JOURNAL OF INFORMATION SCIENCE AND ENGINEERING 19, 329-351 (2003)

Fuzzy Shortest-Path Network Problems With
Uncertain Edge Weights

JING-SHING YAO AND FENG-TSE LIN'
Department of Mathematics
National Taiwan University

Taipei, 106 Taiwan
"Department of Applied Mathematics
Chinese Culture University
Taipei, 111 Taiwan
E-mail: ftlin@faculty.pccu.edu.tw

This paper presents two new types of fuzzy shortest-path network problems. We
consider the edge weight of the network as uncertain, which means that it is either im-
precise or unknown. Thus, the first type of fuzzy shortest-path problem uses triangular
fuzzy numbers for the imprecise problem. The second type uses level (1 - 5, 1 - @) in-
terval-valued fuzzy numbers, which are based on past statistical data corresponding to
the confidence intervals of the edge weights for the unknown problem. The main results
obtained from this study are: (1) using triangular fuzzy numbers and a signed distance
ranking method to obtain Theorem 1, and (2) using level (1 — S, 1 — ¢) interval-valued
fuzzy numbers, combining statistics with fuzzy sets and a signed distance ranking
method to obtain Theorem 2. We conclude that the shortest paths in the fuzzy sense ob-
tained from Theorems 1 and 2 correspond to the actual paths in the network, and the
fuzzy shortest-path problem is an extension of the crisp case.

Keywords: triangular fuzzy number, level (1 — 5, 1 — @) interval-valued fuzzy number,
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1. INTRODUCTION

One of the fundamental problems in network theory is finding shortest paths in a
network. Over the past several years this problem has often been posed as a subset of
other optimization problems [6]. Consider the following scenario. A motorist wishes to
find the shortest possible route from Chicago to Boston. Given a road map of the United
States on which the distance between each pair of successive intersections is marked,
how can we determine the shortest route [3]? Obvioudly, the shortest-path problem re-
quires determining the shortest route between a source and a destination in a transporta-
tion network. In some applications, the numbers associated with the edges of networks
may represent characteristics other than lengths, and we may want the optimum paths,
where optimum can be defined by different criteria. Nevertheless, the shortest-path
problem is the most common problem in the whole class of optimum path problems.
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Shortest-path algorithms can usually be modified dlightly to find other optimum paths,
for example, in computer networks.

The analysis of fuzzy counterparts of the shortest-path problem appears to have be-
come a popular task in recent years [8]. The main advantage, compared to the nonfuzzy
problem formulation, is that the decision-maker (DM) is not forced into a precise formu-
lation. Indeed, there is much vaguely formulated information or imprecisely quantified
physical data in real world descriptions. Therefore, fuzziness can be introduced into a
network in a variety of ways, e.g., through edge capacities, edge weights, vertex restric-
tions, or arc lengths [1, 2, 10-12]. Dubois and Prade [4] first introduced the fuzzy short-
est-path problem in 1980. The major drawback of this fuzzy shortest-path problem is the
lack of interpretation. That is, a fuzzy shortest path is found but it may not correspond to
an actua path in the network. This problem is circumvented with new models based on
fuzzy shortest paths and multiple objectives presented by Klein [8]. He developed a hy-
brid multi- criteriaalgorithm based on fuzzy dynamic programming (DP), i.e., f(N) = (1, 1,

L 1), (i) = dom (q] ¥ f(j)), to solve these models. Klein analyzed the fuzzy short-

est- path algorlthms in terms of general fuzzy mathematical programming. Nevertheless,
the proposed approach did not seem to be an extension of the crisp counterpart. Mares
and Horak [11] proposed that the uncertainty connected with the input data of a network
can be described and investigated by means of fuzzy sets and fuzzy quantities theory.
They showed that after summing fuzzy quantities, it is possible to derive the uncertainty
connected with more complex paths and reserves. Chanas and Kolodzigjczyk [2] ana
lyzed the maximum flow in a network in which an excess over the beforehand fixed
quota of arc capacity isadmissible. This problem is represented as a partialy fuzzy linear
programming task. They then presented an algorithm for searching maximum flow as-
suming integer values of flows on network arcs. Okada and Soper [12] introduced an
order relation between fuzzy number based on “fuzzy min” concept and that a hondomi-
nated path or Pareto Optimal path from the specified node to every other node is defined.
They then proposed an algorithm for solving fuzzy shortest path problems based on the
multiple-labeling method for a multicriteria shortest path problem.

In this study, we investigated two new types of fuzzy shortest-path problems, which
are different from previous methods mentioned in the literature [1, 2, 4, 8, 10-12]. In our
work, we considered each edge weight of the network as uncertain, which means that it is
either imprecise or unknown. Consequently, we first use triangular fuzzy numbers for the
imprecise problem, and then use a signed distance ranking method to defuzzify the fuzzy
numbers to obtain the first type of shortest-path problem in the fuzzy sense. Second, we
use level (1 — 5, 1 - ) interva-valued fuzzy numbers for the unknown problem. Each
level (1 - S, 1 - o) interval-valued fuzzy number is based on past statistical data, which
corresponds to the confidence intervals of the edge weights. After applying the signed
distance ranking method to defuzzify the level (1 — S, 1 — @) interval-vaued fuzzy num-
bers, we obtain the second type of shortest-path problem in the fuzzy sense. A dynamic
programming recursion and a tabular calculation method were developed in this study to
solve these problems. The main results from our study are that the fuzzy shortest paths
obtained from our models correspond to actual paths in the network, and that the fuzzy
shortest-path problems are an extension of the crisp problem. In addition, we propose an
approach to combine statistics with fuzzy sets for obtaining a fuzzy shortest-path model.
This approach will be very useful for solving practical problems.
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The paper is organized as follows. Section 2 outlines the definitions of a signed dis-
tance ranking method for fuzzy numbers and for level (4, @) interval-valued fuzzy num-
bers. In section 3 we formulate the shortest-path problem and discuss its fuzzy counter-
part. Section 4 involves the first type of fuzzy shortest-path problem in which Theorem 1
is presented and an illustrative example is given. In section 5, we examine the second
type of fuzzy shortest-path problem based on past statistical data. We aso present Theo-
rem 2 and give an illustrative example. Section 6 discusses the main results of this work.
Finally, we state our conclusion in section 7.

2. PREREQUISITES

While considering the fuzzy shortest-path problem, some prerequisites are needed to
deal with level (4, p) interval-valued fuzzy numbers, which are given below.

Definition 1: A fuzzy set 61 defined on R = (—eo, =), which has the following member-
ship function called alevel A fuzzy point, 0 < A< 1.

A, x=Db
ﬂgl(X)Z{ ’ M

0, otherwise

Definition 2: A fuzzy set [a,,b,], where 0<a <1 and defined on R, which has the
following membership function called alevel o fuzzy interval:

a,as<x<b

Hia, p,) (X) ={ @)

0, otherwise

Definition 3: Thelevel A triangular fuzzy number A, 0< A< 1, denotedby A= (a, b, c,
A), isafuzzy set defined on R with the membership function defined as

Ma<x<b
b-a '
s (X) = MCC_‘bX),bSXsc 3)

0, otherwise
Let the family of al level A fuzzy numbers be denoted by Fn(A4) ={(a, b, c; A) |va<

b<c,abce R, 0<A<1 Inaddition, let (a, b, ¢; 1) be the triangular fuzzy number
and denoted by (a, b, ¢).

Definition 4: A fuzzy set A defined on R = (—oo, =0), which has the following member-
ship function is called an interval-valued fuzzy set,

A={(% [z (9, 170 O} x€ R 0 iz () < 0 () <1
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Symbolicaly A isdenoted by [AY, AY ], Vx € R The membership grade of x in
A lies in the interval (450 (X), tzv (X)] . Obviously, the largest grade is uz, (X) and
thesmallestis uz (X). Inparticular,if A“=(a,b,c; 2), A’ =(p,b,q; p), 0< A< p<1,
andp<a<b<c<gqg weobtan A= [A, A ] =[(a b, c; ), (p, b, q; p)], which is
caled the level (4, p) interval-valued fuzzy number (see Fig. 1). Then the membership
functionof A= [AL, AY ] can be defined as

M,ag x<b
b-a
AMc—X)

c-b

Rz (X) = ,b<x<ce (4)

0, otherwise

b-p
Mz (X) = M,bgsq )

0, otherwise

U'Z(X)A
1

Jo

v H;U (X)

WH AL (x)

0 p a b x ¢ ¢
Fig. 1. Aninterval-valued fuzzy number A.

Let the family of al level (4, p) interval-valued fuzzy numbers be denoted by F (4,
p)={[(@& b, c; D, (p, b, g; p)] |Vp<a<b<c<q, a,bcpgeR,0<A<p<l We
obtain the following property of binary operation from [7, 15].

Property 1. Let ,&=(a,b,c;/1) and I§=(p,q,r;/1)e Fn(A). We have A®B= @a+np
b+qg,c+r, 4) e Fy(A).

Definition 5: Let A = [AY, AV ] =[(ay, by, ¢1; A), (P, by, g p)] and B = [B-,BY ] =
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[(az, by, C; ), (P2, b2y O P)] € Fin(4, p) beinterval-valued fuzzy numbers. The binary
operation ® isdefinedby A®B = [A @ B", AY @ BY].

Property 2. Let A = [AY, AV ] = [(ay, by, ¢ A), (b, by, au; p)]and B = [B-,BY ] =
[(@2, by, C; A), (P2, b2, 025 P)] € Fin(A, p) be interval-valued fuzzy numbers. Then we

have A® B :[(a]_ + ay, b]_ + b2, C, +Cy,; /1), (pl + P2, bl + b2, Iy +1ry p)]

Before defining the ranking of level (4, p) fuzzy numbers on Fin(4, p), we first con-
sider the definition of the signed distance on R [14].

Definition 6: Letd (d,0)=b,b,0e R.

Geometrically, 0 < b means that b lies to the right of the origin 0, and the distance
between b and 0 is denoted by b = d* (b, 0). Similarly, b < 0 means that b lies to the left
of 0 and the distance between b and 0 is denoted by — b = — d* (b, 0). Therefore d* (b, 0)
denotes the signed distance of b, which is measured from O.

Let A= [A" A’ =[(a b c A, (p, b, q p)] € Fin(4 p). Now we consider the
ordering of level (4, p) interval-valued fuzzy numbers defined on Fin(4, o).

_ From Fig. 2 we can see that an a~cut of level (4, p) interval-valued fuzzy number
A isdetermined as follows:

For 0< a< 4, the ercutis {[A” (), A-(a)] U [A- (), A’ ()]} ; otherwise, for A

< a<p, theorcutis [A (@), A (@)]. (6)
A
1
p 500
o
/ W= (X).
1 Hogk
Q
o
0 . . >
P P a Q b x R c s q
A(e) A A () AY (o)

Fig. 2. The c~cut of level (4, p) interval-valued fuzzy number A.

Then we derive the following equations from (4) and (5).
For0< o<,

AL(a)=a+<b—a>%, AL(a)=C—(C—b)%,
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A“(a)=p+(b—p)%,and A“(a)=q—(q—b)%. 7)

For A<a<p,
A“(a)=p+(b—p)% and A“(a)=q—(q—b)%. ®)

Next consider the signed distance defined on Fiy(4, p). For any closed interval [a,
b], the signed distance of [a, b] measured from O is defined by d*([a, b], 0) :%(a+ b).
For any two digoint closed intervals [a, b] and [c, d], the signed distance of [a, b] U [c,
d] measured from 0 is defined by d*([a, b] v [c, d], 0):% (d*([a, b], 0) + d*([c, d],
0)). We can see that for each € [0, 4], [AF(@), A ()] and [A (@), A-(a),] area
one-to-one mapping. Similarly, for each € [0, o], [A’ (@), A’ (@)] and [A’ (@),
AU (),] are aso a one-to-one mapping. Therefore, from Fig. 2, we can define the
signed distance of A from Ol(y axis) by d° (A 01) I d’ ([A, (o), A ()]

VLA (@), A ()], 0) da+,,+ij. d"((A” (@), A ()].0)da.

Property 3. Let A =[(a b, c; ), (p, b, g; p)] € Fin(4, p) 0</1<p<1 Then the signed
distance from A measured from O is defined by d° (A 01) (6b+a+c+ 4dp+4q+
S (2b-p-q).

Property 4. Let A = [(ay, by, ¢ 4), (pu, br, 0z p)] and B = [(20, bz, Coi A), (P2, 2,
Pl € Fin(4, p). Then we have the binary operation d°(A® B, 0;) =d°(A0,) +
d° (B, 0,).

Definition 7: Let A = [(ag, by, 15 A), (P1, by, 115 p)] and B= [(az, by, Co; A), (P2, ba, 1o
P)] € Fin(4, p), for 0 < 1 < p < 1. The rankings of interval-valued fuzzy numbers on
Fin(4, p) are defined by

iff d°(A, 0,)<d°(B,0,)
iff d°(A, 0,) =d°(B, 0)).

For the family of al level A fuzzy numbers Fy(4), we have the following similar
results.

A<B
A=B

Definition 8: For each A € (0, 1] and C = (a, b, ¢; 1) € Fn(4), the signed distance of
A measured from 0, isdefined by d(C,0,) = 1(2+a+c).

Property 5. Let Z~ =(a b, CL/Q and I§~: (P.ar; A) € Fn(A). Then we obtain the binary
operation d(A®B,0,)=d(A 0)+d(B,0,).

Definition 9: Let A = (a b, c; 4 and B= (p, g, 1; A) € Fy(A). For A€ (0, 1), the rank-
ings of level A fuzzy numbers on Fy(4) are defined by
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< Biff d(A, 0,) <d(B, 0,)
Biff d(A, 0,) = d(B, 0.

3. FORMULATION OF SHORTEST-PATH NETWORK PROBLEMS
3.1 Crisp Shortest-Path Network Problem

In the shortest-path problem, each edge in the network has a number, which is
called the edge weight. The length of a path is the sum of all of the edge weights in the
path. There are usually many paths between a pair of nodes, for instance nodes s and t,
but only a path with the minimum length is the shortest path from sto t. In some applica-
tions, edge weights can be interpreted as measurements other than distances. For exam-
ple, edge weights are often used to represent time, cost, penalties, or any other quantity
that accumulates linearly along a path and that one wishes to minimize. As we stated in
section 1, the shortest-path problem is the most common problem in network flow prob-
lems. The shortest-path algorithm can usually be modified to find other optimum paths.
Accordingly, we shall focus on the traditional shortest-path problem in networks. Gener-
aly, there are three kinds of shortest-path problems in a network.

(1) The shortest path from one source node to one destination node,
(2) The shortest paths from one source node to all other nodes,
(3) The shortest paths between all pairs of nodes.

Dijkstra's algorithm [5] was designed to solve Problem (2). Problem (3) can be
solved by running Dijkstra’s algorithm once from each vertex or by using Floyd's algo-
rithm [9] only. Since al algorithms for solving Problem (1) and Problem (2) are essen-
tially the same, we will discuss only the problem of finding the shortest path from one
source node to one destination. This problem can be stated as follows. A network is an
acyclic directed graph G = (V, E) with a weight function w: E — R mapping edges to
real-valued numbers. The set V refers to the vertices of the graph and the set E refers to
the edges of the graph. The length of a path from vertex i to vertex j, p = <i, iy, ..., j>, IS
the sum of the weights of its constituent edges. The problem is to find a shortest path
from a given source vertex s e V to a given destination vertex n € V in a network. How-
ever, the problem of finding shortest paths is defined only if the network does not contain
a negative cycle [3, 6]. Note that a network can have some directed edges with negative
weights and yet does not contain a negative cycle.

According to Bellman's equation [9], a DP formulation for the shortest-path prob-
lem can be given as follows. Given a network with an acyclic directed graph G = (V, E)
with n vertices numbered from 1 to n such that 1 is the source and n is the destination.
Then, we have

f(n) =0
f) = min{c; + f())I<i, ] >< E}. )
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Here ¢ is the weight of the directed edge <i, j>, and f(i) is the length of the shortest
path from vertex i to vertex n (see Fig. 3). Note that it is relatively easy to solve the
shortest-path problem while all of the edge weights are nonnegative, and the O(n?)
greedy algorithm for this case is Dijkstra’ s[5].

Example 1. Consider the network shown in Fig. 3 where the numbers are edge weights.

@ destination

o7

Fig. 3. The network and its shortest path for Example 1.

Fig. 3showsthat V={j|j=1,2,...,8,E={<1,2><1,3><1,4>,...,<7,85},
andc;; =3,C3=2,Ciu =4, ..., C;g = 4. The shortest path from vertex 1 to vertex 8is1 —
2 —» 5 — 8 which hasatotal length f(1) = 13 (hours).

3. 2 Fuzzy Shortest-Path Problem

The fuzzy shortest-path problem was first introduced by Dubois and Prade [4].
Generally, fuzziness can be introduced into the network in a variety of ways, eg.,
through edge capacities, edge weights, or vertex restrictions. In real life situations, some
unexpected events may occur so that the edge weight in the network may change slightly.
Hence, in most situations, the weight can only be estimated within a certain interval.
Consequently, it is very difficult for a DM to give a single precise number to represent
each edge weight in the network. Because of this interval estimation feature, the repre-
sentation of each edge weight can be more realisticaly and naturally achieved through
the use of a fuzzy number. As a result, the fuzzy approach seems much more natura to
us for solving the shortest-path problem in practice.

In [8], two specific categories for fuzzy shortest-path problems are discussed. The
first involves each edge weight depicted as a fuzzy number, and the second depicts the
length of a path as a fuzzy number with each edge in the network having a membership
value. In [4], Dubois and Prade discussed the solution to the first problem using an ex-
tended sum with Floyd's and Ford’s algorithms used to solve the problem. The major
drawback in this solution is that a fuzzy shortest path can be found, but a shortest path
with that length may not exist. However, this problem is circumvented with the new
models based on fuzzy shortest paths and multiple objectives presented by Klein [8]. He
presented a hybrid multi-criteria DP recursion, f(N) = (4, 1, 1, ..., 1) and f(i) =
(idJQ)mE (8 ¥ f(j)), to solve the models. In the next two sections, we will present two new

types of fuzzy shortest-path problemsin networks.
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4. FUZZY SHORTEST-PATH PROBLEM BASED
ON FUZZY NUMBERS

In this section, the essential problem we consider is that the edge weight in the net-
work, ¢, isimprecise. The edge weight should be expressed using fuzzy linguistics, such
as “around four miles’, for practical situations. Therefore, the fuzzy linguistics used for
imprecise edge weight lead to the use of triangular fuzzy number

Gj = (Gj —Ajj1, Gj, Cj +4y2) (10)

where 0 < Ajj; < Cjj1, 0 < Ajj2 (see Fig. 4), for a suitable representation. Note that A;;; and
Ajj, should be determined by the DM.

A
1
- = X
0| Gj —Ajjz  Gij Gij + Aij2
Fig. 4. Thefuzzy number Gj; .
For A =1, from Definition 8, we obtain
d(G;. 0) = ¢ +34; (=c;), (11)

where A = Az — Ajjr. This is the signed distance of Eij measured from 61; Since
cj = d(§;,0)=2(c; +4,) +1(c; —Ayy) > 0, we conclude that d(;,0,) is a
positive distance measured from 51 to G, and cIJ is also a positive number measured
from 0. In (11), when Ajj; = Ajjz, we obtain c,J =Gjj - Thus the fuzzy problem becomes
crisp. We call c” = Cj +%Aij an estimate of the edge weight <i, j> in the fuzzy sense.

From Fig. 3 and (9), the solution of DP can be derived as follows:
f(8)=0,f(7)=r;1<ijn{c7,- +f(j) k7] > B} =cp,
f(6)= %’EP{CGJ + () k6> B} =cg + f(7) = Cg7 + Cp,
f(5) = rélijn{c5j + f(j) k5 j>€ E} = min{csg + f(6),Cs5 + T (8)} = Csg.
Similarly, we obtain

f(4) = C46 + Co7 + Cr8, f(3) = Ca5 + Css, f(2) = Co5 + Csg, aNd
f(1) = min{cyz + (2), C1z + f(3), C14 + f(4)} = Cr2 + Co5 + Csg.



338 JING-SHING YAO AND FENG-TSE LIN

The mean for each f(i), i = 1, ..., 7, isasum of ¢, <i, j > € E. Because there are fi-
nite paths from node 1 to node n in a network, we conclude that there are also finite paths
from node i to node n in the network. Thus there must exist a path p = <i, iy, iy, ..., im).
n> (i.e <i, i;>, <iy, ip>, ..., <ipy, "> € E) for f(i) = Ci, +Cij, + -'-+Cim<i)n . Note that f(i)

is the length of the shortest path from vertex i to vertex n. We then derive inequalities
from (i) as

Gi, +Ciji, *+ G n < G, +Ck, Tt G ns (12)

where &t least one equal sign holds for &l possible paths, p = <, kg, ky, ... , Koy, 1>,
from vertex i to vertex n. In summary, thisis

f (i) = min{cy + G, +et G n | forall pathsp =<i, ky, ky, ..., Koy, N>}
The DM should choose appropriate values for parameters to satisfy

Ay +A

i, i, +"'+Aim(i)n < A, + Ak, +...+Akp(k)n, (13)

where at |east one equal sign holds. Adding one quarter of (13) to (12), according to (11),
Definition 8, and Property 5, we obtain

d(Eiil @ aliz ® '"®6im(.)n) < d(ak1 ®6k1k2 ® ...@EKM)”), (24)
where at least one equal sign holds. From Definition 9, we can see that (14) is equivalent
to

Eiil ®C; C-B"'@am(l)n < akl ®6k1k2 (‘B(‘Bak

1112

bon” (15)
where at least one = holds for all possible paths from vertex i to vertex n. Obviously, (15)
is obtained from fuzzifying (12) and taking (13) as a fuzzified condition. Note that the
relations < and = in (15) are the rankings defined in Fy(1) (see Definition 9). From Defi-
nition 8 and Property 5, we obtain d(C;; ®C;, ®...® Eim(i)n’ 0,) =d(C;,,0,) +d(Cy, ,0,)

+ o+ d(© 00 0) =G +Cij, +tC oo Similarly, we obtain d(Ey, ©Cy, O

im@iyn?
® Cy 01) = Gy + G, +--- TGk (16)

p()n*

Then, from (11), (15), (16), and Definition 9, we derive the following inequalities:

Gi, * Gy, ¥ - *G n < G, + Ck, + - +Cc n> a7

where at least one equal sign holds for all possible paths from vertex i to vertex n. Let f (i)
be the length of the shortest path from vertex i to vertex n in network G = (V, E) with
{cj I<i, >e E} . From (17), we obtain f7 ()= ci +Cy, + ... + Ci*mmn- Similarly, we
canobtain f (j)=cj + ¢, + ... +Cj n- (18)

We rewrite (9) as follows: For any fixed i, f (i) <c; + f(j),Vi <], <i, j> € E,
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where at least one equal sign holds. Then,

Gi, +Cij, +o+ G <Gy +Cjj +Cjj, +..+C Vi<j, <i,j>eE, (19)

Jmyn?
where at least one equa sign holds. The DM should choose appropriate values for pa-
rameters to satisfy

Ay +A

iy [P

tot A R SAHA A+ A Vi<j,<i,j>e E, (20)

im(i) Jmepn?

where at least one equal sign holds. From (19) and (20), we obtain

g, ©8; ©..08

1l2

()N < a] @6”1 @EJlJz @"'@Ejm(j)n ,V| <j, <i,j> € E, (21)

where at least one = holds. From Definitions 8 and 9, Property 5, and (11), we obtain

*

Gi, + Cip ¥+ #G 0 S G Cj + Gl et o Vi<, < j>e B (22)
where at least one equal sign holds.
Remark 1. Note that (19) and (20) have the same relation property.

From (18) and (22), the DP recursion of the first type of shortest-path problem in
the fuzzy sense can be given by f (i) = min{ ¢; + f " (j) |<i, j >e E} and f (n) = 0. Fi-
i<j

nally, we summarize the above description in the following Theorem.

Theorem 1. Consider a network G = (V, E) with n vertices numbered from 1 to n with
edge weights {c; | <i, j> € E}. An estimate of the*edgeweight, c,] , iIsbased on atrian-
gular fuzzy number from (10), and isdefined by ¢; = ¢; + (A2 —Aj) = G +14,
where Ajj; and Ajj, are parameters whose values are determined by the DM so as to satisfy
(20), thus creating a set of edge weights in the fuzzy sense, {ci*j |<i,j>€ E}. The DP

recursion of the first type of shortest-path problem in the fuzzy senseis given by
() =min{c; + £ (j)|<i,j>e E},and (23)
i<]j
f (n)=0,

where f (i) isthelength of the shortest path in the fuzzy sense from vertex i to vertex n.
Notice that when Ajj, and Aj;; for each edge <i, j> € E in Theorem 1, we obtain
cIJ = ¢, and as aresult, the fuzzy shortest-path problem becomes a crisp problem.

Example 2. This example is a continuation of Example 1. In this paper, we introduce a
tabular method for evaluating the dynamic programming recursion of Example 1. The
tabular method is stated as follows. First, we put the edge weights from Fig. 3 into the
correct entriesin Table 1, i.e, ¢ =3,Ci3=2, cu =4, ..., Cs7 = 2, and c;53 = 4. Next, we
calculatef(j) inreverseorder of | =7, 6, ..., 2, 1 (see Table 1).
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Initialy, f(8) = 0. We start with j = 7; seethei = 7 row. Since ¢, = 4, check thej =8
column, obtaining f(8) = 0. Hence, we obtain f(7) = c;s + f(8) =4 + 0 = 4. Next, j = 6, see
thei = 6 row. Since cg; = 2, check the j = 7 column, obtaining f(7) = 4. We obtain f(6) =
Cert f(7) =2+ 4=6. Then, j = 5; seethei = 5 row. Since there are two entries, cs; and
Csg, iN that row, we obtain f(5) = min{ css+ f(6), csg+ f(8)} = min{1+ 6,6 + 0} = 6. Us
ing the same process we have f(4) = 10, f(3) = 12, and f(2) = 10. Finaly, j = 1, seerow i
= 1. Since there are three entries, ¢;,, €13, and ¢y4 in that row, we obtain f(1) = min{c;, +
f(2), cia+ f(3), s+ f(4)} = min{3 + 10, 2 + 12, 4 + 10} = 13. In summary, the shortest
path obtained from f(1) = ¢+ f(2) = cio+ Cx+ f(5) = o+ Cos+ Cg+ f(8) = Cro+ C5+
Csgisl, 2, 5, 8 with length 13.

Table 1. Tabular method for finding the shortest path in the crisp case.

) J13 |10 |12 |10 6 6 4 0 i
] 1 2 3 4 5 6 7 8

L 3 2 4 1

Clz/' Ci13 1 4 2

6 3

Ca3 4 4

1 6 5

2 6

Ce7 j /"4 7

C7g 8

Now consider the fuzzy case. We look for inequalities that satisfy (19). Clearly, any
row with two or more entriesin Table 1 entails an inequality. Hence, we get rowsi = 1, 2,
and 5 and obtain the following inequalities:

wheni=1,cp+ f(2) <Cq3t+ f(3), i.€., Cip + Co5 + C553< Cq3 + Cg5 + Csg,

Oor Cpp + f(2) <Cpyt f(4), i.€., Cio + Cog + C553< Cq4 + Cyg + Cg7+ Cys.
wheni =2, ¢+ f(5) <Cy+ f(3), I.€., Co5 + Csg < Cp3 + Cg5 + Csg.
wheni =5, csg + f(8) < Csg t+ f(6), i.€., Csg< Csg + Cg7 + Crg.

Then, according to Remark 1, the parameters of (20) based on the above inequalities are
derived as

Agp + Ags + Asg < Agz + Azs + Asg,

A + Ags + Asg < Agg + Ay + Ag7 + Ags,

Ags + Asg< Az + Ags + Asg, and

Asg< Asg + Ag7 + Ags. *)

If the DM chooses the values of parameters: Aj»= 0.5, A;3= 1, Ay= 0.8, Ayz= 0.9, Ays=
1, Ass= 1.2, Aug= 1.3, Asg= 1.5, Asg= 0.8, Ag7= 1, and A7;s=0.9, to Satley the conditions
in (*), then the fuzzy numbersin (10) are determined as
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€, =(3-02,33+0.7), G3 = (2-05,2,2+15), G, = (4-0.2,4,4+1),
Cp3 =(1-0.31,1+12), Cp5 = (4-1,4,4+2), T35 =(6-0.3,6,6+1.5),
Ca =(4—0.2,4,4+15), Cg = (1-05,1,1+2), Cgg = (6-0.3,6,6+1.1),
Cy =(2-12,2+2),and Gy =(4-0.24,4+1.1).

From Theorem 1 we obtam the fO||OWI ng esti mate of the edge weights in the fuzzy
sense: 012_3 125, c13—2 25, ¢y, = 4. 2, Cog = 1.225, o = 4.25, Cgs = 6.3, Cyg = 4.325,
Csg = 1.375, Cog = 6.2, C; = 2.25, andcyg = 4.225. Fig. 5 shows the fuzzy network G =
(V, E) with {cij |<i, j>e E}.

The tabular method for finding the shortest path in afuzzy network is given in Table
2. Using the same approach as in Table 1, the shortest path in the fuzzy sense obtained
from £ () = cio+ f(2) = Cpp+ Cos+ F7(5)= Cip+ Cos+ Cog+ f(8) = Clp+ Cos+ s, IS
1, 2, 5, 8 with length 13.575. The shortest path in the fuzzy sense is longer than the
crisp shortest path by =13 5100 =4.42%.

o)

Fig. 5. The fuzzy network G = (V, E) with {c; |<i, j > E} .

Table 2. Finding the shortest path in a fuzzy case.

" (nJ13575] 1045 | 125 [ 108 | 62 [6475]4225] 0 _
j 1 2 3 4 5 6 7 8 !
3125 | 225 | 4.2 1

1.225 4.25 2

6.3 3

4.325 4

1.375 6.2 5

2.25 6

4225 7

8

Notice that the length of the shortest path in the fuzzy sense obtained from Theorem
lisrelated to the tolerable range of each edge weight [cj —Ajj1, Cj + Ajjz] as well as the
parameter values that are determined by the DM.
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5. FUZZY SHORTEST-PATH PROBLEM BASED ON STATISTICAL
DATA AND LEVEL (1-4, 1-a) INTERVAL-VALUED FUZZY
NUMBERS

The fuzzy shortest-path problem also occurs when the edge weights of the network,
cj, are unknown. In this section, we propose an approach in which the DM can use past
statistical data to estimate the value of ¢; and solve the fuzzy shortest-path problem. The

problem can be stated as follows Let Gjq, Q= .. N, be n samples of ¢;. We
obtain the mean T; = Zc”q and variance sJk = Z(C'Jq ) for a network
n g=1 q—l

G = (V, E) with { T;| <i, j> € E}. Then the problem can be formulated as the following
dynamic programming recursion:

f(n)=0
f(i)=min{c; + f(j)I<i,j>e E}, (24)
<]

where f (i) is the length of the shortest path from vertex i to vertex n in the network G =
(V, B) with {cj [<i, j>€ E}. .

Substituting ¢; for C; in(12) leadsto f(i) = min{ Cik, + Ck, +-- +Ek n | for
al pathsp =<1, ky, k, .. kp(l), n>, from vertex i to vertex n}. Let f(|) = Gy +cII

+Cir andf(J)_c ;+ G+ +cJ(,) Rewr|t|ng(24)asf(|)<c -l-f(j) V|<],

<i,j> € E, whereat least one equal sign holds. Thisyields

Gi; + Gy +o Gy 0 S Gj +Cjj; +Cjrjy +.+Cjr s (25)

where at |east one equal sign holds. If we let the unknown c;; be a population of the

edge weights, C; will be a point estimate of c¢;. However, a point estimate has an

accuracy problem so we use a confidence-interval estimate instead. The formula

for the (1 — o) x 100% confidence interval of c; from [13] is given by [C; —
n

* — * 2 1 — 2 * S]
th_1 (1), Gj +tho1(e%2)s;], where s Zn—_lqz_;‘(cijq—cij) v S :ﬁv 0 < g <
L k=12 0o+ ap=a and0< o<1 Let T bethet-distribution with n — 1 degrees of
freedom, and let tn..( ), K= 1, 2, be the constant that satisfies
P(T > tya(aij) = Gijke (26)

Since the t-distribution with n — 1 degrees of freedom is symmetrical on the y-axis,
we obtain

P(T, <G

ij n 1( Jl)\/_
Jn (ca,

n l( ]2) x/—)
) <o+ P(os—\/ﬁ(cg ~%)
j

= P(_tn—l(aijl) S— < tn—l(aijz))

So-aptS-op=1-a.
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Thenthe (1-a)x100% confidenceinterval of ¢; isgiven by
[§; —th a()s). G+t a(aj2)s;]-

Since the interval does not represent a single value, we use the following level (1 -
o) fuzzy number that corresponds to that interval,

G = (G —taa(@j1)S) Gy Cj +t_a(@2)S)31- ) - (27)

Note that the membership grade of C; is not always at (1 — ) during any given
time period due to statistical variations. We assume that the membership grade of G;
liesinaninterval [1- 3, 1-a],0<1- < 1- a< 1 Then we should consider level (1
- B, 1- o) interval-valued fuzzy numbers. Let O<a < <1, O<a < fj <1, k=1,
2, and Bj1 + B2 = B. The (1 - f) x 100% confidence interval of ¢; is[Cj —t,1(Bij1)S;
(o +tn_1(ﬁij2)s’} ] . Similarly, we derive the level (1 — f) fuzzy number as

a,L = (Cj —tha(Bj)S) - Gj. Cj +ta1(Bj2)s;:1- B). (28)

Accordingly, the level (1 — 5, 1 — @) interval-valued fuzzy number can be derived
from (27) and (28),

CRICIC! (29

Fig. 6 shows thelevel (1 - £, 1 — o) interval-valued fuzzy number E”- . Since 0 <
i < Bic < 1, we have to.1(Bj) < tha(eid, k=1, 2. Thenwe obtain 0 < G —t,, 5 (ej1)S;
<Tj — tha(B1) s <Gy <Tj +t,_1(By2)Sj < Cjk +th1(@j2)s; - (30)

O * t * = T *
¢ -1n-t(aij1)s.j Gij — tal-1(551)s; \Cii Cij * th-1(Bij2)s;

C _ *
Ik i Cij +thoa(@j2) s

Fig. 6. Thelevel (1- S, 1 - ¢) interval-valued fuzzy number aj .

From Property 3, we obtain d°(aj,(~)1) = 2Cj +%{(tn_1(ﬂj2) - th1(Bin)) sf]- + (4 -
3A)(tha(tj2) — tha(ctn)) S}, where 2= % :
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o 1 .= = _ 1
Let G; = Ed (G, 0) =G et (31)

where g = (twa(Bj2) — twa(Bijn) ﬁ*j + (4 - 3N (tha(cxj2) — tha(osn) S*j . From (30), 0<i < 1,
and 0 < 4 - 32, we obtaincj = 2 (11¢; +t,1(8j2) Sj+ (4 - 3Dtwa(i) §)) +5 (G —
(B S) +45 (4 - 3D(C) —ta(an) §;) +34C;> 0. Obviously, ¢ is a positive
number measured from 0, and ¢ e [G; —t,_1(¢%;,)s;, G +th_1(e;,)s;] - Hence, cj
is an estimate of the edge weight ¢; in the fuzzy sense. In particular, if o = a2 and S
= B2, then we have tn.1(dj1) = tha(aj2) and to.a(Bj1) = tha(Bj2), which leads to cIJ =Gj.
The DM should choose appropriate values for parameters oy , &y cer Oir o Ol
A o1 Qe o Biigkr o Bk Bijks B -+ Bk K= 1, 2, to satisty the fol-
lowing equalities

Similar to (21) of section 4, after adding one sixteenth of (32) to (25), we derive

d'G; ®Ty, @..@3, ) < d°(5; @), ®T;;, @..9T;, 1), (33)

(i’

where at least one equal sign holds. From Properties 3 and 4, and Definition 7, (33) is
equivaent to

on

D..®

on

(34)

iz

Gi; @Gy, .. OG0 5 G STy @ gy

where at least one = holds. Note that the relations < and = are the rankings defined on
Fin(1 - B, 1 - o) (see Definition 7). From Properties 3 and 4, Definition 7, (33), and (34),
we obtain

S+ G +co < c 4+ Cis ..+ C
C“1+ C'1'2+ C'm(.’)“ - C'I+Cll1+ CJl]Z Clm(,')n'

Vi<j,<i,j>e E, (35)
where at least one equal sign holds.
Remark 2. Note that (25) and (32) have the same relation property.

Let f°(i) bethelength of the shortest path from vertex i to vertex n in a network
G=(V, E) with {cj |<i, j >€ E}. Similar to (18), we obtain

and f°(j)=cj,+ Ci,iv + ... +Cj (36)

f()=cj + cy + ... +G jiz i1iz Jmcyn

, , ¥
iy 15 im(inN

From (35) and (36), the DP recursion of the second type of shortest-path problem in
the fuzzy sense is given by f°(i)=min{ cj + f°(j) |<i, j>e E} and f*(n)=0. We
i<]j

now summarize the above description in Theorem 2.

Theorem 2. Consider a network G = (V, E) with n vertices numbered from 1 to n with
edge weights {¢; | <i, j> € E}. An estimate of the edge weight, ¢, which is based on
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the level (1 - 3, 1 — o) interval-valued fuzzy number given by (29), is defined by ¢ =
G + 16 {(tn1(B2) — tha(Bi)) §; + (4 = 3D (tna(aj2) — toa(amn)) 5} = C; + iy 4 =
%. A set of edge weights in the fuzzy sense is given by {cj |<i, j>e E}. The DP
recursion of the second type of shortest-path problem in the fuzzy senseisthen given by

fo@)=min{cj+ f°(j)|<i, j>€ E}, and
i<j
f°(n)=0,
where f°(i) isthelength of the shortest path in the fuzzy sense from vertex i to vertex n.

Example 3. The problem is the same as Example 1. Suppose we have the following point
estimates from past statistical data: T, =3.12, T3=2.05 C,=4.5 T, =0.95,
T =39, Cyy=61, Cpg=395 CTy=11, Cyy=625 Ty =24, Cy=43, 5,=15
$3=0.8, 5,=1.6, S3=0.5, S5=2, S55=25, 5,=0.9, 55=0.7, S5=1.8,
S5, =0.8, and s,3 =1.9. In Table 3, we put the edge weights, G, into the correct en-
tries of the Table. Next, we calculate f(j) using the same tabular method as in Example 2.

The tabular method for finding the shortest path in the fuzzy senseis shown in Ta-
ble 3. Using the same approach as in Table 1, the shortest path based on statistical data
obtained from (1) = T+ f(2)= T+ Tps+ F(5) = T+ Tps+ Tsg+ F(8) = T+ T+
Csg, 151, 2, 5, 8with length 13.27.

Table 3. Finding the shortest path in the fuzzy sense.

f [1327] 10.15 | 12.35 | 1065 | 6.25 | 670 | 430 | 0 i
i 1 2 3 4 5 6 7 8

312 | 205 | 45 1

0.95 3.9 2

6.1 3

3.95 4

11 625 | 5

2.4 6

43 7

8

Now consider the fuzzy case. Similar to Example 2, arow with two or more entries
implies an inequality. After searching Table 3 for inequalities, we obtain rowsi = 1, 2,
and 5, and hence, the following inequalities which satisfy (25):

Wheni=1, C,+ f(2) < T+ f(3),i.e, Tp+CTu+ Ty < Cg+ Cas+ Csg,
or T+ f(2) < Cu+ f(4),ie, Cu+Cur+Cy < Gyt Ciet Cor+ Crg.
Wheni =2, T+ f(5) < Tu+ f(3),i, T+ Tsg < T+ Tas+ Cog-
Wheni=5, Cg+ f(8) < T+ f(6),i.6, Ty < Csg+ Cor+ Crg.
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According to Remark 2, the parameters of (32) based on the above inequalities are
derived as

Mz + tos + Usg < th3 + U5 + Usg, (37)
Mz + tos + Usg < tha + Uss + Usr + Uzs, (38)
s + lsg < fp3 + M35 + fsg, and (39)
Msg < Use T Uer T+ [Uzs. (40)

Let a=0.05, onz1 = as1 = o581 = 0.03, cno = 052 = g = 0.02, 01131 = 01 = Ozt
=051 = Oug1 = Oy = Q71 = Ofg1 = 0.035, and onzp = (har = Oz =52 = Olagn = Oz = Qr2
= o = 0.015. We can see that o, + ¢4, = 0.05 = a. From the Student’ s t-distribution
table with 29 degrees of freedom [13], we have t,5(0.03) = 1.9758, t,5(0.02) = 2.184,
t29(0.035) = 1.9066, and tx9(0.015) = 2.323.

Let ﬂ: 0.1. Since0 < Gjjk < ﬂjk <1, k=12 welet ﬂ121 = ﬂz51 = ﬂsgl = 0.055, ﬂlzg =
Poso = Pz = 0.045, Bia1 = Bun = Pos1 =1 = Pust = Poer = Borr = Prer = 0.07, and frs, =
Braz = Pozo =Pas2 = Puase = Pose = Por2 = Prsz = 0.03. Then we have ﬂjl + ,&jz =01= 4 Ac
cording to the Student’ t-distribution with 29 degrees of freedom, we have t,4(0.055) =
1.6602, t59(0.045) = 1.7682, t54(0.07) = 1.5438, and t,9(0.03) = 1.9758.

Since o= 0.05 and A= 0.1, we obtain A =1~ = 0.9474. Note that 4; = (tr1(B;2) -
th1(Bin) j + (4 — 3A)(ta(Gij2) — taa(ciin)) s; - Then we obtain s, = 0.5236, 113= 0.7313,
M14= 1.4626, tr3= 0.4570, ts= 0.6981, tz5= 2.2850, t14s= 0.8226, ts6= 0.6398, sg=
0.6284, ue7= 0.7312, and u75= 1.7366. Because the above parameters satisfy (35)-(38),

we derive the level (0.9, 0.95) interval-valued fuzzy number ¢ =[cf,C;’], where G

= (G _tn—l*(ﬂijl)si*jvﬁijieij +tn—1(ﬁij2)srj;0'9)v and Eiju = (G _tn—l(aijl)si? ,Gij, Gy +
th-1(0j2)s;;0.95). From Theorem 2, we obtain c;, =3.1527, cj3=2.0957, ¢, =
45914, c5;=0.9786, Cy5=3.9436, C35=6.2428, cu5 =4.0014, cg=1.1399, czg=
6.2892, cg; =2.4457, and cg =4.4085. Thus the fuzzy network G = (V, E) with
{c{} |<i, j>e E} isconstructed, as shown in Fig. 7. The tabular method for finding the
shortest path is shown in Table 4. Using the same approach as in Table 1, the shortest
path in the fuzzy sense obtained from f°(1) =cj, + f°(2) =cj, + s+ F°(5) =Cj, + C5
+Csg+ F°(8) =C, + Co5+ Cog, IS 1, 2, 5, 8 with length 13.3855. The shortest path in the
fuzzy sense is longer than the shortest path based on statistical data by % x 100%

=0.87%.
i , (8) destination

4.0014

Fig. 7. The fuzzy network G = (V, E) with {c;|<i, | >e E}.
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Notice that the length of the shortest path in the fuzzy sense obtained from Theorem

2 isrelated to the values of parameters 4; in (32), which are determined by the DM.

6. DISCUSSION

This study has produced the following significant results for the fuzzy shortest-path

problem in network.

Table 4. Finding the shortest path in the fuzzy sense.

@

@

©)

°(j) | 13.3855 [10.2328] 12.532 [10.8556] 6.2892  6.8542 [ 4.4085] 0 | .
j 1 2 3 4 5 6 7 8

3.1527 | 2.0957 [ 4.5914 1

0.9786 3.9436 2

6.2428 3

4.0014 4

1.1399 6.2892| 5

2.4457 6

44085 | 7

8]

In Theorem 1, if A=Ay, for exch<i,j> e E, then ¢ =c;. This means that the
set of fuzzy edge weights, {c;; |<i, ] >€ E} , becomes the set of crisp edge weights,
{c; I<i, j>e E} . We conclude, therefore, that the crisp shortest-path problem is a
special case of the fuzzy shortest-path problem.

Also in Theorem 1, if Aj;<A;, for each <i, j> € E, then c,J > ¢ . This means
that the fuzzy shortest path is longer than the crisp shortest path. Conversely, if
Ajj1>Ajj, for each <i, j> € E, then c,J <¢j, and so the fuzzy shortest path is
shorter than the crisp path.

In Theorem 2, if A, = fj for each <i, j> € Eand =1, we obtain ¢ =C; +1
(tn-1(j2) — tra( i) si*j .Here, ¢ isthedefuzzified vaue of level (1 - o) fuzzy num-

ber C; = (Cj — tra(cxja) Si] Cij, Gj +tha(cs2) Si*j ;(1-0). Let Ci*j* =Tj + 5 (tha(so) —
tr1(0%1)) Sj - Thus, Theorem 3, a special case of Theorem 2, can be derived as fol-
lows.

Theorem 3. In Theorem 2, when S, = B, for each <i, j> € E and = 1, we have the
following fuzzy shortest-path problem, which is derived from level (1 — @) fuzzy num-
bers,

f7 () =min{c; + 7 (j)|<i, > E}, and
i<j

£ (n)=0,
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where f " (i) is the length of the shortest path in the fuzzy sense from verticesi to nin the
network G = (V, E) with{c;" |<i, j >€ E}.

(4) Again, in Theorem 2, if a1 = 052 and Bj; = By for each <i, j> € E, then Gj = G-
Thus Theorem 2 becomes the shortest-path network problem G = (V, E) with the edge
weights {G; |<i, ] >e E}, where C; isapoint estimate.

(5) Consider the choice for the values of parameters ¢ and ,/jjkr,1 k=1, 2, in Theorem 2.

Let Gjg, =1, ... , n, be n samples of ¢; and let T; = %Zcﬁq be the mean. Let
g=1
A= {d]cjq<Cj,q=1..,n} and B = {q|cjq=2Tj,q=1...,n}. Let the number of
elements in A and B be denoted by n(A) and n(B), respectively. Then the
variances are sjzkA:ﬁZ(x”q -%;)? and sjsz:ﬁZ(xijq ~%;)%. If shg<
geA geB
sjzkA, consequently, the DM should choose aj; < gijz and fj1 < B, satisfying 0 < gk
<ﬁjk <1, k=1, 2 This Impllestnl(oqu) < tn-l(O(ijl) and tn-l(ﬁjZ) < tn-l(ﬁjl)- This result
is Interpreted in Flg 6 as follows. When tn-l(O(ijZ) < tn-l(mjl) and tn-l(ﬂjZ) < tn-l(ﬁjl)a
two triangles go to the left side. On the contrary, when t.1(c4j2) > tn.1( 1) and to.1(Sj2)
> tha(Bi1), i€, Shg > Sha . two triangles go to the right side.

7. CONCLUSIONS

In this paper, two types of fuzzy shortest-path problems in networks were presented.
The first problem, which uses triangular fuzzy numbers to represent imprecise edge
weights, was discussed in section 4, while section 5 discussed the second problem. Each
level (1 - B, 1 - o) interval-valued fuzzy number represents the confidence interval for
the unknown edge weight, which is obtained based on past statistical data. A DP recur-
sion formulation and a tabular calculation method were developed to solve these prob-
lems. Examples were given to illustrate their solutions. The proposed approach
combining statistics with fuzzy sets for obtaining the fuzzy shortest-path in a network is
very useful for solving practical problems.

APPENDI X
Comparing Klein’s Method With Ours

The hybrid multi-criteria DP recursion proposed by Klein [8] is
f(N)=(111,..,1),

f(i) = (SS?E(Q,' + (i), (41)

where e; = (a(i, ), (i, j), ..., 4r(i, j)), isthe path fromi to j in the network. The opera-
tor + represents the combinatorial sum, and dom is the domination operator based on
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“more is better”. The combinatorial sum of two-tuples is defined as follows. Let Z =
min{ 1, K), 4,k @)}. Then = gx + eq where the i-th element of the R-tuple g4 is
given by

(89 = max (2) =4 q)-

The recursion in (41) yields the set of nondominated paths from source 1 to destina-
tion N. The fuzzy shortest path length is then defined by

P = {U(MaX( (L N)) o KI(MaX(e(LN)) oo RICMaX (LN} (42)

where yli((s, t) represents the membership grade in fuzzy set K of the path from vertex s
to vertex t given by the ith nondominated R-tuple.
The mgjor differences between [8] and this paper are as follows:

(2) The edge weights and recurrence formula used by Klein are different from those used
in this paper. In Klein's method, there is a path associated with each fuzzy set and its
membership function for edge weights. For example, assume that each edge can take
alength of 1, 2, and 3. The three-tuple associated with each edge gives the member-
ship value of the edge in each of the fuzzy sets 1, 2, and 3 (see example in [8]). With
the defined relationships between paths and their respective edges, a variety of objec-
tives for the model can be considered. These models are then solved using a hybrid
multi-criteria DP in (41). In this study, however, we presented two types of fuzzy
shortest-path problems. In section 4, we used the triangular fuzzy number,
Gj = (cj —Ajj1, Gy, G +Aj2) , to represent the imprecise edge weight ¢ as the first
type of fuzzy shortest-path problem. In section 5, the level (1 — 5, 1 — ¢) interval-
valued fuzzy number based on past statistical data, G; =[G[, G}’ ], is used to repre-
sent the unknown edge weight ¢; as the second type of fuzzy shortest-path problem.
The recurrence formulas used in this paper are

f()=0, f(i)=min{g +(j)l<i,j>eE}and
i<j
f()=0,, f()=mn{g +f(j)l<i,j>E},
i<j
where f~(i) isthe fuzzy shortest path distance fromi to N.

(2) The viewpoint of fuzzy shortest-path in [8] differs from that in this paper. In Klein's
work, a DM could determine the length of the fuzzy shortest path using a certain
membership grade in (42) (see example in [8]). The path obtained will correspond to
a path in the origina network and is formed by the general backtracking techniques
of DPin (41). In this paper, the DM cannot determine the length of the fuzzy shortest
path using membership grade. Two theorems were proposed to find the shortest path
in the fuzzy sense. The fuzzy shortest paths obtained from our theorems correspond
to actual paths in the network, and the fuzzy shortest-path problems are an extension
of the original problem. The recurrence formula for obtaining fuzzy shortest path in
Theorem 1 isf (i) = ri11ijn{ cj+f (j)I<i,j>e E}and f"(n) = 0, whereg; = ¢ +
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42— A1) =cj+ +A;. Meanwhile, the recurrence formula for obtaining fuzzy
shortest path in Theorem 2 is f°(i) = min{ ¢j + f°(j) [<i, j>e E}, and f*(n) = O,
i<j

where ¢ =G+ { (tva(Bi2) — tha(Bin)) S + (4 — 3D (ta(j)— tra(%jn)) 5 }-

(3) In [8], the primary result is to develop agorithms for fuzzy shortest-path models

10.

11

12.

13.

14.

15.

based on DP procedures and multi-criteria optimization. In this paper, an approach
that combines fuzzy sets with statistics to solve the fuzzy shortest-path problem with
unknown edge weightsis presented. The proposed approach is very useful for solving
practical problems. The primary result obtained from this study is a theorem through
which the shortest-path in the fuzzy sense is obtained based on statistical confi-
dence-interval estimates for the uncertain edge weights problem.
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