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VLS| layout design is typically decomposed into four steps: placement, global
routing, routing region definition and ordering, and detailed routing. The crossing dis-
tribution problem occurs prior to detailed routing, in which crossings of nets are distrib-
uted according to design constraints. In this paper, we propose an O(nlog n) time algo-
rithm for the crossing distribution problem for two-terminal nets in two regions, where n
is the number of nets. This algorithm improves a previously known result that runs in
O(n? time [6]. We also give an O(n) time algorithm for the crossing distribution prob-
lem for three-terminal nets under some assumption.

Keywords: VLSI, crossing distribution problem, crossing minimization problem, detailed
routing, two-terminal net, multi-terminal net

1. INTRODUCTION

A VLSI circuit is usually modeled so as to be composed of modules and a set of nets.
Each net specifies on the boundary of the modules a subset of points, called terminals, to
be connected by wire. The layout problem is to interconnect the modules as specified by
the nets in accordance with different technological design rules. Normally, the layout
problem is solved in four steps [6]:

Placement: the modules are placed on the plane.

Global routing: the routing region is partitioned into simple subregions, each called an
elementary region, and global assignment of the wiring paths is determined for each net.
Routing region definition and ordering: The routing region is usually decomposed into
rectangular channels and/or L-shaped channels. Channels have to be ordered properly
such that their size can be adjusted without rerouting the previously completed channels.
Detailed routing: the wiring of each of the individual routing regionsis given.

A VLS layout (Fig. 1) consists of some modules, regions and nets. In Fig. 1, a
sketch of a global routing is shown, in which each net is specified by a list of regions
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Fig. 1. An example of VLSI layout.

through which its wiring passes. For instance, for Net 5, the sequence of regions is (Rc,
Rd, Rg). Net 1 and Net 3 will have a crossing if we require that the sequence of regions
passed through for each net, i.e., the homotopy, be fixed as specified. The positions
crossed by the nets at the boundary of two adjacent regions are referred to as the junction
terminals. Once the ordering of the junction terminals, say from left to right for each
horizontal boundary edge and from bottom to top for each vertical boundary edge, is
fixed, the number of crossings for each region is thus determined. Indeed, crossings in
VLSI layouts imply the use of vias and require one or more layers in detailed routing [5].
As vias take up routing space, the number of vias alowed for each routing region may
have to be restricted. The crossing distribution problem (CDP) calls for specification of
the ordering of the junction terminals for al the nets such that every routing region has
no more crossings than allowed. That is, we must appropriately distribute these crossings
into regions in order not to violate the quota of vias in each region. The problem was
recently studied by Groenveld [3], Marek-Sadowska and Sarrafzadeh [5], Wong and
Shung [7], and Song and Wang [6]. In [5], Marek-Sadowska and Sarrafzadeh presented
an O(Mlog M) algorithm for solving a CDP for two-terminal nets in two regions, where
M is the number of non-redundant crossings of the global routing. Song and Wang [6]
presented an O(n?) algorithm for CDP for two-terminal nets in two regions, where n is
the number of two-terminal nets between two regions. In this paper, we study the cross-
ing distribution problem for two-terminal nets in two regions and present an O(nlog n)
algorithm. The result can be generalized to some cases where there are multiple regions.
In section 2, we define the problem. In sections 3, 4 and 5, we provide a detailed descrip-
tion of the algorithms for solving the CDP for two-terminal nets, and in section 6, we
consider the problem for three-terminal nets and give an O(n?) time algorithm under
some assumption.

2. PROBLEM DEFINITION

Without loss of generality, we will consider the case where the routing region can
be modeled as a circle and terminals are located on the circumference, as shown, e.g., in
Fig. 2. Unless otherwise specified, all nets are two-terminal netsin the following discus-
sion. Imagine that we have a cut line that cuts across the circle and divides it into two
regions. This routing region can be further represented as a two-shore channel routing
region as shown on the right part of Fig. 2.
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Fig. 2. The crossing distribution problem (CDP) for in two regions.

Let TOP and BOT be two horizontal lines on which terminals are placed. A
two-terminal net v = (p, g) is two-sided if v has a bottom terminal, p, on BOT and a top
terminal, g, on TOP. A two-terminal net u = (r, s) is one-sided if both r and s are on ei-
ther BOT or TOP. A crossing is an intersection of two different nets. We distinguish be-
tween inherent (necessary or forced) crossings and redundant crossings [6]. Intuitively,
an inherent crossing between two nets is one that cannot be removed by a connection
homotopy [5]. Consider two nets, a and b; three different types of inherent crossings be-
tween a and b are shown in Fig. 3. Some redundant crossings are shown in Fig. 4.

Fig. 3. Three types of inherent crossings between a and b.

Fig. 4. Some redundant crossings.

In this paper, we eliminate redundant crossings whenever possible. It is trivial to

eliminate redundant crossings for two-sided nets. For one-sided nets, this task is not dif-
ficult either, and it will be discussed in section 5.
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Let R; and R, denote two routing regions sharing a common boundary B. Given a
global routing of n two-terminal nets whose terminals are located on the outer boundary
of the routing regions Ry, and R, respectively, let C denote the total minimal number of
crossings that exist in R; and R,, and let k denote an integer (k < C). The two-region
crossing distribution problem is to find an ordering of the nets (junction terminals) at the
boundary B such that exactly k crossings are located in Ry, and C — k crossings are lo-
cated in R,. As mentioned previously, we assume that the outer boundary of the two ad-
jacent routing regions, R; and R,, can be represented by a circle whose circumference
contains the terminals. Furthermore, we assume that the top part of the circle refers to
region R; and the bottom part to region R,. Fig. 2 gives an illustration. Let TOP and BOT
represent the top and bottom boundaries, respectively, that contain an ordering of the nets
whose global routes are dissected by B.

The crossing distribution problem in the two regions R; and R; is to determine the
net orderings of the junction terminals at the boundary B such that no redundant cross-
ings are introduced and crossings are “properly” distributed between these two regions.
Formally, we define the problem as follows:

Problem I. Let ¥ ={N;, Ny, ..., N;} beaset of n(n>1) nets. Let TOP = (ay, ay, ..., &)
and BOT = (by, by, ..., b,) be two sequences of terminals of the nets on the top and bottom
lines, respectively, where a; (or by) refers to anet number representing a net terminal and i
denotes the terminal position (1 <i<u, 1<j<v)on TOP or BOT. Given a boundary B
and an integer quota k (k < C, where C is the total number of crossings), distribute ex-
actly k crossingsto R; and C — k crossings to R,.

Let P denote the set of crossings in the global routing in two regions. Let X, Y, and
Z denote the set of one-sided nets on TOP, two-sided nets, and one-sided nets on BOT,
respectively. The set W of netsis, thus, partitioned into three pairwise digjoint subsets, X,
Y,andZ. Thatis, wehave W =X UY U Z, XNY =, XNnZ=G,andY nZ=0. Let
(a, b) denote the crossing between nets a and b. Define the following three sets of cross-
ings[6]:

P.={(ab)|((@ac X) A (be X)) v(@e Y)n(be X)) v(@@ae X) A (be Y);
P.={(ab)|(ae Y)A(be Y)};
P,={(ab)|((@ac Z) A (be 2) v(@ae Y) A (be 2)v(@c 2) » (be Y)).

Fig. 5 shows an example; in thiscase P, = {(1, 2), (4, 3), (1, 4), (2, 5), (2, 6)}, P>, =
{(3,4),(5,6)}, Ps={(7,8), (7,3), (7,4, (8,5), (8, 6)}. Note that P= P, U P, U P, and
that these three cases are mutually exclusive. We therefore divide our original problem
into three sub-problems, one for two-sided nets (P,) and two for one-sided nets (P; and
Ps).

With the definition above, we can divide problem | into problem |1 and problem I11
described below:

Problem I1. Crossing distribution for two-sided nets only (P,). Let ¥ = {Ny, Ny, ..., N}
be aset of n(n> 1) two-sided nets. Let TOP = {ay, a,, ..., a,} and BOT ={by, b,, ..., b.}
be two sequences of terminals of the nets of ¥ on the top and bottom lines, respectively,
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Fig. 5. Three types of crossings, Py, P, and Ps.

where g (or b)) is a net number representing a net terminal and i denotes the terminal
position (1 <i < n). Given a boundary B and an integer quota k (k < C, the total number
of crossings), find a permutation of net terminals at the boundary B such that exactly k
crossings are located at R; and C —k crossings are located at R,.

Problem [11. Crossing distribution for two-sided nets in the presence of one-sided nets
(Fig. 5Py, P3). Let W = (Ng, No, ..., N,) beaset of n(n> 1) netssuch that N; (i = 1, ..., n)
is either aone-sided net on aline G or atwo-sided net having aterminal on G. Let L = (t;,
ty, ..., 1), r < 2n, be the sequence of terminals of the netsin ¥ on G. Given a boundary B
and an integer quota k (k < C, where C is the total number of crossings), distribute ex-
actly k crossings above B.

3. CROSSING DISTRIBUTION FOR TWO-SIDED NETS

Without loss of generality, we assume that TOP = (1, 2, 3, ..., n), and that BOT isa
permutation of {1, 2, 3, ..., n}. The two-sided nets N; = (p, g), N; = (r, s) form acrossing
iff (p<randg>s9)or(p>randq<s).In[6], Song and Wang noted that the number of
crossings is equal to the number of inversions [2, 4] of the permutation. For instance,
permutation (4, 2, 1, 3) hasinversions (4, 2), (4, 1), (4, 3), (2, 1). When we place (1, 2, 3,
4) on TOP and (4, 2, 1, 3) on BOT, and then connect the same numbers with straight
lines, we will find 4 crossings, and they are exactly (4, 1), (4, 2), (4, 3), and (2, 1).

Note that given a sequence of numbers, we know that number i at position s and
number j at position s have an inversionif j < i and 5> s. For each integeri € (1, 2, ...,
n), the number of inversionsinduced by i can be obtained asfollows. Sincetherearei — 1
numbers less than i, if we know the number m of such integers lying to the left side of i
in the permutation, then the number of inversions induced by integer i isi — 1 — m. We
call the number mthe magic number of i. We will discuss thisin more detail in section 4.
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As shown in Fig. 6, the magic numbers for the integers in the sequence on BOT are
respectively 0, 0, 1, 3, 4, 3, and 1 respectively. The numbers shown in the rectangular
box in Fig. 6 are the inversion numbers induced by the integer immediately above.

1 2 3 4 5 6 7

TOP

BOT

Fig. 6. Inversion numbers induced by each integer.

How to compute the magic numbers efficiently is described in the next section. The
following lemmais obvious:

Lemma 1l If we have all the magic numbers of a permutation of {1, 2, ..., n} we can
find the number of inversions of the permutation. a

As will be shown later, CDP for two-sided nets can be solved easily, once we have
computed the magic number for each integer. We now give an algorithm to compute a
permutation of {1, 2, ..., n} whose inversion or crossing number isk < C, where C isthe
total number of inversions of a given permutation BOT of {1, 2, ..., n}. We build a list
called B-list to record the permutation on boundary B. Initially the permutation is the
identity permutation, i.e., the same as TOP. In other words, al the crossings are located
at R, (in the lower region). If we output a node from B-list, we deleteit at the same time.

Algorithm 1. Crossing distribution for two-sided nets.
Input: k aninteger; BOT = (by, ..., by)
Output: B = (¢4, Cy, ..., Cy) apermutation on B
1. BuildB-listas (1, 2, ..., n)
2. Scan BOT from b, to b,
2.1.if k=0then break
2.2. find current node b’ s magic number mand itsinversionr =, —1—-m
2.3.if (r > K) then output first r —k nodes of B-list
output b;; k=0
2.4. else output byj; k= k—r
3. Output the rest of nodes of B-list in linear order.

Let usillustrate this algorithm with an example. In Fig. 7, the initial B-list is the
same as TOP, and we assume that k = 5, and that the list of inversion numbers induced



ON THE CROSSING DISTRIBUTION PROBLEM IN TWO REGIONS 7

k=5

1 2 3 4 5 6 7
TOP
B —Z 322257
BOT

4 1 3 6 7 5 2

3 01 2 2 1 0
Fig. 7. Initial situation, assuming inversion numbers are given as shown.

k=2

1 2 3 4 5 6 7
TOP

4 1 2 7
I T . .
BOT

4 1 3 6 7 5 2

3 01 2 2 1 O
Fig. 8. After aniteration, 4 has been outputted, and k becomes 2.

by each integer in BOT has been pre-computed. The first number of BOT is 4, and its
inversion number is 3. Since k =5 > 3 =r, we output 4 (and delete 4 from B-list) and k
becomesto k—3 =2 (seeFig. 8).

In Fig. 8, the square containing 4 on B is the current output sequence. Let us pause
for amoment here. The initial sequence routing of the first four nets, as shown in Fig. 9,
causes 4 crossings in R, In Fig. 10, we move 4 to the head of the permutation. This
movement will cause 3 crossings to relocate in region R;. Thisis due to the fact that each
time we interchange two adjacent elements in a permutation, we increase or decrease the
total number of inversions by one [4]. Now, the next element is 1, and its inversion
number is 0. We do nothing except output this number (Fig. 11). Next, we find 3 and its
inversion number 1 (Fig. 12). Sincek =2 > 1 =r, we output 3 and update k to be 1. Now,
we have four crossingsin R;.

When we find 6, k= 1 < 2 =, according to Step 2.3, we start to output B-list r — k
nodes. This means that we only need to make k exchanges of adjacent positions to meet
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Fig. 9. Four crossingsin R,.

k=2

TOP

B

BOT

4 1 3 6 7 5 2

3 01 2 2 1 O
Fig. 10. Three crossingsin R, and one crossing in R,.

k=2
2 3 4 5 6 7

TOP
4 1L 2 3 5 6 7
B o - — o — —

BOT

4 [ 3 6 7 5 2
3 01 2 2 1 0

Fig. 11. 1 is scanned next.
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k=2
1 2 3 4 5 6 7
TOP
B L4 L2 3.5 _6_7_
BOT
4 1 6 7 5 2
3 01 2 2 1 0
Fig. 12. 3isscanned next.
k=1
1 2 4 7
TOP S 2 O
B LAl LS 6 7
BOT
4 1 3 6] 7 5 2
3 01 2 2 1 O
Fig. 13. 6 isscanned next but r > k.
k=0
1 2 3 4 5 6 7
TOP
4 1 3 2 6 5 7
B - . S S e S e e .
BOT

4 1 3 6 7 5 2

3 01 2 2 1 O
Fig. 14. Final solution.
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k=0

TOP

BOT
4 1 3 6 7 5 2

3 01 2 2 1 O
Fig. 15. Totally 9 crossings. 5in Ry, 4in R,.

the quota requirement. So we output r — k nodes, then output 6, and set k to 0. We will
break thisiteration and do step 3 to output other nodes of B-list (see Figs. 13 and 14). Fig.
15 is the final routing result, which satisfies the quota requirement, and we can see that
thereis no redundant crossing.

Theorem 1 Thetwo-sided CDP problem for n nets can be solved in O(nlog n) time.

Proof: When k = 0 or after we have scanned the whole BOT list, the algorithm would
terminate. Since the algorithm does not create redundant crossings (two-sided nets by
default have no redundant crossing), it satisfies the quota requirement [6]. Therefore, it is
correct. Let us now analyze the time complexity of the algorithm. It is obvious that other
than the time needed to compute the magic (inversion) number for each element in BOT,
the total time needed is linear. As we will show below the time needed to compute the
magic numbers and hence the inversion numbersis O(nlog n). This completes the proof.
a

4. FINDING MAGIC NUMBERSEFFICIENTLY

To find the magic number of some b;, we should find out how many numbers less
than b; which occur before by in the permutation. If we record al the scanned elements,
we can easily compute the number of scanned elements that are smaller than the current
element. The inversion number induced by the current element is obtained by simply
subtracting the magic number plus 1 from b;. Therefore, if we could find the magic
number in O(log n) time, the total time complexity would be O(nlog n).

Since this problem is rather straightforward, we will illustrate it by using an exam-
ple. The underlying data structure used is a height-balanced binary search tree. Basically,
for each node, we store a key plus an additional field, called left-number, containing the
total number of elements stored in its left subtree plus one. That is, for each key, we store
the total number of elements in the current binary search tree less than or equal to itself.
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When an element is scanned, it is inserted into the tree in an appropriate position. In the
meantime, its magic number is computed as follows. Initially, it is 0. Each time a right
subtree of a node v is followed, the magic number is incremented by left-number(v).
When a left subtree of anode v is followed, |eft-number(v) is incremented by 1 (indicat-
ing that the newly inserted number is less than key(v)). Since insertions may result in
height imbalance, rotations to restore height balance will be needed. All these operations
are known to take O(log n) time per insertion for height balanced binary search trees.

In Fig. 16, 5's left-number is 3 since it has 2 nodes in its left subtree. Similarly, 9
has“7” initsleft subtree, so its left-number is 2.

See Fig. 17. When we insert 8 into this tree, since 8 > 5, we follow the right subtree,
and the magic number is now 3. Going down the tree, we meet 9. Since 8 < 9, we follow
the left subtree, so the left-number of node 9 isincremented by 1. Finally, we insert node
8 into the correct place and add its left-number 1 to obtain its final magic number, which
is4.

5/ 3

\

3| 2 9| 2
1 7| 1 11

Fig. 16. An example of |left-numbersin a balanced tree.

1 1

53 8>5

3| 2 9| 3| 8<o9

1] 1 8>71 711 11 |1
8|1

Fig. 17. After inserting 8 to balanced tree.
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Algorithm 2. Insert anode into a left-numbered tree and find its magic number.
Input: a node p; aleft-numbered height-balanced tree T
Output: magic number m of p
1. m=0; u=T.root; p.left-number = 1
2. if p.key > u.key
then m= m + u.left-number
u=u.right
else u.left-number = u.left-number + 1
u=u.left
3.ifu=null
theninsert pintou
return m
elsegoto 2

5. CROSSING DISTRIBUTION PROBLEM IN THE PRESENCE
OF ONE-SIDED NETS

We will only discuss P; here (a one-sided net on BOT). The method for Py is similar.
In [6], Song and Wang enumerated all the crossings and used a topological sort to solve
this problem. The crossing number is bounded by n?, so their algorithm takes O(n?) time
in the worst case. We show below that we need not enumerate al the crossings to solve
this problem.

In this section, we will also use the left-numbered height-balanced tree to solve this
problem. We make some observations to help us understand this problem better. Fig. 18
shows an example of one-sided net routing, where N3, N5, and N are two-sided nets, and
the others are one-sided nets. Let each one-sided net N be denoted by (Begin(N),
End(N)), where Begin(N) and End(N) denote the beginning and ending terminals of the
net.

Definition Net N; is said to contain Net N; if and only if Begin(N;) < Begin(N;) <
End(N;) < End(N;) (in Fig. 18, Begin(N,) is 1, End(N,) is 7, and N; contains Ny).

In Fig. 19, N; contains N.. If we route N, in the upper region and N; in the lower re-
gion, two redundant crossings will occur. Therefore, if N;contains N;j, we should always
route N; “above” N; to prevent redundant crossings. This “above’ routing constraint is
implicitly maintained in our algorithm described below when N; is routed before N;.

B—————————————————-

N3 Ns N7
Ny

Ne

Ni| N, Na N,

BOT

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Fig. 18. An example of one-sided net routing.
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N2 Nl

Ny,
L

Ny

Fig. 19. Prevent redundant crossings.

Lemma2 If Begin(N;) < Begin(N;), N; cannot contain N;.
Proof: Immediate. a

With lemma 2, we can use the order of the beginning terminal to solve this problem.
We scan the BOT list once to find some information: (1) the beginning positions of all
one-sided nets, (2) the ending positions of all one-sided nets, and (3) the positions of all
two-sided nets. Thisinformation can be found in linear time.

After finding this information, we initialize a left-numbered height-balanced tree by
inserting all two-sided nets with positions as keys. This tree records the current order of
net lines piercing boundary B. In other words, it records the current permutation of
two-sided net on boundary B.

Algorithm 3. Crossing distribution in the presence of one-sided nets.
Input: BOT = (by, by, ..., b,); kan integer.
Output: B = (¢4, Cy, ..., Cy) apermutation on B
1. Find the information of al the nets with regard to their positions.
2. Build aleft-numbered height-balanced tree T by inserting two-sided netsin order.
3. Scan BOT from b, to by,
3.1 Let the current node be by, and let its correspond net be N;.
3.2 if N; has been processed (we encounter its right terminal) or it is atwo-sided net
then continue.
3.3 Find the left numbers of Begin(N;) and End(N;) in T, called my and m,,
3.4if mp—my > kthen
insert Begin(N;) to T; Break
else
insert Begin(N;) and End(N;) to T; k = k- (m, —my); continue.
4. Output nodes in tree T by means of inorder traversal. After outputting Begin(N;), con-
tinue outputting k nodes, and then output End(N;). Finally, output the other nodes in
treeT.

In Step 3.3, the number my (respectively, m,) denotes the number of nets piercing
the boundary B and lying to the left of Begin(N;) (respectively End(N;)). Therefore, m, —
m, denotes the number of nets piercing the boundary and lying between the two termi-
nals of the one-sided net N;. For instance, Fig. 20 shows an initial state of a one-sided net
routing, where the initial left-numbered tree contains N3, Ns, and N;. At the first iteration
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B——————--———————————
Na Ns N,
k:5 N4
Ne
Ny N, N N;
BOT
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Fig. 20. Initial state.
- T T T T T
B _l - - -_— - -_— - _— L] — L] L] L] L] L] L] L] -_—
Nip N3 Ns Nie N
k=3 N,
Neg
N, Ng No
BOT
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Fig. 21. After processing N;.

of Step 3, we find N;. We use Begin(N,) and End(N,) to find my= 0 and m, = 2, respec-
tively. Quota k = 5 > 2 = m, — my, so we insert Begin(N;) and End(N,) into the

left-numbered tree and decrease k by 2.

This means if we route net N, in the upper region R; and we will cause an m, — m;
crossings to occur in R;. Now, Nyy(beginning) and N¢(ending) behave as if they were
two-sided nets after thisiteration, so we insert them into the left-numbered tree.

At the next iteration, N, is scanned, my=1, and mp,=2. Sincek=3>1=m, —my,
we insert Begin(N,) and End(N,) into the left-numbered tree and decrease k by 1 (Fig.

22).
- _—__ __ ___ — 1
B _'I - n n — L L ] —_— — —_— L —_— —_— —_— —_— —_— L
Ny Noj N Nyl Ns| N N,
k=2
N4 N6
Ng No
BOT
1 2 3 4 5 6 71 § 9 10 11 12 13 14 15

Fig. 22. After processing N..
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B—————-----—————————-

Nib Nop Nol | Nob | | Nie N
k=0

Ng
N; N,

BOT
1 2 3 4 5 6 7 8 910 11 12 13 14 15

Fig. 23. Thefinal result.

Next, we find N4, and we have my= 3, my=7. k= 2 < mp, — my, and we insert Be-
gin(N,) into T to obtain the sequence (N1, Nab, N3, Nap, Noe, N5, Nye, N7) and then go to
Step 4. We then output 4 nodes using inorder traversal of T until Begin(N,). Therefore,
we output k (= 2) nodes in T and then output End(N,). And then othersin T are output.
That is, the final permutation is (N1, Nob, N3, Nap, Noe, N5, Nge, N1e, N7) @and the routing
isshown in Fig. 23. Initially (see Fig. 20), there are 10 crossings in R,. After running this
agorithm, we have 5 crossingsin R; and 5 crossingsin R..

Theorem 2 The CDP in the presence of one-sided nets with n nets can be solved in
O(nlog n) time.

Proof: The algorithm terminates when k < m, — m, or the entire list BOT is scanned. The
guota is not exceeded when k > m, — my. When k < m, — my, we output Begin(N;) at k
positions to the left of End(N;) to create k crossings in the upper region to meet the quota
requirement. As for the time complexity, Step 2 takes time O(tlog t), where t is the num-
ber of two-sided nets. Steps 1 and 4 each need linear time, and Step 3 takes O(nlog n)
time to complete the operations needed for |eft-numbered tree searching and insertions.
Thus, the time complexity istotally O(nlog n). d

Having solved these sub-problems, we will now describe how we can solve the
origina problem. Given a CDP with as inputs the permutations of TOP and BOT, and an
integer k, we solve P;. Let C(P)) denote the crossing number in P, i = 1, 2, 3. Initialy, the
permutation on boundary B is just like TOP and all the crossings (including Py, Ps, Ps)
are assumed to be in the lower region. Note that C(P) for i = 1, 2, 3 can be obtained by
scanning the permutations on TOP and BOT. If C(P,) > k, we can find the solution after
processing P;. If C(Py) <k, then there remain k — C(P;) crossings to be moved into the
upper region. We process P, next. If C(P,) < k — C(Py), then there remain k — C(P,) —
C(P,) crossings. Note that after P, has been processed (all crossings have been moved to
the upper region), the permutation of two-sided netson B isjust like BOT. Therefore, we
can process P in the final step.
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6. CDP FOR THREE-TERMINAL NETSIN TWO REGIONS

In [5] Marek-Sadowska and Sarrafzadeh introduced the multi-terminal net problem.
They gave a deterministic algorithm for three-terminal nets in time O(mn? + m&?),
where mis the number of modules, n is the number of nets, £is the number of crossings,
and the algorithm is a heuristic algorithm for multi-terminal nets in multi-regions. In this
paper we will study the CDP of three-terminal nets in two regions. We will give an O(n?)
agorithm to solve the problem.

We first distinguish all possible configurations of a three-terminal net containing 2
or 3 terminals. There are four types as shown in Fig. 24, referred to as I-type, U-type,
Y -type and M-type respectively according to their appearance.

middle
<_

I-type U-typeb Y-type M-type
Fig. 24. Four types of nets.

We first need to guarantee that there are no redundant crossings. The only differ-
ence between a two-terminal net and a three-terminal net is that a three-terminal net may
have an extra terminal, a middle terminal denoted by Middle(N;), in addition to begin-
ning and ending terminals (Fig. 24).

In the two-terminal version, there are three types of crossings (Fig. 3), but in the
three-terminal version, there are many more crossing types. Thus, we list al the typesin
Appendix A and here will choose some representative examples. The CDP of
three-terminal nets can be divided into three parts just like the two-terminal version (see
Fig. 5). Let Q1, Q,, and Qs represent the three parts of problems corresponding to Py, Ps,
and P; of the two-terminal version, respectively.

The same as before, we start with Q,, which contains many types of crossings (Fig.
25): (1) I-type with I-type, (2) I-type with Y-type, and (3) Y-type with Y-type. The
Y -type net, in theory, has a specia feature: the middle terminal can be connected to any
position of the U-type base defining the beginning and ending terminals (Fig. 26 (). As
shown in Fig. 26 (b), by moving the position of the middle net, we can prevent a redun-
dant crossing from being created. How to determine the positions of the middle terminal
for all Y-type nets so as to minimize the number of crossings is another problem, called
the crossing minimization problem (CMP) [1]. Thisis anon-trivial problem, and we shall
leave it for future work. From now on, we shall assume that the position of the middle
terminal for each Y-type net is fixed and given in advance. Once this information is
given, Q, can be solved using the method given in section 3 within O(nlog n) time.

Lemma 3 The problem Q, of CDP can be solved in O(nlog n) time, when the middle
terminal positions of Y-type nets are given. a
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P

(3b)
Fig. 25. Crossingsin Qu: (1) I-type and I-type, (2) I-type and Y-type, (3a) (3b) Y-typeand Y -type.

TOP

/l\

£ VN

BOT

€Y (b)
Fig. 26. (a) The middle terminal can connect to an arbitrary position between beginning and end-
ing terminals. (b) Move middle terminal to remove redundant crossings.

Now, we want to consider Qs (Q; is similar). We first treat an M-type net like two
U-type subnets in succession and treat the base (the two-termina end) of a Y-type net
like a U-type net.

Fig. 27 presents two examples: in example A, the method described in section 5 is
applied, that is; we treat the M-type net as if there were two U-type subnets; but in ex-
ample B, if we apply this method, a redundant crossing will be created, unless the right
U-type subnet (of the M-type) is aso routed in the upper region along with the left
U-type subnet.

0 : I .
A — ’
------- s
- e - . . —-— ey . . L e e L \Cremearmundant
crossing
B

Fig. 27. A: the method of section 5 is applied; B: the method described in section 5 creates a re-
dundant crossing.
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When a U-type or an M-type net is contained in another M-type net, as shown in Fig.
28, where the inner net crosses the middle terminal of the outer net, we call this an ill
combination. Routing for ill combination pairs needs extra treatment, for otherwise, re-
dundant crossings may result. Indeed, these two cases are the same. The left-subnet of
the inner M-type net shown in Fig. 28 (b) has no effect on the combination. Fig. 28 (b)
shows a symmetric case where the |eft-subnet route crosses the middle terminal of the
outer net, but this is similar. Therefore, we will always take Fig. 28 (@) as an example
when presenting this problem.

@ (b)
Fig. 28. Two situations that break the method in section 5.

Fig. 29 lists al the possible interactions between U-type nets and M-type nets, and
between two M-type nets, excluding ill combinations. By treating M-type nets as two
consecutive U-type subnets and using the method described in section 5, we can easily
verify the correctness of the algorithm for Qs in the case where no ill combinations exist.
The following lemmais obvious.

[ ] [ ]

Iyl i L] [ 111

Fig. 29. All possible crossings between a U-type and an M-type and between two M-types except
ill combination.

Lemma4 |If there are only I-type, U-type, M-type nets, and if there exist no ill combi-
nations, then we can solve Qs of CDPin O(nlog n) time. d

We shall now address the problem of redundant crossings that may result due to ill
combinations (Fig. 28). Recall that when a U-type net N; contains another U-type net N;,
net N; should be routed above N; to avoid creating redundant crossings. In our algorithm
given in section 5, N; is processed before N;j, and N; implicitly is routed above N;. A
U-type net U; and an M-type net M; form an ill combination when the M-type net M;
contains the U-type net U; and the middle terminal of M; crosses the U-type net U;, caus-
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ing one inherent crossing (Fig. 28 (a)). When the left U-type subnet of M; and the U-type
net U; have been processed and, thus, have both been routed into the upper region, it is
possible that the algorithm will terminate because the quota requirement has been met. In
this case, there will be a redundant crossing caused by the pair composed of the right
U-type subnet of M; and U-type net U; as shown in Fig. 27 case B. Thus, we need to en-
sure that no redundant crossing is created in any of our processing steps. In other words,
when the algorithm terminates, we should guarantee that there exists no redundant
crossing.

We adopt the strategy called delay processing to solve this problem. Consider Fig.
30 for example. Since routing the whole inner U-type net into the upper region may lead
to redundant crossings, we can route just the initial part of the U-type net into the upper
region (Fig. 30 picture 2) by creating a “jog” or a bend at the leg associated with the
end-terminal of the U-type net. After the right U-type subnet of the outer M-type net has
been routed into the upper region, the inner U-type net will be completely routed into
upper region (see Fig. 30, picture 3) if necessary. This inner U-type net will be referred
to as afloating net, and the leg associated with the ending terminal of the floating net asa
floating end. If an inner net has many outer M-type nets with which to form ill combina-
tions, its floating end might float to each of the middle terminals of every outer M-type
net. Fig. 31 shows an example. Fig. 31 (a) shows the initial condition, indicating that N
and M, form an ill combination, and indicating that N and M, also form an ill
combination. Consider Fig. 31 (b), in which both Begin(M,) and Begin(M,), i.e., the left
U-type subnets, have been processed. To prevent redundant crossings from being created,
we must process the floating net N in an appropriate manner. In Fig. 31 (c), Middle(M,)
lies to the left of Middle(M,), so the floating end of N will float to Middie(M,) at the
beginning. In Fig. 31 (d), after Middle(M;) has been processed at which point, M; and N
will not cause a redundant crossing, the initial part of N can be extended further, floating
to Middle(M5). In other words, the “bend” of the ending terminal of the floating net is
considered “stretchable” and will become “straight” only when the scanning process
reaches the position of the ending terminal.

Fig. 30. The strategy for preventing redundant crossings.

——=== =STT-- =Tt—- = ‘
y Me v v l
1 2 2 2
N | N | N N1
@ (b) (© (d)

Fig. 31. (8) Initia condition. (b) Begin(M,) and Begin(M,) have been processed. (c) N has been
processed, but floats to middie(M;). (d) Middle(M,) has been processed, and N floats to
Middlie(M,).
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We will now describe our agorithm more formally. We shall first identify the pairs
of netsthat form an ill combination and give the routing constraint relation “above.” Net
A is“above’ net B if and only if no redundant crossing will result when Net A is routed
above Net B. Net B is afloating net if it is a U-type net totally contained in an M-type
net M or a U-type subnet of an M-type net totally contained in another M-type net M,
and if they form an ill combination pair. We use “Net A — Net B” to denote the “above’
routing constraint. In Fig. 31, we have M; — N and M, — N. Note that this directed
graph (for the relation “above”), caled an ill-combination graph, has no cycles. For all
nets M; such that M; — N, we shall maintain for floating net N a sorted list of the middle
terminals of M; to which the floating end of net N will float in that order. The task to be
performed is to maintain the “above” routing constraint imposed by the ill-combination
graph. To ensure that the floating ends of the floating nets float to appropriate middle
terminal positions correctly, we use the corresponding sorted lists and process the float-
ing ends in an order-preserving manner. Suppose there is another floating U-type net N’
that contains U-type net N, and M-type net M — N, M — N’. Note that since net N’
contains net N, net N’ is processed before net N and, hence, is routed above net N. When
we float net N to Middle(M), we must ensure that floating end of net N's must be proc-
essed before net N. That is, all those floating nets should be processed in an appropriate
order so that the “above” routing relation can be preserved. Fortunately those floating
nets have a natural ordering which is the same as the order of beginning terminals, or the
order in which these nets are scanned.

Step 2 initializes the left-numbered height-balanced tree T by inserting al of the
I-type nets.

Step 3 isthe main part of the algorithm. Steps 3.3 and 3.4 perform the delay process
as shown in Figs. 30 and 31. The floating terminal is also inserted into the left-numbered
tree. It ensures that the algorithm is correct whenever it terminates. We use the ill com-
bination sorted list to handle floating terminals. Step 3.5 handles middle terminals. When
amiddle terminal of an M-type net is scanned, we process the right subnet of the M-type
net. After we process it, some ill combination pairs involving the M-type net may no
longer exist. We then proceed to finish processing the floating terminals, if any exist,
attached on it. We will discuss the time complexity of this part later.

Algorithm 4. CDP of Qs containing I-type, U-type, and M-type nets.
Input: BOT = (by, by, ..., b,); connecting information of Y -type nets; k an integer
Output: B = (¢4, ¢y, ..., C,) apermutation on B.
1. Find dl theill combination pairs. For each floating U-type net (or subnet), construct a
sorted list of the nets of those M-type nets with which it forms an ill combination.
2. Build aleft-numbered height-balanced tree T by inserting I-type netsin order.
3. Scan BOT from b, to by,
3.1 Let the current node be by, and let its corresponding net be called N;.
3.2if bisan end terminal or N; is an I-type net then continue (step 3).
3.3if NjisaU-type net then
3.3.1 Check and delete the first element E of itsill combination sorted list. Use b
and the middle terminal position e of E (if no element exists in the list, use
End(N;)) as keysto find magic numbers m, and m, from T.
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3.3.2 Insert Begin(N;) with key b into T
if m,—m > ktheninsert End(N;) into the desired position; break;
else
if N; isfloating then attach it to the middle terminal to which it is floating
elseinsert End(N;) into T
k = k— (m, —my); continue (step 3)
3.4if Njisan M-type and b; is a starting terminal then
3.4.1 Check and delete the first element E of its ill combination sorted list. Use by
and the middle terminal position e of E (if no element exists in the list, use
Middle(N;)) as keysto find magic numbers m; and m, from T.
3.4.2 Insert Begin(N;) with key by into T
if m, —my > k then insert Middle(N;) into the desired position; bresk;
else
if N; isfloating then attach it to the middle terminal to which it is floating.
elseinsert End(N;) into T.
k = k— (m, —my); continue (step 3).
3.5 else Njisan M-type and b; is an middle terminal
3.5.1 Check and delete the first element E of its ill combination sorted list. Use b,
and the middle terminal position e of E (if no element exists in the list, use
End(N;)) as keys to find magic numbers m, and m, from T.
3.5.2 Insert Middle(N;) with key b; into T;
if m, —my = k then insert End(N;) into the desired position; break;
else
if N; is floating then attach it to the middle terminal to which it is floating.
elseinsert End(N;) into T;
k=k—(mp—my);
3.5.3 Check all the elements attaching to N;
3.5.3.1 Now we consider net Ny with terminal t attached to N;. Check and de-
lete the first element E of its ill combination sorted list. Find the
number of terminals min T between [b;, €] where e is the middle po-
sition of E (if no such E existsin the list, use the right terminal of the
net (subnet)).
3.5.3.2 update its floating relation.
3.5.3.3if m> k then insert t into the desired position; break;
else
if Ny is floating then attach it to the middle terminal to which it is
floating.
elseinserttinto T;
k=k-—m;
4. Output nodes in tree T by inorder traversal. When we reach a middle terminal, we out-
put its attached terminals of netsin reverse order.

Now, we will investigate the correctness of this strategy. We need to prove three
things: (1) it will stop; (2) it prevents the creation of redundant crossings; (3) it distrib-
utes the desired number of crossings into the upper region.

Note that the size of the ill combination graph, the total size of the ill-combination
sorted lists are at most O(n?). So after at most O(n?) steps, it will stop. Within all the op-
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erations in the algorithm, we have prevented the creation of redundant crossings, and the
crossing number is, obviously, satisfied.

Time complexity analysis is presented in the following. Step 1 needs at most O(n?)
time to construct the ill combination graph and also at most O(n?) time to construct the
entireill combination sorted lists. Step 2 needs O(nlog n) time to construct the tree. Steps
3.3 and 3.4 have time complexity O(nlog n). Step 3.5.3 seems a bottleneck of the algo-
rithm. We can use a B*tree-like data structure to implement the left-numbered tree, thus
we can find successor in constant time. With the data structure and the position of b;, we
can use sequential search to find position of e. Summing all these steps up the total time
spent is proportional to the number of crossings, which is bounded by O(n?). For every
terminal, we insert it into left-numbered tree at most once and each takes O(log n) time.
Therefore, this step takes, in total, O(n?) time for Step 3.5.3 and O(nlog n) time for the
other operations. Step 4 takes linear time. Thus, the whole algorithm has a time complex-
ity of O(n?).

Lemma5 The CDP on Q;(Q,) can be solved in O(n?) time when only I-type, U-type,
and M-type nets are present. a

Note that the position of the middle terminal of a Y -type net must be placed in such
away that no redundant crossing can be created. For instance, if the position of the mid-
dle terminal of a Y-type net is fixed as shown in Fig. 32, a straightforward routing may
create a redundant crossing. We can adopt the strategy (delay processing) mentioned
previously to obtain the routing shown in Fig. 32 (c) in O(n?) time.

[ 1 |

@ (b) (0
Fig. 32. (a) Asituation that might cause the redundant crossings. (b) An example of a redundant
crossing. (c) A solution to prevent the problem.

Lemma 6 The CDP on Q;(Q,) can be solved in O(n?) time when the middle terminal
positions of Y -type nets are fixed. a

Theorem 3 The three-terminal CDP problem for n nets with two regions can be solved
in O(n?) time, when the middle terminal positions of Y -type nets are fixed.

Proof: By Lemmas 3, 4, 5, and 6, the time complexity is O(n?). d
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7. CONCLUSION AND FUTURE WORKS

We have considered the crossing distribution problem (CDP) with n two-terminal
nets in two regions and presented an O(nlog n) time algorithm to solve this problem,
improving upon a previously known result [6] that takes O(n?) time. We have also solved
the CDP problem for three-terminal nets with two regions in O(n?) time, when the posi-
tions of middle terminals of Y -type nets are given. The CDP problem for multi-terminal
nets with more than three terminals remains to be solved.

By introducing more cutting lines, B; B, ..., B, we can solve the CDP by distribut-
ing al C crossings in regions R; R, ..., Ry each containing ki, ko, ..., kw1 crossings,
respectively, in O(t*nlog n) time by repeatedly solving the two-region CDP problem t
times if the region adjacent graph [5] is a path. When the routing region is not a simply
connected region, i.e., it has holes, whose boundaries also contain terminals, the CDP
problem becomes much harder to solve. Whether one can find a more efficient algorithm
than the one previously proposed, which makes use of the Max-flow model [5], remains
to be seen.

The following crossing minimization problem arising from the study of 3-terminal
nets is of interest. Given n two-sided 3-termina nets, find the positions of the middle
terminal of these 3-terminal nets so that the total number of crossings is minimized.
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APPENDIX A

We have four types of nets, |, U, Y and M. Let the type I-Y refer to a crossing con-
tributed by an I-type net and an Y-type net. All the crossing types of three-terminal nets
are shown below (the symmetric cases are omitted):

[ 11 [ ] L 1]

I-| I-U 1-Y (1) 1-Y (2) I-M

u-u U-Y (1) U-Y(2) U-Y(3) U-M(1)

U-M(2) U-M(@3) Y-Y (1) Y-Y(2) Y-Y(3)

[ L] L]

Y-Y (4) Y-Y (5) Y-Y (6) Y-Y(7) Y-M(2)

Y-M(2) Y-M(3) Y-M(4) Y-M(5) M-M(1)

M-M(2) M-M(3) M-M (4) M-M(5) M-M(6)
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