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This study proposes a novel, efficient means of encoding genetic algorithms to
solve the generalized plant allocation problem. The problem relates to allocating prod-
ucts across plants to minimize a total cost function. The proposed encoding method can
reduce the search space of solutions more efficiently than the penalty encoding method
does. The new encoding method thus exhibits higher performance. It need involve only a
few more generations to yield sufficiently good solutions when the number of plantsis
increased. The penalty encoding method, however, requires many more generations to
yield the same solutions. Additionally, a new simultaneous crossover and mutation op-
eration is proposed to enable the new method of encoding chromosomes to run correctly
following standard genetic algorithm procedures. In addition to the mathematical certifi-
cation, the performance of this approach is evaluated using some test problems of vari-
ous sizes. Solutions obtained by this approach are always efficient.

Keywords: genetic algorithms, efficient encoding scheme, plant allocation, combinatorial
optimization problems, penalty encoding

1. INTRODUCTION

The generalized resource allocation problem is an NP-hard combinatorial optimiza-
tion problem which is concerned with alocating limited resources among activities so
that the return from the activities is maximized [22-24, 28]. Some real-world examples
show the wide applicability of resource allocation problems. These include allocating
advertising budgets across sales territories [22, 27], distributing search efforts [6, 26],
selecting an optimal portfolio [17, 39], optimally allocating samples in stratified sam-
pling [33, 40], production planning [4, 44], the resource distribution problem [18], and
others. Production planning concerns some issues, one of which is the plant allocation
problem. The plant allocation problem is to alocate products among several plants such
that the total cost is minimized, subject to the plant capacity constraints. The plant allo-
cation problem has been investigated of length by mathematical programming [16, 29, 30]
and dynamic programming [3, 15, 35], but has rarely been solved using genetic algo-
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rithms. Hence, in this paper, we proposed a new encoding mode of genetic algorithms to
solve the plant allocation problem efficiently.

Genetic algorithms are probabilistic search algorithms which mimic biological evo-
lution to produce gradually better offspring solutions. Each solution to agiven problemis
encoded by a string of bits that represents an individual in a population. Genetic algo-
rithms assign a fitness value to every individual according to the quality of the solution it
represents. A fitter individual in the population is better able to survive into the next gen-
eration. Every generation must pass through three main genetic operations, which are
selection, crossover and mutation. This evolution cycle is repeated until a satisfactory
solution is obtained. Genetic algorithms have been applied successfully to combinatorial
optimization problems such as the Set Partitioning Problem [12], Traveling Salesman
Problem [7, 25], Timetable Problem [5], Quadratic Assignment Problem [1, 34, 38, 41],
Three-Matching Problem [31], Job Shop Scheduling Problem [8, 9, 14, 42, 43], Airline
Crew Scheduling Problem [36], the Mapping Problem [10, 11], and others.

The penalty encoding method is perhaps the most popular approach used in genetic
agorithms for constrained optimization problems, because of its simplicity and ease of
implementation [13, 19, 32]. However, using this conventional encoding method to solve
plant alocation problems may waste much time and lead to inefficient performance. This
study elucidates a novel means of encoding genetic algorithms to solve the generalized
plant alocation problem. This method can greatly reduce the search space and thus out-
perform the penalty encoding method. A new crossover and mutation operation is pro-
posed to enable the new method of encoding chromosomes to run correctly with the
standard genetic algorithm procedures. The performance of this approach is mathemati-
cally certified and evaluated for some test problems of various sizes. Solutions obtained
by this approach are aways efficient.

2. GENERALIZED PLANT ALLOCATION PROBLEMS

The generalized plant alocation problem is concerned with allocating products
among plants to minimize the cost of such plants. This paper considers the generalized
plant allocation problem as follows. Q units of a product are allocated across T plants so
as to minimize the total cost from each allocation of x; units of a product to the t-th plant.
Therefore, the generalized plant allocation problem can be modeled as

.
subjectto D x =Q,0<x <C,

t=1

where f(x) is the nondecreasing cost function for allocating x; units of a product to the
t-th plant, and where C,; is the capacity of plant t with C; < Q. Q is the total amount of the
product that needs to be allocated. If the product is divisible, x; is a continuous variable
that can take any nonnegative real value. If the product is discrete, such as persons,
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processors, trucks, etc., x; is discrete and can take nonnegative integer values. This paper
focuses only on the case in which x; is adiscrete variable [24].

Cook’s theorem [37] states that a problem A is NP-hard if there exists another
NP-hard problem B such that B can be polynomially reducible to A. A well-known
NP-hard problem is the knapsack problem, which can be polynomialy reducible to the
plant allocation problem. Thus, the generalized plant allocation problem can be proven to
be NP-hard. This fact strongly implies that no algorithm for the generalized plant alloca-
tion problem can be solved within polynomial time. Genetic algorithms have avery sim-
ple architecture. Their evolutionary process can powerfully search for solutions, using
the operations of evolution. Such a search scheme is very likely to find a globally opti-
mal solution with a high probability [20]. These advantages make genetic algorithms
suitable for solving the generalized plant allocation problem.

3. GENETIC ALGORITHMS

Holland (1975) proposed the theory of genetic algorithms, in which a genetic algo-
rithm is a search algorithm based on genetic evolution [20]. The theory relies on the con-
test for survival of natural organisms. Genetic algorithms express each organism’s chro-
mosomes by strings. The fitness value of a chromosome decides whether a chromosome
survives. Chromosomes can crossover and mutate randomly to produce the subsequent
generation. This evolution continues until satisfactory chromosomes are generated. Hol-
land’'s (1975) research described the basic algorithm, called the simple genetic algorithm
(SGA), asfollows.

SGA()
{
Randomly set the initial population
Calculate the fitness of the chromosomes
While (objective not achieved)
{
Selection
Crossover and mutation
Cadlculate the fitness of the chromosomes

}
}

The genetic algorithm especially suits situations with a large, nonlinear, complex
and noisy searching space. Deterministic optimization methods and greedy heuristic
techniques do not effectively solve problems with such features. Genetic algorithms sup-
port a very simple architecture and the corresponding evolutionary process facilitates
powerful searches. The algorithms can explore various regions by using multiple chro-
mosomes of the population and iteration characteristics. Random searching, called im-
plicated paralel processing, is very likely to find a globally optimum solution. These
advantages have promoted the use of genetic algorithms.
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4. THE GENETIC ALGORITHM FOR GENERALIZED PLANT
ALLOCATION PROBLEMS

This section describes a new method for encoding the generalized plant allocation
problem. Some mathematical certifications are presented to explain how this new encod-
ing method can really reduce the search space to a range narrower than that for the gen-
eral penalty encoding method. A new corresponding crossover and mutation operation is
also defined on the new encoding method.

4.1 Penalty Encoding for Generalized Plant Allocation Problems
In the simple genetic agorithm, solutions can be encoded by strings of bits. Con-

sider T plants, Aq, Ay, ..., Ar. Q is the total quantity of a product. Then, a chromosome
can be encoded asillustrated in Fig. 1.

- Qg || | in -

K n bits J

Fig. 1. Chromosome encoding method.

The alocated units of a product are encoded for each plant by a segment with n bits,
where nisllog, Q. The value of a;j is 1 or 0. The chromosome's length isn T, so that
n

the searching space is 2"". Each plant, i, can be alotted % = Z a 2i=1 products and the

j=1
total units allocated to al plants must equal Q. Therefore, X; + X, + ...... + xr = Q. For
each segment of chromosome, x; must not exceed the minimum value of the total avail-
able units of a product Q and each plant’s capacity. For generalized plant allocation
problems, three main constraints affect the fitness function. These are that the total quan-
tity of products allocated by every plant must equal Q, and that no plant may be allotted
more than Q units and its capacity. These constraints can be applied to evaluate the fit-
ness of chromosomes.

4.2 New Encoding for Generalized Plant Allocation Problems

A new encoding method for generalized plant allocation problems is offered to en-
hance the performance of the evolutionary algorithm and yield superior offspring solu-
tions. Consider T plants, Ay, Ay, ..., Ar. Q isthe total quantity of products or the percent-
age of products quantity. T — 1 bits with value 1 and Q bits with value O can be used by
the chromosome as shown in Fig. 2.
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Fig. 2. New encoding method.

The bits with value 0 represent the products allocated to the plant. Bits with value O
are grouped together as a unit and are distinguished from the bit with value 1. The i-th
group of O-bitsis assigned to the i-th plant. The total number of O-bitsin thei-th group, x;,
is the quantity of products or the percentage of products quantity allocated to plant A;.
Thus, the total number of 0-bitsin all the chromosomesis Q, representing the total quan-
tity of products. A 0-bit stands one unit or percent of products. Bit 1 is a delimiter that
divides the 0-bits (products) into different groups (plants). Hence, T — 1 1-bits are re-
quired to separate the 0-bits since T plants are considered. Consequently, the total length
of a chromosome is Q + T — 1. This new encoding method yields a search space of
C$_+1T_l which isjust the combinatorial problem of placing T — 1 1-bitsintoQ + T—-1
numbered boxes.

Evaluation T
The new method directly codes the constraint th =Q into the chromosome.
t=1
That is, it satisfies the requirement that the total number of alocated units across al
plants equals Q, and also satisfies x; > 0. Now, simply counting the number of O-bits of
each plant determines the fitness value of each chromosome. That is by counting the
number of 0-bits of segment t, it can find the cost of allocating % products to the t-th
plant. If X, exceeds the capacity of plant t, then it must reallocate the amount of product
until it satisfies %, < C;. This method can enhance the performance of genetic algorithms
in searching for good solutions. This encoding method can be shown by mathematical
proof and numerical computation to be able to greatly reduce the cost of searching for
good solutions in the later sections.

Selection

Each chromosome is assigned a fitness, which determines the probability of its sur-
vival in the following generation. A larger fitness value corresponds to a higher chance
of survival.

Crossover
A crossover procedure must ensure that the chromosome does not violate the con-
straints after crossover. This new encoding method directly codes the constraint

:
z % = Q into the chromosome, and ensures that T — 1 bits of value 1 and Q bits of
t=1

value 0 are always present in each chromosome. The method employs a two-point cross-
over operation. After randomly selecting two chromosomes, it can arbitrarily select two
crossover points. The middle segment of these two chromosomes may not be simply
exchanged as it isin the typical crossover operation, since doing so may violate the con-
straint that each chromosome can include only T — 1 bits with value 1 and Q bits with
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value 0. A new scheme is required to handle this situation in the middle segments. The
positions of bits with value 1 in the middle segment of both chromosomes are first re-
corded. Then, some hit positions are randomly selected from them for chromosome 1 and
assigned value 1. The chosen bit number depends on the number of 1-bits originally in
chromosome 1. Chromosome 2 assigns value 1 to the remaining bit locations that origi-
nally had avalue of 1 for the two chromosomes. After crossover, two chromosomes still
satisfy the requirement of having T — 1 1-bits in the chromosome. But, if it happens that
the chromosome violates any plant’s capacity, suppose that it happened in segment A;,
then it can give the surplus amount to neighbor segment A;.1 moq 1 UNtil the chromosome
satisfies the capacity constraint. Fig. 3 gives asimple example.

0123456789
chromosomel| — 10101000000
chromosome2| — — 0010010001
crossover point crossover crossover point

\

0123456789

chromosome Y| — 0010010000

chromosome 2| — — 0101000001

Fig. 3. An example of crossover.

Before crossover, chromosome 1 has a value of 1 at bit locations 1 and 3; chromo-
some 2 has avalue of 1, at bit locations 2, 5 and 9, and zero is assigned to other bit loca-
tions between the two crossover points. During crossover, two out of five (1, 2, 3, 5, 9)
bit locations can be chosen for chromosome 1, such as 2 and 5, and a value of 1 is as
signed to these positions. The remaining bit locations 1, 3 and 9 are assigned avalue of 1
to chromosome 2. The complete crossover procedure generates two new chromosomes,
chromosome 1" and chromosome 2'.

Mutation

The mutation operation is performed with a small probability after crossover. Two
adjacent bits, one of which takes the value 1 and the other takes the value 0, are first ran-
domly selected and then exchanged. But, if it happens that the chromosome violate plant
i's capacity, it can exchange the difference amount with neighbor plant i + 1or i—1
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(which depend on whether the adjacent bits are O1 or 10). The new chromosome is
formed and still conforms to the constraints. Fig. 4 shows a simple example.

block1 block2 block3

chromosomel 0 00 00 0
|

mutation

\
chromosome 7 0 oo oo e

blockl  block2 block3
Fig. 4. Example of mutation.

4.3 Mathematical Certification

This section presents a mathematical certification to elucidate how the new encod-
ing method can reduce the search space of genetic algorithms more than the penalty en-
coding method can. The computational results are presented in the following section. The
mathematical certification follows.

Consider T plants. The quantity of productsis Q. If the value of Q is not large, such
as less than 100, then the number of 0-bits can be used to indicate the quantity of prod-
ucts. But, when the value of Q is large, we use the number of 0-bits to represent the per-
centage of the products quantity. The new encoding method uses T — 1 bits with value 1
and Q bits with value 0 in the combination. The number of each group’s 0 bits must be a
nonnegative integer. Therefore, the size of the solution space generated by the new en-
coding method is C7 "2

The penalty encoding method must use[log, Q1 bits to represent the allocated units
of each plant. T plants correspond to a length of the chromosome of roqu QIT. The size
of the solution space generated by the penalty encoding method is 2% T,

Proposition 1 CI*Q1 < 21901 for T>1, Q>2and T, Qe 2

Proof:
BasisStep. The Basis step isin this case obtained by setting T = 1.

-+ theleft side of theinequality is C;'? " =Cg =1
and the right side of theinequality is 2/'°%°1* = 2'™:°1 > Q,

So, CQ < 211901 istrue,

Inductive Step.  Assume that the statement istrue for T= nforn> 1.
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Thatis, C"* Q1 < 2109z Qln.

Now, with T = n + 1, the left side of the inequality is

(n+1)+Q-1 — Cn+Q — (n+Q)! — (n+Q) (n+Q_1)! — (n+Q) Cn+Q—1

C( n+1)-1

Qn! nQ! (n-1)! n "t
n;Q decreases when nincreases.
- Max( n+Q)=£Whenn=2
n 2
Also, - n>2,
n+Q Q

.'.731+—<Q, asQ>2and Qe Z*

2

Then, the left size of the inequality is

C(n+l)+Q—1 _ (n+ Q) C n:rf)—l

(n+1)-1

By the principle of mathematical induction, C1* < 2/'%%Q1T is always true for T > 1,

< Q2lloe.Qkn _ 5log; Q Hllog; Qn
< 2“092 Q] 2['092 Qln _ 2“092 Ql(n+)

Q>2andT,Qe Z".

Proposition 1 shows that the search space generated by the new encoding method is
smaller than that generated by the penalty encoding method. As the number of plants
increases, the new encoding method only gradually expands the search space. However,
the penalty encoding method may expand the search space quickly. A comparison of the
trend of the two functionsin Fig. 5 justifies the above claims under the condition of Q =

100.

log(size of search space)

=D N W W
S L O W O L O b O

5 10 15 20
vaueof T

—— new encoding method —#— penalty encoding method ‘

Fig. 5. Graph of two search spaces (under the condition of Q = 100.)
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Fig. 5 clearly shows that the new encoding method can efficiently reduce the solu-
tion space, whereas the penalty encoding method cannot. On the other hand, as the num-
ber of resources increases, our result is still much better than the penalty encoding
method. Fig. 6 displays the outcome under the condition of T =8, Q = 3t0 100. The plots
for other values of T are similar, but the vertical distance between the new encoding's
line and the penalty encoding’s line are different. When T increases, the vertical distance
between the two lines also increases.

log(size of search space)

0 10 20 30 40 50 60 70 30 90 100
valueof Q

——new encoding method —*— penalty encoding method ‘

Fig. 6. Graph of two search spaces (under the condition of T=28.)

4.4 Comparison of New Encoding and Penalty Encoding

In this section, we compare the variation in the size of search space between new
encoding and penalty encoding. Fig. 7 exhibits the size difference of search space be-
tween these two encoding methods under the conditionsof Q =3to100and T = 2, 4, 6,
20. When the difference of Q and T issmall, asin the left side of this figure, we find that
the variation of search space is about 10™. In the right side of this figure that represents
the difference between Q and T isrelative larger, the divergence of search space is about
10%°. Hence, the new method can reduce the search space greatly in most conditions. So
that Q must be very larger than T is not necessary for our hew method to get superior
performance than the penalty method.

We also compare the variation of the chromosome’s length between new encoding
and penalty encoding. The results are given in Table 1. The value of Q isin the first col-
umn, the value of T is in the top row, and the remaining values are the differences in
chromosome lengths for the two encoding methods. If the difference is negative, then it
indicates that the chromosome’s length for the new encoding method is longer than for
the penalty encoding method. The shaded part indicates that the new encoding method
has longer chromosome length than the penalty encoding method, having covered an area
about 8% of al conditions (Q = 3to 100, T = 1 to 100). The new method is better for
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Fig. 7. Comparison graph for the variation of search space.

Table 1. Comparison of the variation of chromosome length.

T 1 5110 (15|20 40 | 60 | 80 | 100

Q

3 -1 | 3 8 |[13|18| 38 | 58 | 78 | 98
20 |15 1 | 21 {4161 141|221 | 301 | 381
40 | -34|-14| 11 | 36| 61| 161 | 261 | 361 | 461
60 |54 | -34| -9 | 16|41 | 141 | 241 | 341 | 441
80 |-73|-49 | -19 | 11 | 41| 161 | 281 | 401 | 521

100 | -93 | 69 | -39 | -9 | 21| 141 | 261 | 381 | 501

92% of all the conditions. As the conditions of Q is 100 and T is between 1 to 100, there
are just 16 conditions which the new encoding’'s chromosome length is longer than the
penalty encoding’s. Although there are some times that our chromosome length is alittle
bit longer, the performance of the new encoding method is much better than the penalty
encoding method, as our method can reduce the search space significantly.

5.COMPUTATIONAL RESULTS

The algorithm was tested on five problems using eight to twelve plants to demon-
strate that the new encoding method outperforms the penalty encoding method for gener-
alized plant alocation problems. These test problems are expanded from examples in
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earlier research, such asLai and Li (1999) and Hussein and Abo-Sinna (1995), and char-
acterized by i (i = 8 to 12) plants and with Q is 100, and in which one O-bit represents
1%. Table 2 presents a simple example illustrating the test problem, where P; represents
plant i, the first column represents the percentage x; of products, and the corresponding
value C;; between P; and the resource number x; denotes the cost for plant i produce X
percent of products, which increases discretely and nonlinearly. The main objective is to
minimize the sum of the costs from each allocation of x; percentages of products to the
i-th plant.

Table 2. Configuration of the test problem.

Percentage

of Products P, P, ... Pl
0 XX XX e Do ST

1 XX XX e XXieieninns

2 XX XX i Do SO

X; XX XX . CTRU
100 XX XX e, XXeriiininnn,

The agorithm was coded in C and run on an IBM compatible PC. The computa-
tional procedure performed ten trials of the test program for each of the five problems.
The average generation number and time cost of ten trials was listed for each problem.
The population size was 100, the crossover rate was 1 and the mutation rate was set to
0.1 per chromosome. The programs employ a two-point crossover, roulette-wheel selec-
tion and terminated when the same fitness value was obtained over 50000 generations.
The performance of the programs was judged by the number of evolutionary generations
required to produce a sufficiently good solution. And the computation time was also
supported to do the comparison. Better programs required fewer generations and less
computation time.

Table 3 compares the new encoding method, the penalty encoding method and in-
teger programming for the test problems. The left half of Table 3 (a) shows the computa-
tional results for the new encoding method and the right half presents for the penalty en-
coding method. #8 means that the number of plantsis eight, and so on. The “ Generation”
column specifies how many generations of the algorithms are needed to obtain arelative
minimum cost for the test problems. The last three rows show the goal value of the prob-
lem, the generation and the time cost in which the goal is attained. Table 3 (b) displays
the results from using integer programming. According to the schema theorem and the
building block hypothesis, smooth, unimodal problems, noisy multimodal problems and
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Table 3. Computational resultsfor test problems.

(a) Results of evolutionary methods

Cost The new encoding method The penalty encoding method
Generation #8 #9 | #10 | #11 | #12 | #8 #9 | #10 | #11 | #12
1700 1058 | 1118 | 1192 | 1315 | 1472 || 1489 | 5044 | 6153 | 6685 | 7866

2000 1102 | 1176 | 1284 | 1437 || 1488 | 1538 | 6040 | 6500 | 7781
2500 1138 | 1258 | 1383 || 1444 | 1514 | 6038 | 6477 | 7669
3500 1198 | 1324 || 1325 | 1218 | 5799 | 6313 | 7344
4000 1262 || 1290 | 1208 | 5758 | 6280 | 7219
10000 1058 | 1102 | 4241 | 4255 | 5079
50000 1138 | 1198 | 1439
65000 1262

Goal 1058 | 1102 | 1138 | 1198 | 1262 || 1058 | 1102 | 1138 | 1198 | 1262

Cov.Gen* | 1700 | 2000 | 2400 | 3100 | 3900 || 6000 | 10000 |45000| 50000 | 65000
Time Cost
(Unit:sec)
* Cov.Gen isthe simplified form of “ Convergent Generation”

145 | 196 | 26.6 | 384 | 515 || 31.2 | 75.0 | 391.5|490.0 | 715.0

(b) Results of traditional method

Integer programming
#8 #9 #10 | #11 #12
Integer programming just can get feasible
sol utions.

The corresponding feasible solution ig
listed in the next row.

1492 | 1638 | 1669 | 1808 | 1892

combinatorial optimization problems have all been successfully tackled using virtualy
the reproduction-crossover-mutation genetic algorithm [20]. The goa solutions can be
thought of as sufficiently good solutions.

Table 3 shows that the new method requires fewer generations and computation
time to produce goal solutions. Table 3 enables the trend line for the number of genera-
tions required by the genetic algorithm to be drawn, versus the number of plants. The
gradient of Fig. 8 reveals that when the number of plants is increases, the number of
necessary generations for the new encoding method grows much slowly than for the pen-
aty encoding method. It corresponds to the search space expanding only slightly for the
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(a) New encoding method.
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Cost
——#10
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0\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
100 600 1500 4000 6500 9000 30000 55000

Generation
(b) Penalty encoding method.

Fig. 8. Trend line from Table 3.

new encoding method when the number of plants increases, while the penalty encoding
method may greatly expand the search space. The LINGO package was used to solve
these test problems by integer programming. For these cases, LINGO can get feasible
solutions only (Table 3 (b)) because the test problems are all highly complex. The com-
putational results of this section demonstrate that the new encoding method improves the
performance of genetic algorithms by reducing their search space.

6. CONCLUSIONS

The generalized plant allocation problem is an NP-hard, combinatorial optimization
problem suitable for solving by genetic algorithms. The general penalty encoding method
may perform inefficiently when used to solve plant allocation problems. This study pro-
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posed a new encoding method that can not only greatly reduce the search space but also
improve the performance of genetic algorithms. A new corresponding crossover and mu-
tation operation enables the new method of encoding chromosomes to run correctly fol-
lowing standard genetic algorithm procedures.

A mathematical justification is provided to show that the new encoding method
really can reduce the search space of genetic algorithms and improves their performance.
Comparing the experiment results of our new encoding method and the penalty encoding
method have shown that reducing the search space can certainly improve the perform-
ance of genetic algorithms. Hence, solutions obtained by our new approach are aways
efficient. Future research will apply this efficient encoding method to other real world
problems.
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