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We present an algorithm for scheduling precedence constrained parallel tasks on 

multiprocessors with noncontiguous processor allocation. The algorithm is called LLHm 
(Level-by-level and List scheduling using the Harmonic system partitioning scheme), 
where m ≥ 1 is a positive integer, which is a parameter for the harmonic system parti-
tioning scheme. Three basic techniques are employed in algorithm LLHm. First, a task 
graph is divided into levels, and tasks are scheduled level by level to follow the prece-
dence constraints. Second, tasks in the same level are scheduled using algorithm Hm de-
veloped in [16] for scheduling independent parallel tasks. The list scheduling method is 
used to implement algorithm Hm. Third, the harmonic system partitioning scheme is used 
for processor allocation. It is shown here that for wide task graphs and some common 
task size distributions, as the size of a computation and m increase, and as the task sizes 
become smaller, the average-case performance ratio of algorithm LLHm approaches one.  
 
Keywords: asymptotic average-case performance ratio, harmonic system partitioning 
scheme, parallel task, precedence constraint, task scheduling, wide task graph 
 
 

1. INTRODUCTION 
 

A parallel computation that consists of precedence constrained parallel tasks exe-
cuted on a multiprocessor can be specified as a quintuple C = 〈P, T, ≺, π, τ〉. P is the 
number of processors available; that is, P identical processors are allocated to the parallel 
computation C. T = {T1, T2, …, Tn} is a set of parallel tasks. ≺ is a partial order (or a set 
of precedence constraints) on T; i.e., if Ti ≺ Tj, then task Tj cannot start to execute until 
task Ti finishes. π : T → [1 … P] gives the processor requirements of the tasks; i.e., π(Ti) 
is the number of processors needed to execute task Ti, where π(Ti) is also called the size 
of Ti. τ : T → (0, + ∞) describes the execution times of the tasks; i.e., τ(Ti) is the execu-
tion time of task Ti. Given a specification of a parallel computation C = 〈P, T, ≺, π, τ〉, 
the problem of scheduling precedence constrained parallel tasks on multiprocessors is to 
find a nonpreemptive schedule of the tasks in T on a multiprocessor system with P proc-
essors, such that the schedule length (i.e., the completion time of the n tasks) is mini-
mized. Notice that to execute task Ti, any π(Ti) of the P processors can be allocated to Ti. 
This scheduling problem has applications in parallel computing systems, such as sym-
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metric shared memory multiprocessors, and even in distributed computing systems, such 
as bus-connected networks of workstations. In these systems, a processor allocation 
mechanism is independent of the topology of an interconnection network. To make our 
scheduling model simple and manageable, we assume that intertask communication 
times, synchronization costs, and the effect of shared resource contention are already 
included in task execution times. 

As indicated in [17], the above scheduling problem includes many well known 
problems in operations research and computer science. When each task requires only one 
processor and executes in unit time, i.e., π(Ti) = 1 and τ(Ti) = 1 for all 1 ≤ i ≤ n, the prob-
lem becomes the precedence constrained scheduling problem [13, 21]. When there is no 
precedence constraint, i.e., ≺ is empty, and each task requires only one processor, the 
problem reduces to the classic multiprocessor scheduling problem for sequential tasks [6, 
9]. When there is no precedence constraint and all tasks execute in unit time, the problem 
reduces to the one dimensional bin packing problem [11, 12]. All these problems are 
NP-hard [5] and have been studied extensively in the literature (see [2, 7, 8] for surveys 
and more references on these and related problems). These three problems imply that our 
scheduling problem is substantially more difficult than other similar scheduling problems. 
This difficulty is due to precedence constraints among tasks, inherent difficulty in sched-
uling (even independent) tasks, and processor allocation in multiprocessors. Any one of 
the three issues alone makes our problem NP-hard. In other words, we are facing a 
scheduling problem with both precedence and processor constraints. An efficient heuris-
tic algorithm for tackling this problem should employ good strategies for handling all 
three difficult issues. 

Notice that our problem is different from the ones studied in [20, 22], where tasks 
are malleable, i.e., each task may be executed with various numbers of processors, and 
execution times are adjusted accordingly to reflect various speedup assumptions. The 
problems involved in scheduling malleable parallel tasks have been investigated by many 
researchers in recent years, and a large body of literature exists. Our problem is also dif-
ferent from the one studied in [18], where it is required that π(Ti) contiguous processors 
be allocated to task Ti. Such a requirement makes the problem even more difficult to 
solve. The special case for scheduling precedence constrained sequential tasks has been 
studied extensively [6, 9, 10, 14]. The special case for scheduling independent parallel 
tasks has recently been investigated in [16]. 

A feasible and effective way to solve NP-hard problems is to use heuristic (or ap-
proximation) algorithms that produce near-optimal solutions. Let A(C) be the makespan 
of the schedule generated by an algorithm A for a parallel computation C, and let OPT(C) 
be the makespan of an optimal schedule of C. The quantity RA = supC(A(C)/OPT(C)) is 
called the absolute worst-case performance ratio of algorithm A. The quantity  

OPT( ) / *

( )
lim sup

OPT( )A
Z C Z

A C
R

Cτ

∞

→∞ =

  
=   

  
 

is called the asymptotic worst-case performance ratio of algorithm A, where τ* is the 
longest execution time of the n tasks. Our definition implies that we are interested in the 
asymptotic behaviour of an algorithm when the individual task execution times become 
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less and less significant compared to the overall execution time of a parallel computation 
as the size of the parallel computation increases. If there exist two constants α and β such 
that for all C, A(C) ≤ α ⋅ OPT(C) + βτ*, then ,AR α∞ ≤  and α is called an asymptotic 
worst-case performance bound of algorithm A. Moreover, if for any small ε > 0 and all 
large Z > 0, there exists C, such that OPT(C)/τ* ≥ Z and A(C) ≥ (α − ε)OPT(C), then the 
bound α is called tight, i.e., .AR α∞ =  When task sizes and execution times are random 
variables, both A(C) and OPT(C) become random variables, and n

AR  = E(A(C))/E(OPT(C)) 
is called the average-case performance ratio of algorithm A for n tasks, where E(⋅) 
stands for the expectation of a random variable. The quantity  

( ( ))
lim

(OPT( ))A
n

E A C
R

E C
∞

→∞

 
=  

 
 

is called the asymptotic average-case performance ratio of algorithm A. Of course, AR∞  
depends on the probability distributions of the task sizes and execution times. If there 
exists a constant γ such that for all C, E(A(C)) ≤ γ ⋅ E(OPT(C)) as n → ∞, then AR∞  ≤ γ, 
and γ is called an asymptotic average-case performance bound of algorithm A. 

It is still not clear whether there exists an approximation algorithm A which has a 
finite asymptotic worst-case performance ratio AR∞  or finite asymptotic average-case 
performance ratio AR∞  for scheduling precedence constrained parallel tasks on multi-
processors. In [15], the author showed that for many heuristic choices of the initial prior-
ity list, the list scheduling (LS) algorithm has unbounded RLS. However, it was also 
shown that when task sizes are bounded from above by a fraction of P, the list scheduling 
algorithm has finite RLS. In particular, if π(Ti) ≤ qP for all 1 ≤ i ≤ n, where 1/P ≤ q ≤ 1 is a 
constant, then we have  

LS

(2 )
.

(1 ) 1

q P
R

q P

−≤
− +

 

A similar bound of (2 − q)/(1 − q) was also obtained in [3]. Nevertheless, list scheduling 
algorithms are fundamentally limited due to their inability to handle precedence con-
straints, task execution times, and task sizes simultaneously. 

The problem of scheduling precedence constrained parallel tasks on multicomput-
ers with contiguous processor allocation has recently been considered in [18]. In this 
problem, there are P identical processors, say, M1, M2, …, MP, allocated to a parallel 
computation C. It is required that π(Ti) contiguous processors, i.e., Mk, Mk+1, Mk+2, …, 
Mk+π(Ti)-1, for some k, be allocated to a task Ti. The contiguous processor allocation re-
quirement is based on the fact that processors in a multicomputer system are connected 
by a certain network, e.g., a linear array, which is the simplest topology. Therefore, the 
processors allocated to a task should be able to form a subsystem that has the same to-
pology as the original system. In [18], an algorithm called LLB (Level-by-level and 
Largest-task-first scheduling with a Binary system partitioning scheme) was proposed. 
Three basic techniques are employed in algorithm LLB, namely, level by level schedul-
ing for handling the precedence constraints, the largest-task-first strategy for scheduling 
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independent parallel tasks on each level, and the binary system partitioning scheme for 
processor allocation and to support implementation of the largest-task-first scheduling 
algorithm. 

While algorithm LLB can certainly be used to solve the problem considered in this 
paper, that is, scheduling precedence constrained parallel tasks on multiprocessors with 
noncontiguous processor allocation, it has several limitations. For example, the binary 
system partitioning scheme requires that the system size P be a power of 2. Strictly 
speaking, algorithm LLB only solves a special case of our scheduling problem. Since the 
binary system partitioning scheme is mainly designed for contiguous processor allocation 
and since we only consider noncontiguous processor allocation, there are opportunities to 
improve the performance by using more efficient system partitioning and processor allo-
cation schemes. The main limitation of algorithm LLB is that its average-case perform-
ance does not improve when task sizes are small, since the amount of internal fragmenta-
tion caused by the binary system partitioning scheme does not decrease as tasks become 
small. Intuitively, better heuristics exist that are able to produce better schedules for 
small tasks. 

In this paper, we present an algorithm for scheduling precedence constrained paral-
lel tasks on multiprocessors with noncontiguous processor allocation. The algorithm is 
called LLHm (Level-by-level and List scheduling using the Harmonic system partitioning 
scheme), where m ≥ 1 is a positive integer, which is a parameter for the harmonic system 
partitioning scheme. Three basic techniques are employed in algorithm LLHm to handle 
three difficult issues in our scheduling problem.  
 
• First, similar to algorithm LLB, a task graph is divided into levels, and tasks are sched-

uled level by level to follow the precedence constraints.  
• Second, tasks in the same level are scheduled using algorithm Hm, which was devel-

oped in [16] for scheduling independent parallel tasks. The list scheduling method is 
used to implement algorithm Hm.  

• Third, algorithm Hm uses the harmonic system partitioning scheme as the processor 
allocation strategy since it is more efficient than the binary system partitioning scheme.  

 
It will be shown that for wide task graphs and some common task size distributions, as 
the size of a computation n and m increase and the task sizes become smaller, the aver-
age-case performance ratio LLHm

nR  of algorithm LLHm approaches one. That is, if π(Ti) ≤  
P/r for all 1 ≤ i ≤ n, where r ≥ 1 is an integer, then we have limm→∞ LLHm

R∞ = 1 as r → ∞. 
It is worth noting that for unit-time tasks, an asymptotic worst-case performance 

bound of 2.7 can be achieved [4]. It should also be noted that the level-by-level schedul-
ing method was used in [1] to schedule parallel tasks with identical execution times. 

We review algorithm Hm and its performance in section 2. Algorithm LLHm is pre-
sented and its average-case performance is analyzed in section 3. We give some example 
task size distributions in section 4 and show the quality of the performance bounds. In 
section 5, we demonstrate by numerical data the performance of algorithm LLHm in 
scheduling several typical wide task graphs. Section 6 concludes the paper.  
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2. ALGORITHM Hm AND ITS PERFORMANCE 

To schedule a list L = (T1, T2, …, Tn) of n independent parallel tasks, algorithm Hm 
divides L into m sublists L1, L2, …, Lm according to the task sizes (i.e., the numbers of 
processors requested by tasks), where m ≥ 1 is a positive integer. For 1 ≤ k ≤ m − 1, we 
define Lk = {Ti ∈ L | P/(k + 1) < π(Ti) ≤ P/k}; i.e., Lk contains all the tasks in L that have 
sizes in the interval Ik = (P/(k + 1), P/k]. We define Lm = {Ti ∈ L | 0 < π(Ti) ≤ P/m}; i.e., 
Lm contains all the tasks whose sizes are in the range Im = (0, P/m]. The idea behind the 
harmonic system partitioning scheme is to schedule tasks of similar sizes together. The 
similarity is defined by the intervals I1, I2, …, Ik, …, Im. For tasks in Lk, processor utiliza-
tion is higher than k/(k + 1). As k increases, the similarity among tasks in Lk increases, 
and processor utilization also increases. Hence, the harmonic system partitioning scheme 
is very good at handling small tasks. 

Algorithm Hm produces schedules of Lk’s sequentially and separately. To process 
tasks in Lk, where 1 ≤ k ≤ m − 1, the P processors are partitioned into k groups, G1, G2, …, 
Gk, each of which contains P/k processors. Each group Gj of processors is treated as a 
unit and is assigned to a task in Lk. This is basically the harmonic system partitioning and 
processor allocation scheme. Such an allocation can be implemented using, for example, 
the list scheduling algorithm [6]. Suppose 1( ,k

kL T= 2 ,kT  …, ),
k

k
nT  where nk is the num-  

ber of tasks in Lk. Initially, group Gj is assigned to Tj
k, where 1 ≤ j ≤ k, and 1 ,kT 2 ,kT  …, 

k
kT  are removed from Lk. Upon completion of a task Tj

k, the first unscheduled task in Lk, 
i.e., 1,k

kT +  is removed from Lk and scheduled to execute on Gj. This process is repeated 
until all the tasks in Lk are finished. Then, algorithm Hm begins scheduling the next sub-
list Lk+1. 

For Lm, there is no need to divide the P processors. The list scheduling algorithm is 
again employed here. Let 1( ,m

mL T= 2 ,mT  …, ).
m

m
nT  Initially, as many tasks in Lm are  

scheduled as possible; i.e., tasks 1 ,mT 2 ,mT  …, Ts
m start to execute, where s is defined in 

such a way that the total size of 1 ,mT 2 ,mT  …, Ts
m is no larger than P, but the total size of 

1 ,mT 2 ,mT  …, 1
m

sT +  exceeds P. When a task finishes, the next task in Lm begins to execute, 
provided that there are enough idle processors. Notice that the scheduling of tasks in Lm 
takes advantage of noncontiguous processor allocation. 

Let Hm(L) be the makespan of the schedule produced by algorithm Hm for L, and let 
OPT(L) be the makespan of an optimal schedule of L. The worst-case performance of 
algorithm Hm is given by the following theorem [16]. 
 
Theorem 1  For any list L of n tasks and m ≥ 3, we have  

13
H ( ) 1 OPT( ) ( 1) .

18m L L m τ ∗≤ + −  

Furthermore, for m ≥ 6 and any large Z > 0, there exists L, such that OPT(L)/τ* ≥ Z and  
Hm(L)/OPT(L) = 2

1 .
3

 Therefore, for all m ≥ 6, we have 1.666 … ≤ Hm
R∞ ≤ 1.722 …. 

For tasks with small sizes, algorithm Hm exhibits much better performance due to 
increased processor utilization in the harmonic system partitioning scheme, as claimed 
by the following theorem [16]. 
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Theorem 2  For any list L of n tasks, such that π(Ti) ≤ P/r for all 1 ≤ i ≤ n, where r > 1 
is an integer, we have  

1
H ( ) 1 OPT( ) ( 1) .m L L m r

r
τ ∗ ≤ + + − + 

 
 

Furthermore, for m ≥ r + 1 and any large Z > 0, there exists L, such that OPT(L)/τ* ≥ Z 
and Hm(L)/OPT(L) = 1 + 1/(r + 1). Therefore, we have 1 + 1/(r + 1) ≤ Hm

R∞  ≤ 1 + 1/r. 

The asymptotic worst-case performance ratio of algorithm Hm is better than that of 
the largest-task-first (LTF) scheduling algorithm supported by the binary system parti-
tioning scheme [18] in scheduling independent parallel tasks. Due to internal fragmenta-
tion in the binary system partitioning scheme, about half of the allocated processors are 
wasted in the worst case. Hence, the asymptotic worst-case performance ratio of algo-
rithm LTF is LTFR∞  = 2 and does not improve when task sizes are small. However, as task 
sizes become smaller, the asymptotic worst-case performance ratio of algorithm Hm gets 
better and eventually approaches one. 

Now, let us consider the average-case performance of algorithm Hm. For the purpose 
of probabilistic analysis, we make the following assumptions.  
 
(A1) We assume that the task sizes are normalized such that 0 < π(Ti) ≤ 1, and that the 

π(Ti)’s are independent and identically distributed (i.i.d.) random variables with a 
common probability density function f(x) in the range (0, 1].  

(A2) Our assumption about the task execution times is quite general; i.e., the τ(Ti)’s are 
i.i.d. random variables with mean µ and variance σ2, where µ and σ are any finite 
numbers independent of n. Let c = σ/µ denote the coefficient of variation.  

(A3) The probability distributions of task sizes and execution times are independent of 
each other.  

 
The average-case performance of algorithm Hm is characterized by 

1
2

1 1

0
(OPT( )) max ( ) ,  ( ) ,E L xf x dx f x dx nµ ≥  

 
∫ ∫                            (1) 

1 1

1
1

1

0
1

1.5

1 1
(H ( )) ( ) ( )

1

2
                    ,

3 2

k m

k

m

m
k

m m
E L f x dx xf x dx n

k m n

n
m

µ

σ

+

−

=

 −≤ + + 
 − 

 
+ +  
 

∑ ∫ ∫
               (2) 

and the following theorem [16]. 
 
Theorem 3  We have the following asymptotic average-case performance bound for 
algorithm Hm: 
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1 1

1
1

1
2

1

0
1

H 1 1

0

1
( ) ( )

1(H ( ))
lim .

(OPT( ))
max ( ) ,  ( )

k m

k

m

m

m k

n

m
f x dx xf x dx

k mE L
R

E L
xf x dx f x dx

+

−

∞ =
→∞

+
− 

= ≤ 
  
 
 

∑ ∫ ∫

∫ ∫
 

(Note that the bound only depends on f(x).) 

3. ALGORITHM LLHm AND ITS AVERAGE-CASE PERFORMANCE 

The structure of a parallel computation C = 〈P, T, ≺, π, τ〉 can be represented by a 
directed acyclic graph G = (T, ≺), where nodes stand for tasks in T, and arcs stand for 
precedence constraints in ≺. Strictly speaking, since the size n of C is a variable, G repre-
sents a family of graphs. A directed acyclic task graph can be decomposed into levels, 
which are denoted by V1, V2, …, VL. Tasks with no predecessors (called initial tasks) con-
stitute level 1. Generally, a task Ti is in level Vl if the number of nodes on the longest path 
from some initial task to Ti is l. Note that all the tasks in the same level are independent 
of each other; hence, they can be scheduled using algorithm Hm. Let L be the number of 
levels in G, and let nl = |Vl| be the number of tasks in Vl, where 1 ≤ l ≤ L. Define  

n

L

n
β =  

and  

1 21
 ... .

2 2 2
L

n
n n n

n
η

 
= + + +  

 
 

A task graph (actually, a family of graphs) G is said to be wide if  

lim 0.
n

L

n
β∞ →∞

= =  

The above condition also implies that 

1 21
lim  ... lim 0.

2 2 2 2 2
L

n n

n n n L n

n n L

βη ∞
∞ →∞ →∞

 
= + + + ≤ = =  

 
 

A task graph is narrow if the above condition is not satisfied. Informally, wide task 
graphs exhibit large degree of parallelism. 

Algorithm LLHm schedules tasks in T level by level. A task graph is processed in the 
order V1, V2, …, VL. Tasks in Vl+1 cannot start to execute until all the tasks in Vl are fin-
ished. For level Vl, we use algorithm Hm to generate its schedule. 

Let π  be the mean task size, i.e.,  



KEQIN LI 

 

316 

 

1

0
( ) ,xf x dxπ = ∫  

and let b be the probability that the size of a task exceeds 1/2, i.e.,  

1
2

1
( ) .b f x dx= ∫  

Define 

1
2

1 1

0
max( , ) max ( ) ,  ( ) .D b xf x dx f x dxπ  = =  

 ∫ ∫  

Now, we will present the main result of the paper. 
 
Theorem 4  Under assumptions (A1)-(A3) about task sizes and execution times, we 
have the following average-case performance bound for algorithm LLHm: 

1 1

1
1

LLH

1
1.5

0
1

(LLH ( ))

(OPT( ))

1 1 2
           ( ) ( ) ( 1) .

1 3

m

k m

k

n m

m

n n n
k

E C
R

E C

m
f x dx xf x dx m m c c

D k m
β β η

+

−

=

=

 
≤ + + − + + 

 − 
∑ ∫ ∫

  

Remark: The above bound depends on three factors, namely, f(x): the probability distri-
bution of task sizes; µ and σ :  parameters of task execution times; βn and ηn: characteri-
zations of a task graph. 
 
Proof: Let the area of a task Ti be defined as π(Ti)τ (Ti), i.e., the product of its size and 
execution time. It is clear that OPT(C) is bounded from below by the total area of the 
tasks in T, that is, E(OPT(C)) ≥ .nπµ  Since the tasks with sizes exceeding 1/2 have to 
be executed sequentially, we have E(OPT(C)) ≥ bnµ. Thus, Eq. (1) can be easily ex-
tended to  

E(OPT(C)) ≥ max ( ,nπµ  bnµ) = Dnµ.                                   (3) 

It is clear that the level-by-level scheduling method yields  

E(LLHm(C)) = E(Hm(V1)) + E(Hm(V2)) + … + E(Hm(VL)),  

where, by Eq. (2),   

1 1

1
1

1
1.5

0
1

1 2
(H ( )) ( ) ( ) ( 1) .

1 3 2

k m

k

m
l

m l l
k

nm
E V f x dx xf x dx n m m

k m
µ µ σ

+

−

=

   
≤ + + − + +     −   
∑ ∫ ∫  

Hence, we obtain the following bound for E(LLHm(C)): 
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 1 1

1
1

1

0
1

1.5

1

1
(LLH ( )) ( ) ( ) (  1)

1

2
                          + .

3 2

k m

k

m

m
k

L
l

l

m
E C f x dx xf x dx n L m

k m

n
L m

µ µ

σ σ

+

−

=

=

 ≤ + + − − 

 
+   
 

∑ ∫ ∫

∑
          (4) 

Combining Eqs. (3) and (4), we get 

1 1

1
1

1

0
1

1.5

1

(LLH ( )) 1 1
( ) ( ) (  1)

(OPT( )) 1

2 1
                          + .

3 2

k m

k

m
m

k

L
l

l

E C m L
f x dx xf x dx m

E C D k m n

nL
m

n n

σ σ
µ µ

+

−

=

=

≤ + + − −

    +             

∑ ∫ ∫

∑
 

This proves the theorem.                                                 � 
It is clear that as n → ∞, we get the following asymptotic average-case performance 

bound according to the definition of wide task graphs. 
 
Corollary 1  For wide task graphs, we have the following asymptotic average-case per-
formance bound for algorithm LLHm: 

1 1

1
1

1
2

1

0
1

LLH 1 1

0

1
( ) ( )

(LLH ( ) 1
lim .

(OPT( )) max ( ) ,  ( )

k m

k

m

m

m k

n

m
f x dx xf x dx

E C k m
R

E C xf x dx f x dx

+

−

∞ =

→∞

+
  −= ≤ 

    
 

∑ ∫ ∫

∫ ∫
 

(Note that the bound only depends on f(x).)   
The bound in Corollary 1 is exactly the same as that in Theorem 3. This means that 

as a wide task graph gets larger, there is more and more parallelism, and the performance 
of algorithm LLHm in scheduling precedence constrained parallel tasks approaches that 
of algorithm Hm in scheduling independent parallel tasks. 

4. EXAMPLE DISTRIBUTIONS 

As an example, let us consider uniform distributions; that is, the π(Ti)’s are i.i.d. ran-
dom variables uniformly distributed in the range (0, 1/r], where r ≥ 1 is a positive integer. 
That is, f(x) = r for 0 < x ≤ 1/r. (Notice that when P is sufficiently large, a discrete uni-
form distribution on {1, 2, …, P/r} can be treated as a continuous uniform distribution on 
(0, 1/r].) The following result is a consequence of Theorem 4 and Corollary 1 by direct 
manipulations. 
 
Corollary 2  If the π(Ti)’s are i.i.d. random variables uniformly distributed in the range 
(0, 1/r], we have LLHm

R∞  ≤ Br, that is,  
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E(LLHm(C)) ≤ BrE(OPT(C)) 
 
as n → ∞, where 

2
2

2 2

1 1 1
2 1   

6 2 ( 1)rB r
r r

π  
= − − + + ⋅⋅⋅ +  −  

 

as m → ∞. 
To show the quality of the average-case performance bound Br in Corollary 2, we 

give the following numerical data:  
 
B1 = 1.2898680… 
B2 = 1.1594720… 
B3 = 1.1088121… 
B4 = 1.0823327… 
B5 = 1.0661449… 
B6 = 1.0552487… 
B7 = 1.0474219… 
B8 = 1.0415306… 
B9 = 1.0369372… 
B10 = 1.0332559… 
 

It is clear that Br < 1 + 1/r for all r > 1; i.e., Br is less than the asymptotic worst-case per-
formance bound in Theorem 2. 

Though closed form solutions are not available, the average-case performance 
bounds of algorithm LLHm could be calculated using Theorem 4 and Corollary 1 nu-
merically for an arbitrary probability distribution of task sizes. For instance, let us con-
sider a truncated exponential distribution, i.e., 

( ) ,
1

xe
f x

e

λ

λ
λ −

−=
−

0 < x ≤ 1. 

Corollary 3  If the π(Ti)’s are i.i.d. random variables exponentially distributed in the 
range (0, 1], we have LLH ,

m
R Bλ

∞ ≤  that is,  
 
E(LLHm(C)) ≤ BλE(OPT(C)) 
 

as n → ∞, where 
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as m → ∞. 
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To show the average-case performance bound Bλ in Corollary 3, we choose λ in 
such a way that the mean task size  

1
  

1

e

e

λ

λπ
λ

−

−= −
−

 

takes the values 1/(2r) for r = 1, 2, …, 10, so that a comparison can be made between 
performance bounds of LLHm under the uniform and exponential distributions: 
 

λ = 0.0001813…,  Bλ = 1.2898305… 
λ = 3.5935119…,  Bλ = 1.2731064… 
λ = 5.9030000…,  Bλ = 1.2145755… 
λ = 7.9781077…,  Bλ = 1.1640016… 
λ = 9.9954411…,  Bλ = 1.1273400… 
λ = 11.9991145…,   Bλ = 1.1021181… 
λ = 13.9998370…, Bλ = 1.0846745… 
λ = 15.9999711…,  Bλ = 1.0722076… 
λ = 17.9999950…, Bλ = 1.0629307… 
λ = 19.9999991…, Bλ = 1.0557653… 

5. EXAMPLE TASK GRAPHS 

In this section, we provide several example wide task graphs to demonstrate our 
bound in Theorem 4 for the average-case performance ratio of algorithm LLHm. These 
task graphs have been extensively used to study precedence constrained parallel tasks [14, 
18, 19, 23]. 
 
Example 1: Iterative Computations.  An iterative computation is organized as a series 
of alternating sequential and parallel phases (see Fig. 1). There is a master task that is 
active in sequential phases, which represent synchronization, communication, collection, 
and distribution of partial results. There are s slave tasks that are active during parallel 
phases, which represent actual computations. There are numerous applications that fall 
into this category, such as relaxation methods for solving partial differential equations, 
iterative algorithms for solving linear and nonlinear systems of equations, searches for 
extreme values of functions, smoothing in image processing, etc. In an iterative compu-
tation with s slave tasks and t repetitions, we have L = 2t + 1, nl = 1 for l = 1, 3, 5, …, nl 
= s ≥ 2 for l = 2, 4, 6, …, n = (s + 1)t + 1, and  

2 1
,

( 1) 1n

t

s t
β +=

+ +
 

1 1
.

( 1) 1 22
n

t s
t

s t
η

 += + ⋅  + +  
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Fig. 1. An iterative computation with s = 5. 

 
If we fix s and use t, the number of repetitions, as an indication of the size of a computa-
tion, then 

2 1 2
lim 0

( 1) 1 1t

t

s t s
β∞ →∞

+= = >
+ + +

 

and 

( 1) 1 1
lim 0;

2(( 1) 1) 2( 1)t

s t s

s t s
η∞ →∞

+ + += = >
+ + +

 

that is, an iterative computation gives a narrow task graph. However, it is easy to see that 
if we fix t and use s to indicate the size of a computation, then we have β∞ = η∞ = 0; that 
is, an iterative computation has a wide task graph. 

In Table 1, we show the bound for LLHm

nR (m = 20) calculated using Theorem 4 in  
iterative computations with a uniform task size distribution in the range (0, 1/r], where r 
= 1, 2, …, 10. We assume that the coefficient of variation of task execution times is c = 
σ/µ = 1. The number of iterations is t = 100, and the number of slave tasks is s = 10000 + 
100000z for z = 0, 1, 2, …, 9. The following observations are made.  
 
(O1) The performance bound is a decreasing function of the size of the computation. This 

means that the average-case performance of algorithm LLHm improves when there 
is more parallelism.  
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Table 1. Bound for 
LLHm

nR in scheduling iterative computations. 

r z = 0 z = 1 z = 2 z = 3 z = 4 z = 5 z = 6 z = 7 z = 8 z = 9 
1 1.3288 1.2965 1.2942 1.2933 1.2928 1.2924 1.2922 1.2920 1.2918 1.2917 
2 1.2376 1.1729 1.1684 1.1665 1.1655 1.1648 1.1643 1.1639 1.1636 1.1633 
3 1.2262 1.1292 1.1224 1.1196 1.1181 1.1170 1.1163 1.1157 1.1153 1.1149 
4 1.2392 1.1098 1.1008 1.0971 1.0950 1.0936 1.0926 1.0919 1.0913 1.0908 
5 1.2627 1.1010 1.0897 1.0851 1.0825 1.0807 1.0795 1.0785 1.0778 1.0772 
6 1.2917 1.0976 1.0841 1.0785 1.0754 1.0733 1.0718 1.0707 1.0698 1.0690 
7 1.3239 1.0974 1.0817 1.0752 1.0715 1.0691 1.0673 1.0660 1.0650 1.0641 
8 1.3582 1.0994 1.0814 1.0740 1.0698 1.0670 1.0650 1.0635 1.0623 1.0613 
9 1.3941 1.1028 1.0826 1.0743 1.0695 1.0664 1.0642 1.0625 1.0611 1.0600 

10 1.4309 1.1074 1.0849 1.0756 1.0704 1.0669 1.0644 1.0625 1.0610 1.0598 

 
(O2) Since m is fixed at a relatively small value, the performance bound is not a de-

creasing function of r in some columns of the table.  
(O3) When the size of the computation is sufficiently large, the performance bound ap-

proaches a value very close to Br given in Corollary 2, and Br is a decreasing func-
tion of r.  

(O4) As the amount of parallelism and m increase, and as the task sizes become smaller, 
the average-case performance ratio of algorithm LLHm approaches one.  

 
Fig. 2. A partitioning algorithm with b = 2 and h = 3. 

 
Example 2: Partitioning Algorithms.  A partitioning algorithm performs a divide-and- 
conquer computation. In a partitioning algorithm with branching factor b ≥ 2 and height 
h ≥ 0 (see Fig. 2, where b = 2 and h = 3), we have L = 2h + 1, nl = bl-1 for l = 1, 2, 3, …, h 
+ 1, and nl = b2h+1-l for l = h + 2, h + 3, …, 2h + 1. The height h indicates the size of a 
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computation. Levels V1, V2, …, Vh contain tasks which partition large problems into 
small subproblems. Level Vh+1 includes tasks which solve base case problems. Levels 
Vh+2, Vh+3, …, V2h+1 have tasks which combine subsolutions into a grand solution. The 
parameters for the structure of the task graph are  
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Since β∞ = η∞ = 0, a partitioning algorithm has a wide task graph. 
In Table 2, we show the bound for LLHm

nR (m = 20) calculated using Theorem 4 in  
partitioning algorithms with a uniform task size distribution in the range (0, 1/r], where r 
= 1, 2, …, 10. We assume that the coefficient of variation of task execution times is c = 
σ/µ = 1. The branching factor is b = 2, and the height is h = 16, 17, …, 25. It is clear that 
observations (O1)-(O4) of algorithm LLHm in scheduling iterative computations also 
hold for partitioning algorithms. 

Table 2. Bound for 
LLHm

nR in scheduling partitioning algorithms. 

r h = 16 h = 17 h = 18 h = 19 h = 20 h = 21 h = 22 h = 23 h = 24 h = 25 
1 1.3212 1.3084 1.3011 1.2968 1.2942 1.2927 1.2917 1.2911 1.2907 1.2905 
2 1.2223 1.1968 1.1821 1.1735 1.1684 1.1653 1.1634 1.1622 1.1614 1.1609 
3 1.2033 1.1650 1.1430 1.1301 1.1224 1.1178 1.1150 1.1132 1.1120 1.1112 
4 1.2087 1.1579 1.1282 1.1111 1.1009 1.0947 1.0909 1.0885 1.0869 1.0859 
5 1.2245 1.1607 1.1240 1.1025 1.0898 1.0821 1.0773 1.0743 1.0723 1.0711 
6 1.2459 1.1693 1.1252 1.0994 1.0841 1.0749 1.0692 1.0656 1.0632 1.0617 
7 1.2704 1.1811 1.1296 1.0996 1.0818 1.0710 1.0643 1.0601 1.0574 1.0556 
8 1.2971 1.1950 1.1362 1.1019 1.0815 1.0692 1.0615 1.0567 1.0536 1.0516 
9 1.3253 1.2104 1.1442 1.1056 1.0827 1.0688 1.0602 1.0548 1.0513 1.0491 

10 1.3546 1.2269 1.1534 1.1105 1.0850 1.0696 1.0600 1.0540 1.0502 1.0476 
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Example 3: Linear Algebra Task Graphs.  A linear algebra task graph with L levels 
(see Fig. 3, where L = 5) has nl = L − l + 1 for l = 1, 2, …, L, n = L(L + 1)/2, and  

2
,

1n L
β =

+
 

1 1 2 3
  .

2 2 2 2n

L

n
η

 
= + + + ⋅⋅⋅ +  

 
 

It is clear that a linear algebra task graph is wide. In Table 3, we show the bound for 

LLHm

nR (m = 20) calculated using Theorem 4 in linear algebra task graphs with a uniform 
task size distribution in the range (0, 1/r], where r = 1, 2, …, 10. We assume that the co-
efficient of variation of task execution times is c = σ/µ = 1. The number of levels is L = 
50000z for z = 1, 2, …, 10. 

 
Fig. 3. A linear algebra task graph with L = 5. 

 

Table 3. Bound for 
LLHm

nR in scheduling linear algebra task graphs. 

r z = 1 z = 2 z = 3 z = 4 z = 5 z = 6 z = 7 z = 8 z = 9 z = 10 
1 1.3033 1.2984 1.2965 1.2954 1.2947 1.2942 1.2938 1.2936 1.2933 1.2931 
2 1.1865 1.1767 1.1728 1.1707 1.1693 1.1683 1.1676 1.1670 1.1665 1.1661 
3 1.1496 1.1349 1.1291 1.1259 1.1239 1.1224 1.1213 1.1204 1.1197 1.1191 
4 1.1371 1.1174 1.1098 1.1055 1.1028 1.1008 1.0993 1.0981 1.0972 1.0964 
5 1.1350 1.1104 1.1009 1.0956 1.0921 1.0897 1.0878 1.0864 1.0852 1.0842 
6 1.1384 1.1089 1.0975 1.0911 1.0870 1.0840 1.0818 1.0800 1.0786 1.0774 
7 1.1451 1.1107 1.0973 1.0899 1.0851 1.0816 1.0790 1.0770 1.0753 1.0739 
8 1.1539 1.1146 1.0993 1.0908 1.0853 1.0814 1.0784 1.0760 1.0741 1.0725 
9 1.1642 1.1199 1.1027 1.0932 1.0870 1.0826 1.0792 1.0766 1.0744 1.0726 

10 1.1755 1.1264 1.1073 1.0967 1.0898 1.0848 1.0811 1.0782 1.0758 1.0738 
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6. CONCLUDING REMARKS 

We have investigated the problem of scheduling precedence constrained parallel 
tasks on multiprocessors. We observe that if a task graph is scheduled level by level, then 
the scheduling performance is determined by the algorithm for scheduling independent 
parallel tasks. The performance of algorithm Hm, which uses the harmonic system parti-
tioning scheme for noncontiguous processor allocation, is superior to that of the larg-
est-task-first algorithm, which uses the binary system partitioning scheme for contiguous 
processor allocation. In particular, Hm

R∞ approaches one when task sizes become smaller  
and smaller. Therefore, we have been able to develop an efficient algorithm LLHm for 
scheduling precedence constrained parallel tasks in multiprocessors with noncontiguous 
processor allocation. It has been shown that for wide task graphs and some common task 
size distributions, as the size of a computation and m increase, and as the task sizes be-
come smaller, the average-case performance ratio of algorithm LLHm approaches one. 

As a further research direction, it will be of great interest to see how our algorithm 
performs in scheduling real parallel computations on real parallel machines. 
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