10, f(3) = 12, and f(2) = 10. Finally, j = 1, see row i
= 1. Since there are three entries, c12, c13, and c14 in that row, we obtain f(1) = min{c12 +
f(2), c13 + f(3), c14 + f(4)} = min{3 + 10, 2 + 12, 4 + 10} = 13. In summary, the shortest
path obtained from f(1) = c12 + f(2) = c12 + c25 + f(5) = c12 + c25 + c58 + f(8) = c12 + c25 +
c58 is 1, 2, 5, 8 with length 13.

Table 1. Tabular method for finding the shortest path in the crisp case.

f(j) 13 10 12 10 6 6 4 0
j 1 2 3 4 5 6 7 8

i

3 2 4 1
1 4 2

6 3
4 4
1 6 5

2 6
4 7

c12 c13

c23

c67
c78 8

Now consider the fuzzy case. We look for inequalities that satisfy (19). Clearly, any
row with two or more entries in Table 1 entails an inequality. Hence, we get rows i = 1, 2,
and 5 and obtain the following inequalities:

when i = 1, c12 + f(2) < c13 + f(3), i.e., c12 + c25 + c58 < c13 + c35 + c58,
or c12 + f(2) < c14 + f(4), i.e., c12 + c25 + c58 < c14 + c46 + c67 + c78.

when i = 2, c25 + f(5) < c23 + f(3), i.e., c25 + c58 < c23 + c35 + c58.
when i = 5, c58 + f(8) < c56 + f(6), i.e., c58 < c56 + c67 + c78.

Then, according to Remark 1, the parameters of (20) based on the above inequalities are
derived as

∆12 + ∆25 + ∆58 < ∆13 + ∆35 + ∆58,
∆12 + ∆25 + ∆58 < ∆14 + ∆46 + ∆67 + ∆78,
∆25 + ∆58 < ∆23 + ∆35 + ∆58, and
∆58 < ∆56 + ∆67 + ∆78. (*)

If the DM chooses the values of parameters: ∆12 = 0.5, ∆13 = 1, ∆14 = 0.8, ∆23 = 0.9, ∆25 =
1, ∆35 = 1.2, ∆46 = 1.3, ∆56 = 1.5, ∆58 = 0.8, ∆67 = 1, and ∆78 = 0.9, to satisfy the conditions
in (*), then the fuzzy numbers in (10) are determined as
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),7.03,3,2.03(~
12 +−=c ),5.12,2,5.02(~

13 +−=c ),14,4,2.04(~
14 +−=c

),2.11,1,3.01(~
23 +−=c ),24,4,14(~

25 +−=c ),5.16,6,3.06(~
35 +−=c

),5.14,4,2.04(~
46 +−=c ),21,1,5.01(~

56 +−=c ),1.16,6,3.06(~
58 +−=c

),22,2,12(~
67 +−=c and ).1.14,4,2.04(~

78 +−=c

From Theorem 1 we obtain the following estimate of the edge weights in the fuzzy
sense: =*

12c 3.125, =*
13c 2.25, =*

14c 4.2, =*
23c 1.225, =*

25c 4.25, =*
35c 6.3, =*

46c 4.325,
=*

56c 1.375, =*
58c 6.2, =*

67c 2.25, and =*
78c 4.225. Fig. 5 shows the fuzzy network G =

(V, E) with },|{ * Ejicij ∈>< .
The tabular method for finding the shortest path in a fuzzy network is given in Table

2. Using the same approach as in Table 1, the shortest path in the fuzzy sense obtained
from )1(*f = c12 + f(2) = *

12c + *
25c + )5(*f = *

12c + *
25c + *

58c + )8(*f = *
12c + *

25c + *
58c , is

1, 2, 5, 8 with length 13.575. The shortest path in the fuzzy sense is longer than the
crisp shortest path by =×− 100)1(

)1()1(*
f

ff 4.42%.

Fig. 5. The fuzzy network G = (V, E) with },|{ * Ejicij ∈>< .

Table 2. Finding the shortest path in a fuzzy case.

)(
*

jf 13.575 10.45 12.5 10.8 6.2 6.475 4.225 0
j 1 2 3 4 5 6 7 8

3.125 2.25 4.2 1
1.225 4.25 2

6.3 3
4.325 4
1.375 6.2 5

2.25 6
4.225 7

8

Notice that the length of the shortest path in the fuzzy sense obtained from Theorem
1 is related to the tolerable range of each edge weight [cij −∆ij1, cij + ∆ij2] as well as the
parameter values that are determined by the DM.

i

source 1

2

3

4

5

6

7

8

3.125

2.25

4.2

1.225

4.25

4.325

4.225

6.2

1.375

2.25

destination6.3
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5. FUZZY SHORTEST-PATH PROBLEM BASED ON STATISTICAL
DATA AND LEVEL (1−β, 1−α) INTERVAL-VALUED FUZZY
NUMBERS

The fuzzy shortest-path problem also occurs when the edge weights of the network,
cij, are unknown. In this section, we propose an approach in which the DM can use past
statistical data to estimate the value of cij and solve the fuzzy shortest-path problem. The
problem can be stated as follows. Let ijqc , q = 1, 2, … , n, be n samples of ijc . We

obtain the mean ijc ∑
=

=
n

q
ijqc

n
1

1
and variance =2

jks ∑
=

−
−

n

q
ijijq cc

n
1

2)(
1

1
for a network

G = (V, E) with { ijc | <i, j> ∈ E}. Then the problem can be formulated as the following
dynamic programming recursion:

=)(nf 0

=)(if },|)({min Ejijfcij
ji

>∈<+
<

, (24)

where )(if is the length of the shortest path from vertex i to vertex n in the network G =
(V, E) with },|{ Ejicij ∈>< .

Substituting ijc for ijc in (12) leads to =)(if |...min{
)(211 nkkkik kp

ccc +++ for
all paths p = < i, k1, k2, …, kp(i), n>, from vertex i to vertex n}. Let =)(if ...

211
++ ′′′ iiii cc

ni Im
c

)( ′′+ and =)( jf njjjjj jm
ccc

)(211
...

′′′′′ +++ . Rewriting (24) as ≤)(if ),( jfcij + ∀i < j,
<i, j> ∈ E, where at least one equal sign holds. This yields

niiiii Im
ccc

)(211
...

′′′′′ +++ ≤ ijc njjjjj jm
ccc

)(211
...

′′′′′ ++++ , (25)

where at least one equal sign holds. If we let the unknown cij be a population of the
edge weights, ijc will be a point estimate of cij. However, a point estimate has an
accuracy problem so we use a confidence-interval estimate instead. The formula
for the (1 − α) × 100% confidence interval of cij from [13] is given by −ijc[

],)(,)( *
21

*
11 ijijnijijijn stcst αα −− + where 2

1

2 )(
1

1
ij

n

q
ijqij cc

n
s −

−
= ∑

=

,
n

s
s ij

ij =* , 0 < αijk <

1, k = 1, 2, αij1 + αij2 = α, and 0 < α < 1. Let T be the t-distribution with n − 1 degrees of
freedom, and let tn-1(αijk), k = 1, 2, be the constant that satisfies

P(T > tn-1(αijk)) = αijk. (26)

Since the t-distribution with n − 1 degrees of freedom is symmetrical on the y-axis,
we obtain

))()(( 2111
n

s
tcc

n

s
tcP ij

ijnijij
ij

ijnij αα −− +≤≤−

= +≤
−

≤− − )0
)(

)(( 11
ij

ijij
ijn s

ccn
tP α ))(

)(
0( 21 ijn

ij

ijij t
s

ccn
P α−≤

−
≤

= +− 12

1
ijα =− 22

1
ijα α−1 .
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Then the %100)1( ×− α confidence interval of ijc is given by

])(,)([ *
21

*
11 ijijnijijijnij stcstc αα −− +− .

Since the interval does not represent a single value, we use the following level (1 −
α) fuzzy number that corresponds to that interval,

)1;)(,,)((
~ *

21
*

11 ααα −+−= −− ijijnijijijijnij
U
ij stccstcc . (27)

Note that the membership grade of ijc is not always at (1 − α) during any given
time period due to statistical variations. We assume that the membership grade of ijc
lies in an interval [1 − β, 1 − α], 0 < 1 − β < 1 − α < 1. Then we should consider level (1
− β, 1 − α) interval-valued fuzzy numbers. Let ,10 <<< βα ,10 <<< ijkijk βα k = 1,
2, and βij1 + βij2 = β. The (1 − β) × 100% confidence interval of cij is [ ,)( *

11 ijijnij sβtc −−
])( *

21 ijijnij stc β−+ . Similarly, we derive the level (1 − β) fuzzy number as

)1;)(,,)((
~ *

21
*

11 βββ −+−= −− ijijnijijijijnij
L

ij stccstcc . (28)

Accordingly, the level (1 − β, 1 − α) interval-valued fuzzy number can be derived
from (27) and (28),

]
~

,
~

[
~ U

ij
L

ijij ccc = . (29)

Fig. 6 shows the level (1 − β, 1 − α) interval-valued fuzzy number ijc
~

. Since 0 <
αijk < βijk < 1, we have tn-1(βijk) < tn-1(αijk), k = 1, 2. Then we obtain 0 < *

11 )( ijijnij stc α−−
−< ijc *

11 )( ijijn st β− ijc< *
21 )( ijijnij stc β−+< *

21 )( ijijnjk stc α−+< . (30)

Fig. 6. The level (1 − β, 1 − α) interval-valued fuzzy number ijc
~

.

From Property 3, we obtain =)0
~

,
~

( 1ijcd o

jkc2 8
1+ {(tn-1(βij2) − tn-1(βij1))

*
ijs + (4 −

3λ)(tn-1(αij2) − tn-1(αij1))
*
ijs }, where

α

β

−
−=

1
1λ .

*
)

1
(1 ij

s
ijntjkc α−−

1

1-α

1-β

*
)

1
(1 ij

s
ijntijc β−− *

)2(1 ij
sijntijc β−+ *

21 )( ijijnij stc α−+ijc
0
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Let =o

ijc )0
~

,
~

(
2

1
1ijcd o

ijijc µ
16

1+= , (31)

where µij = (tn-1(βij2) − tn-1(βij1)
*
ijs + (4 − 3λ)(tn-1(αij2) − tn-1(αij1)

*
ijs . From (30), 0 < i < 1,

and 0 < 4 − 3λ, we obtain =o

ijc ijc11(16
1 )( 21 ijnt β−+ *

ijs + (4 − 3λ)tn-1(αij2)
*
ijs ) + 16

1 ( −ijc

tn-1(βij1)
*
ijs ) + 16

1 (4 − 3λ)( −ijc tn-1(αij1)
*
ijs ) + ijc16

3λ > 0. Obviously, o

ijc is a positive
number measured from 0, and o

ijc ∈ ])(,)([ *
1

*
1 21 ijijnijijijnij stcstc αα −− +− . Hence, o

ijc
is an estimate of the edge weight cij in the fuzzy sense. In particular, if αij1 = αij2 and βij1

= βij2, then we have tn-1(αij1) = tn-1(αij2) and tn-1(βij1) = tn-1(βij2), which leads to ijij cc =o .
The DM should choose appropriate values for parameters kii 1′α , kii 21 ′′α , …, nki im )( ′′α , ijkα ,

kjj 1′α , … , nkj jm )( ′′α , kii 1′β , … , nki im )(′β , ijkβ , kjj 1′β , … , nkj jm )( ′′β , k = 1, 2, to satisfy the fol-
lowing equalities

≤+++
′′′′′ niiiii im )(211

... µµµ njjjjjij jm )(211
...

′′′′′ ++++ µµµµ , ,ji <∀ <i, j> ∈ E (32)

Similar to (21) of section 4, after adding one sixteenth of (32) to (25), we derive

)
~

...
~~

(
)(211 niiiii im

cccd
′′′′′ ⊕⊕⊕o ≤ )

~
...

~~~
(

)(211 njjjjjij jm
ccccd

′′′′′ ⊕⊕⊕⊕o , (33)

where at least one equal sign holds. From Properties 3 and 4, and Definition 7, (33) is
equivalent to

niiiii im
ccc

)(211

~
...

~~
′′′′′ ⊕⊕⊕ ≲ njjjjjij jm

cccc
)(211

~
...

~~~
′′′′′ ⊕⊕⊕⊕ , (34)

where at least one ≈ holds. Note that the relations ≺ and ≈ are the rankings defined on
FIN(1 − β, 1 − α) (see Definition 7). From Properties 3 and 4, Definition 7, (33), and (34),
we obtain

+′
o

1ii
c +′′

o

21iic … + o

ni im
c

)( ′′ ≤ +o

ijc +′
o

1jj
c o

21 jjc ′′ +… + o

nj jm
c

)( ′′ ,∀i < j, <i, j> ∈ E, (35)

where at least one equal sign holds.

Remark 2. Note that (25) and (32) have the same relation property.

Let )(if o be the length of the shortest path from vertex i to vertex n in a network
G = (V, E) with },|{ Ejicij ∈><o . Similar to (18), we obtain

=)(if o +′
o

1ii
c +′′

o

21iic … + o

ni im
c

)( ′′ and =)( jf o +′
o

1jj
c +′′

o

21 jjc … + o

nj jm
c

)( ′′ . (36)

From (35) and (36), the DP recursion of the second type of shortest-path problem in
the fuzzy sense is given by },|)({min)( Ejijfcif ij

ji
∈><+=

<

ooo and 0)( =nf o . We

now summarize the above description in Theorem 2.

Theorem 2. Consider a network G = (V, E) with n vertices numbered from 1 to n with
edge weights {cij | <i, j> ∈ E}. An estimate of the edge weight, o

ijc , which is based on
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the level (1 − β, 1 − α) interval-valued fuzzy number given by (29), is defined by o

ijc =

ijc + 16
1 {(tn-1(βij2) − tn-1(βij1))

*
ijs + (4 − 3λ)(tn-1(αij2) − tn-1(αij1))

*
ijs } = ijc + 16

1 µij, λ =

α

β

−
−

1
1 . A set of edge weights in the fuzzy sense is given by },|{ Ejicij ∈><o . The DP
recursion of the second type of shortest-path problem in the fuzzy sense is then given by

},|)({min)( Ejijfcif ij
ji

∈><+=
<

ooo , and

0)( =nf o ,

where )(if o is the length of the shortest path in the fuzzy sense from vertex i to vertex n.

Example 3. The problem is the same as Example 1. Suppose we have the following point
estimates from past statistical data: =12c 3.12, =13c 2.05, =14c 4.5, =23c 0.95,

=25c 3.9, =35c 6.1, =46c 3.95, =56c 1.1, =58c 6.25, =67c 2.4, =78c 4.3, =*
12s 1.5,

=*
13s 0.8, =*

14s 1.6, =*
23s 0.5, =*

25s 2, =*
35s 2.5, =*

46s 0.9, =*
56s 0.7, =*

58s 1.8,
=*

67s 0.8, and =*
78s 1.9. In Table 3, we put the edge weights, ijc , into the correct en-

tries of the Table. Next, we calculate f(j) using the same tabular method as in Example 2.

The tabular method for finding the shortest path in the fuzzy sense is shown in Ta-
ble 3. Using the same approach as in Table 1, the shortest path based on statistical data
obtained from )1(f = 12c + )2(f = 12c + 25c + )5(f = 12c + 25c + 58c + )8(f = 12c + 25c +

58c , is 1, 2, 5, 8 with length 13.27.

Table 3. Finding the shortest path in the fuzzy sense.

f 13.27 10.15 12.35 10.65 6.25 6.70 4.30 0
j 1 2 3 4 5 6 7 8

3.12 2.05 4.5 1
0.95 3.9 2

6.1 3
3.95 4
1.1 6.25 5

2.4 6
4.3 7

8

Now consider the fuzzy case. Similar to Example 2, a row with two or more entries
implies an inequality. After searching Table 3 for inequalities, we obtain rows i = 1, 2,
and 5, and hence, the following inequalities which satisfy (25):

When i = 1, 12c + )2(f < 13c + )3(f , i.e., 12c + 25c + 58c < 13c + 35c + 58c ,
or 12c + )2(f < 14c + )4(f , i.e., 12c + 25c + 58c < 14c + 46c + 67c + 78c .
When i = 2, 25c + )5(f < 23c + )3(f , i.e., 25c + 58c < 23c + 35c + 58c .
When i = 5, 58c + )8(f < 56c + )6(f , i.e., 58c < 56c + 67c + 78c .

i
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According to Remark 2, the parameters of (32) based on the above inequalities are
derived as

µ12 + µ25 + µ58 < µ13 + µ35 + µ58, (37)
µ12 + µ25 + µ58 < µ14 + µ46 + µ67 + µ78, (38)
µ25 + µ58 < µ23 + µ35 + µ58, and (39)
µ58 < µ56 + µ67 + µ78. (40)

Let α = 0.05, α121 = α251 = α581 = 0.03, α122 = α252 = α582 = 0.02, α131 = α141 = α231

=α351 = α461 = α561 = α671 = α781 = 0.035, and α132 = α142 = α232 =α352 = α462 = α562 = α672

= α782 = 0.015. We can see that αij1 + αij2 = 0.05 = α. From the Student’s t-distribution
table with 29 degrees of freedom [13], we have t29(0.03) = 1.9758, t29(0.02) = 2.184,
t29(0.035) = 1.9066, and t29(0.015) = 2.323.

Let β = 0.1. Since 0 < αijk < βijk < 1, k = 1, 2, we let β121 = β251 = β581 = 0.055, β122 =
β252 = β582 = 0.045, β131 = β141 = β231 =β351 = β461 = β561 = β671 = β781 = 0.07, and β132 =
β142 = β232 =β352 = β462 = β562 = β672 = β782 = 0.03. Then we have βij1 + βij2 = 0.1 = β. Ac-
cording to the Student’ t-distribution with 29 degrees of freedom, we have t29(0.055) =
1.6602, t29(0.045) = 1.7682, t29(0.07) = 1.5438, and t29(0.03) = 1.9758.

Since α = 0.05 and β = 0.1, we obtain
α

β

−
−=λ 1

1 = 0.9474. Note that µij = (tn-1(βij2) −
tn-1(βij1)

*
ijs + (4 − 3λ)(tn-1(αij2) − tn-1(αij1))

*
ijs . Then we obtain µ12 = 0.5236, µ13 = 0.7313,

µ14 = 1.4626, µ23 = 0.4570, µ25 = 0.6981, µ35 = 2.2850, µ46 = 0.8226, µ56 = 0.6398, µ58 =
0.6284, µ67 = 0.7312, and µ78 = 1.7366. Because the above parameters satisfy (35)-(38),

we derive the level (0.9, 0.95) interval-valued fuzzy number ],
~

,
~

[
~ U

ij
L

ijij ccc = where L
ijc

~

),9.0;)(,,)(( *
21

*
11 ijijnijijijijnij stccstc ββ −− +−= and =U

ijc
~ +α− − ijijijijnij ccstc ,,)(( *

11

).95.0;)( *
21 ijijn st α− From Theorem 2, we obtain =o

12c 3.1527, =o

13c 2.0957, =o

14c
4.5914, =o

23c 0.9786, =o

25c 3.9436, =o

35c 6.2428, =o

46c 4.0014, =o

56c 1.1399, =o

58c
6.2892, =o

67c 2.4457, and =o

78c 4.4085. Thus the fuzzy network G = (V, E) with
},|{ Ejicij ∈><o is constructed, as shown in Fig. 7. The tabular method for finding the

shortest path is shown in Table 4. Using the same approach as in Table 1, the shortest
path in the fuzzy sense obtained from )1(of = o

12c + )2(of = o

12c + o

25c + )5(of = o

12c + o

25c
+ o

58c + )8(of = o

12c + o

25c + o

58c , is 1, 2, 5, 8 with length 13.3855. The shortest path in the

fuzzy sense is longer than the shortest path based on statistical data by
)1(

)1()1(

f

ff −° × 100%
= 0.87%.

Fig. 7. The fuzzy network G = (V, E) with }.,{ Ejicij >∈<o

source 1

2

3

4

5

6

7

8

3.1527

2.0957

4.5914

0.9786

3.9436

4.0014

4.4085

6.2892

1.1399

2.4457

destination6.2428
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Notice that the length of the shortest path in the fuzzy sense obtained from Theorem
2 is related to the values of parameters µij in (32), which are determined by the DM.

6. DISCUSSION

This study has produced the following significant results for the fuzzy shortest-path
problem in network.

Table 4. Finding the shortest path in the fuzzy sense.

)( jf
o 13.3855 10.2328 12.532 10.8556 6.2892 6.8542 4.4085 0
j 1 2 3 4 5 6 7 8

i

3.1527 2.0957 4.5914 1
0.9786 3.9436 2

6.2428 3
4.0014 4
1.1399 6.2892 5

2.4457 6
4.4085 7

8

(1) In Theorem 1, if 1ij∆ = 2ij∆ for each <i, j> ∈ E, then ijij cc =* . This means that the
set of fuzzy edge weights, },|{ * Ejicij ∈>< , becomes the set of crisp edge weights,

},|{ Ejicij ∈>< . We conclude, therefore, that the crisp shortest-path problem is a
special case of the fuzzy shortest-path problem.

(2) Also in Theorem 1, if 1ij∆ < 2ij∆ for each <i, j> ∈ E, then ijij cc >* . This means
that the fuzzy shortest path is longer than the crisp shortest path. Conversely, if

1ij∆ > 2ij∆ for each <i, j> ∈ E, then ijij cc <* , and so the fuzzy shortest path is
shorter than the crisp path.

(3) In Theorem 2, if βij1 = βij2 for each <i, j> ∈ E and β = 1, we obtain =o

ijc 4
1+ijc

(tn-1(αij2) − tn-1(αij1))
*
ijs . Here, o

ijc is the defuzzified value of level (1 − α) fuzzy num-

ber −= ijij cc (
~

tn-1(αij1) ,*
ijs ,ijc +ijc tn-1(αij2) ;*

ijs (1−α). Let =**
ijc +ijc 4

1 (tn-1(αij2) −
tn-1(αij1))

*
ijs . Thus, Theorem 3, a special case of Theorem 2, can be derived as fol-

lows.

Theorem 3. In Theorem 2, when βij1 = βij2 for each <i, j> ∈ E and β = 1, we have the
following fuzzy shortest-path problem, which is derived from level (1 − α) fuzzy num-
bers,

},|)({min)( ****** Ejijfcif ij
ji

∈><+=
<

, and

0)(** =nf ,
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where )(** if is the length of the shortest path in the fuzzy sense from vertices i to n in the
network G = (V, E) with },|{ ** Ejicij ∈>< .

(4) Again, in Theorem 2, if αij1 = αij2 and βij1 = βij2 for each <i, j> ∈ E, then =o

ijc ijc .
Thus Theorem 2 becomes the shortest-path network problem G = (V, E) with the edge
weights },|{ Ejicij ∈>< , where ijc is a point estimate.

(5) Consider the choice for the values of parameters αijk and βijk, k = 1, 2, in Theorem 2.

Let cijq, q = 1, … , n, be n samples of cij and let =ijc ∑
=

n

q
ijqn c

1

1 be the mean. Let

A = },...,1,|{ nqccq ijijq =< and B = },...,1,|{ nqccq ijijq =≥ . Let the number of
elements in A and B be denoted by n(A) and n(B), respectively. Then the
variances are 2

jkAs = 2
)(

1 )( ij
Aq

ijqAn xx −∑
∈

and 2
jkBs = 2

)(
1 )( ij

Bq
ijqBn xx −∑

∈

. If 2
jkBs <

2
jkAs , consequently, the DM should choose αij1 < αij2 and βij1 < βij2 satisfying 0 < αijk

<βijk < 1, k = 1, 2. This implies tn-1(αij2) < tn-1(αij1) and tn-1(βij2) < tn-1(βij1). This result
is interpreted in Fig. 6 as follows. When tn-1(αij2) < tn-1(αij1) and tn-1(βij2) < tn-1(βij1),
two triangles go to the left side. On the contrary, when tn-1(αij2) > tn-1(αij1) and tn-1(βij2)
> tn-1(βij1), i.e., 2

jkBs > 2
jkAs , two triangles go to the right side.

7. CONCLUSIONS

In this paper, two types of fuzzy shortest-path problems in networks were presented.
The first problem, which uses triangular fuzzy numbers to represent imprecise edge
weights, was discussed in section 4, while section 5 discussed the second problem. Each
level (1 − β, 1 − α) interval-valued fuzzy number represents the confidence interval for
the unknown edge weight, which is obtained based on past statistical data. A DP recur-
sion formulation and a tabular calculation method were developed to solve these prob-
lems. Examples were given to illustrate their solutions. The proposed approach
combining statistics with fuzzy sets for obtaining the fuzzy shortest-path in a network is
very useful for solving practical problems.

APPENDIX

Comparing Klein’s Method With Ours

The hybrid multi-criteria DP recursion proposed by Klein [8] is

1)...,1,,1,1()( =Nf ,

=)(if ))(~(
),(

jfedom ij
Eji

+
∈

, (41)

where eij = (µ1(i, j), µ2(i, j), …, µR(i, j)), is the path from i to j in the network. The opera-
tor +~ represents the combinatorial sum, and dom is the domination operator based on
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“more is better”. The combinatorial sum of two-tuples is defined as follows. Let Z =
min{µx(j, k), µy(k, q)}. Then = ej,k +~ ek,q where the i-th element of the R-tuple ej,q is
given by

(ej,q)
i = )(max Z

iyx =+
= µi(j, q).

The recursion in (41) yields the set of nondominated paths from source 1 to destina-
tion N. The fuzzy shortest path length is then defined by

NP ,1
~

= {1/( )),1((max 1 Ni

i
µ , …, K /( )),1((max Ni

k
i

µ , …, R /( ))},1((max Ni
R

i
µ (42)

where ),( tsi
kµ represents the membership grade in fuzzy set K of the path from vertex s

to vertex t given by the ith nondominated R-tuple.
The major differences between [8] and this paper are as follows:

(1) The edge weights and recurrence formula used by Klein are different from those used
in this paper. In Klein’s method, there is a path associated with each fuzzy set and its
membership function for edge weights. For example, assume that each edge can take
a length of 1, 2, and 3. The three-tuple associated with each edge gives the member-
ship value of the edge in each of the fuzzy sets 1, 2, and 3 (see example in [8]). With
the defined relationships between paths and their respective edges, a variety of objec-
tives for the model can be considered. These models are then solved using a hybrid
multi-criteria DP in (41). In this study, however, we presented two types of fuzzy
shortest-path problems. In section 4, we used the triangular fuzzy number,

),(~
2,1 ijijijijijij cccc ∆+∆−= , to represent the imprecise edge weight cij as the first

type of fuzzy shortest-path problem. In section 5, the level (1 − β, 1 − α) interval-

valued fuzzy number based on past statistical data, ]
~

,
~

[
~ U

ij
L

ijij ccc = , is used to repre-
sent the unknown edge weight cij as the second type of fuzzy shortest-path problem.
The recurrence formulas used in this paper are

10
~

)(
~ =nf , },|)(

~~{min)(
~

Ejijfcif ij
ji

∈><+=
<

and

10
~

)(
~

=nf , =)(
~

if },|)(
~~

{min Ejijfcij
ji

>∈<+
<

,

where )(
~

if is the fuzzy shortest path distance from i to N.

(2) The viewpoint of fuzzy shortest-path in [8] differs from that in this paper. In Klein’s
work, a DM could determine the length of the fuzzy shortest path using a certain
membership grade in (42) (see example in [8]). The path obtained will correspond to
a path in the original network and is formed by the general backtracking techniques
of DP in (41). In this paper, the DM cannot determine the length of the fuzzy shortest
path using membership grade. Two theorems were proposed to find the shortest path
in the fuzzy sense. The fuzzy shortest paths obtained from our theorems correspond
to actual paths in the network, and the fuzzy shortest-path problems are an extension
of the original problem. The recurrence formula for obtaining fuzzy shortest path in
Theorem 1 is )(* if = },|)({min ** Ejijfcij

ji
∈><+

<
and )(* nf = 0, where *

ijc = cij +



JING-SHING YAO AND FENG-TSE LIN350

)( 124
1

ijij ∆−∆ = cij + .4
1

ij∆ Meanwhile, the recurrence formula for obtaining fuzzy
shortest path in Theorem 2 is )(if o = },|)({min Ejijfcij

ji
∈><+

<

oo , and )(nf o = 0,

where o

ijc = ijc + 16
1 {(tn-1(βij2) − tn-1(βij1))

*
ijs + (4 − 3λ)(tn-1(αij2)− tn-1(αij1))

*
ijs }.

(3) In [8], the primary result is to develop algorithms for fuzzy shortest-path models
based on DP procedures and multi-criteria optimization. In this paper, an approach
that combines fuzzy sets with statistics to solve the fuzzy shortest-path problem with
unknown edge weights is presented. The proposed approach is very useful for solving
practical problems. The primary result obtained from this study is a theorem through
which the shortest-path in the fuzzy sense is obtained based on statistical confi-
dence-interval estimates for the uncertain edge weights problem.
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