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A new generation algorithm for the base-K logarithm is presented. Intermediate re-

sults for computation of the logarithm are presented in the redundant signed digit (RSD) 
representation, and additions and subtractions were performed without carry propagation. 
Based on the properties of RSD arithmetic, higher performance is obtained as compared 
with the conventional logarithm in the classical binary form. 
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1. INTRODUCTION 
 

Logarithms have been widely used in arithmetic operations, such as multiplication 
and division, in many problems of digital control and digital filtering, and in almost all 
digital feedback applications. Over the years, several methods have been proposed for 
computing the logarithm of numbers to base 2. An iterative method for logarithm evalua-
tion was presented by Majithia and Levan [1]. Later, Lo and Chen [2] proposed a gener-
alized iterative method for the computation of logarithm from base-2 to any base-K. 
Chiou et al. [3] proposed an improvement based on a high radix that is faster than Lo and 
Chen’s method based on a radix of 2. An important issue for logarithm evaluation by 
iterations is speed. When the logarithm computation is executed, the arithmetic opera-
tions involved in each iteration are multiplication, magnitude comparison, and division. 
Such arithmetic operations are very time-consuming due to carry-propagation. This paper 
describes a new iterative method for logarithm evaluation that uses a redundant binary 
representation to speed up multiplication, magnitude comparison, and division. For a (u 
+ m)-bit operand, with u-bit integer part and m-bit mantissa, that is based on radix-K, a 
time complexity of O(u + m) for each iteration can be achieved. 
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2. BACKGROUND 

Suppose that our objective is to generate the value of X = logKA, where 1 ≦ A < K. 
A popular computation process for logKA is briefly introduced here, followed by a dis-
cussion on proposals for improvement. Let 0.x0x1 … xn be the binary representation of X, 
where xi = 0 or 1 for 0 ≦ i ≦ n. Let logKA = X = 0.x0x1 … xn. Then, by definition,  

 
A = KX = K0.x0x1…xn. 
 
By squaring both sides of the equation, we obtain 
 
A2 = Kx0.x1…xn. 
 
By comparing A2 and K, the value of x0 can be determined as follows: 
 

(1)  if A2 
≧ K, then x0 = 1, and set A = A2/K for the next iteration cycle; or 

(2)  if A2 < K, then x0 = 0, and set A = A2 for the next iteration cycle. 
 
The above process is repeated iteratively. One bit of the result is generated for each 

such iteration. The flowchart of the algorithm is shown in Fig. 1. The arithmetic opera-
tions required for each iteration include: 

 
(1)  multiplication, that is, Aj+1 = Aj * Aj; 
(2)  magnitude comparison, that is, Aj+1 ≧ K; and  
(3)  division, that is, Aj+1/K if Aj+1 ≧ K. 

 
Suppose that the popular shift-and-add algorithm and the add/subtract-and-shift al-

gorithm are used in multiplication and division computations, respectively [4]. The com-
putation time of internal addition/subtraction is linearly proportional to the word length 
of the operands. On average, the multiplication algorithm causes (u + m)(2u + m)/2 full- 
adder delays for both (u + m)-bit operands with an m-bit mantissa. The division algo-
rithm causes 3(u + m)(2u + m)/2 full-adder delays on average for (2u + m)-bit dividend 
and (u + m)-bit divisor, both with an m-bit mantissa. Thus, the conventional iterative 
process for the logarithm computation, as shown in Fig. 1, causes (2u + m)(5u + 5m + 
4)/4 full-adder delays on average for each iteration. 

The processes of addition, subtraction, and magnitude comparison with carry 
propagation operate very slowly in the case of long operands. To keep the addition/sub- 
traction and/or magnitude comparison time as short as possible, it is mandatory to over-
come the propagation problem. Parallel multiplication algorithms, such as the Wallace 
tree [5], and fast division algorithms, such as the nonrestoring division arrays [6], have 
been proposed in the case of high-speed computation. However, they become rather 
complicated for longer operands. In [7], Nagendra et al. pointed out that the fastest con-
ventional carry lookahead adder which has the best power-delay product has O(log2n) 
time complexity. An alternative solution is to use the Redundant Signed Digit (RSD)  
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Fig. 1. Flowchart of a conventional iterative process for logKA computation. 

 
representation [8] instead of the ordinary binary representation. The RSD representation 
limits carry propagation to one position to the left during addition and subtraction opera-
tions. Therefore, two redundant binary numbers can be performed in a constant amount 
of time independent of the word lengths of the operands. 

We consider here a redundant representation for a residue class ZK = {x | 0 ≦ x < K}, 
where 2u-1 ≦ K < 2u. A (u + m + 1)-bit redundant binary number with an m-bit mantissa 
A = [auau-1 … a0.a-1a-2 … a-m] (ai = 1, 0, or î (that is, a minus 1), u ≧ i ≧ − m) has the 
value au * 2u + au-1 * 2u-1 + … + a0 * 20 + a-1 * 2-1 + … + a-m * 2-m. There can be several 
redundant binary numbers representing the same value. For example, [0011.00], 
[010î.00], and [1î0î.00] all represent “3”. However, “0” is uniquely represented by 
[00…0]. It should be pointed out that the ordinary binary representation is one of its re-
dundant representations [9]. Therefore, no efforts are needed for conversion from the 
ordinary binary representation to a redundant one. However, we need a binary subtrac-
tion operation with carry propagation for reverse conversion. Let Y = Y* − Y** and Z = 
Z* − Z** be numbers in the redundant form, and let S = S* − S** be the result of the op-
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eration Y + Z or Y − Z, with yi*, yi**, zi*, zi**, si*, and si** ∈ {0, 1}. Fig. 2 shows two 
types of generalized full adders with weighted inputs for RSD arithmetic. The RSD addi-
tion scheme for S = Y + Z is shown in Fig. 3, and the subtraction scheme for S = Y − Z is 
shown in Fig. 4. Subtraction can be performed by permuting the numbers Z* and Z**. 

 x 
y 

z 

s c 
− x + y − z = − 2c + s 

x y 

z 

s 
c x − y + z = 2c − s 

 
Fig. 2. Full adders for RSD addition/subtraction. 
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Fig. 3. RSD addition for S = Y + Z. 

 
In this study, the shift-and-add multiplication and the add/subtraction-and-shift di-

vision are used for the computation of logKA. As mentioned above, the convenient addi-
tion and subtraction of numbers in the classical binary form is usually the bottleneck for 
speed improvement due to carry propagation. In this paper, we present a new base-K  
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Fig. 4. RSD subtraction for S = Y − Z. 

 
logarithm based on the RSD representation to solve this problem. Owing to the incorpo-
rated redundancy and the carry-propagation-free addition and subtraction, multiple addi-
tions of two redundant binary numbers can be performed in parallel in a constant amount 
of time independent of the word lengths of the operands. Furthermore, a time-saving “di-
vision-during-multiplication” algorithm, in which each subtraction step for division is 
embedded in the repeated multiply-addition step, is suggested. 

3. THE PROPOSED METHOD 

First of all, the addition and subtraction operations with the RSD representation will 
be briefly described. The proposed algorithm for base-K logarithm will then be presented, 
followed by a description of its operational procedure. An analysis on efficiency is also 
included in this section. 

The adding of two redundant binary numbers (for example, S = Y + Z) involves two 
steps. For a given digit position i, the first step inputs three operand digits, yi**, yi*, and 
zi**, and generates an intermediate sum pi and carry ci+1, satisfying the equation – yi** + 
yi* − zi** = − 2ci+1 + pi. The second step adds zi* and the intermediate sum pi produced 
by the first step and carry ci from the next-lower-order position, and outputs si+1* and 
si**, satisfying the equation pi − ci + zi* = 2si+1* − si**. This is shown in Fig. 3. In the 
case of subtraction, the three operands, yi**, yi*, and zi*, are inputs in the first step, and 
the two outputs pi and ci+1 are generated by the following equation: − yi** + yi* − zi* = − 
2ci+1 + pi. In the second step, the inputs are zi**, pi, and ci, and the outputs are si+1* and 
si** based on the following equation: pi − ci + zi** = 2si+1* − si**. The subtraction 
scheme is shown in Fig. 4. The addition and subtraction operations are fully parallel, thus 
requiring no carry propagation. In other words, adding and subtracting two redundant 
binary numbers takes a constant amount of time, independent of the data width. 

Now, let us consider the repeated multiplication-addition method. The augend Y and 
the addend Z are (u + m + 1)-bit redundant binary numbers with an m-bit mantissa and 
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satisfy – K < Y < K and – K < Z < K, respectively. We calculate the sum S, which is also 
an (u + m + 1)-bit redundant binary number and satisfies – K < S < K and S = Y + Z mod 
K. The following two stages are used to perform this modular addition. In the first stage, 
S = Y + Z is carried out and – 2K < S < 2K. The second stage is a correction stage used to 
keep S in the range of – K and K. First, the three MSBs (most significant bits) of S are 
tested to identify the range, using the value of q, in which S resides. The decision table 
based on the three MSBs is shown in Table 1. Then, we add either K, 0, or – K to S, ac-
cording to whether q is î, 0, or 1, respectively.  
 

Table 1. Decision table for three MSBs. 

inputs output 
su+1 su su-1 q 
1 0 1 1 
1 0 0 1 
1 0 î 1 
1 î 1 1 
1 î 0 1 
0 1 1 1 
0 1 0 1 
1 î î 0 
0 1 î 0 
0 0 1 0 
0 0 0 0 
0 0 î 0 
0 î 1 0 
0 î î 0 
î 1 1 0 
0 î 0 î 
î 1 0 î 
î 1 î î 
î 0 1 î 
î 0 0 î 
î 0 î î 

 
(1)  If q = î, this means that the following condition exists: S < 0. In other words, S is in 

the range: − 2K < S < 0. We add K to S to satisfy – K < (S = S + K) < K. The corre-
sponding bit in the quotient is î. 

(2)  If q = 0, S satisfies – K < S < K and no correction step is needed. The corresponding 
bit in the quotient is 0. 

(3)  If q = 1, this means that the following condition exists: S > 0. In other words, S is in 
the range: 0 < S < 2K. We subtract K from S to satisfy – K < (S = S − K) < K. The 
corresponding bit in the quotient is 1. 



SPEED UP LOGARITHM 

 

435

 

The base-K logarithm by use of RSD arithmetic is shown in the following algo-
rithm:  

 
Algorithm-RSD (The base-K logarithm with RSD arithmetic) 
/* Compute logKA = X, 1 ≦ A < K */ 
/* Let 0.x0x1x2 … xn be the binary representation of X */ 
/* Let au-1 … a1a0.a-1a-2 … a-m be the binary representation of A */ 
/* Let Aj be the value for A in the j’th iteration cycle */ 
/* Let ajuaj(u-1) … aj1aj0.aj(-1)aj(-2) … aj(-m) be the RSD representation of Aj */ 
 
Step 1: Initialize j = 0, Aj = A. 
Step 2: Initialize P = 0, Q = 0, i = u. 
Step 3: Double P and Q, i.e., P = 2P, Q = 2Q. 
Step 4: If P is in the range − K < P < K, then no actions are performed and go to step 5. 

If P is in the following range P > 0, and both P = P − K and Q = Q + 1 are com-
pute using RSD arithmetic. 
If P is in the range P < 0, then both P = P + K and Q = Q − 1 are compute using 
RSD arithmetic. 

Step 5: If aji = 0, then go to step 6. 
If aji = 1, then P = P + Aj using RSD arithmetic. 
If aji = î, then P = P − Aj using RSD arithmetic. 
If P is in the range − K < P < K, then no actions are performed. 
If P is in the range P > 0, then both P = P − K and Q = Q + 1 are calculated using 
RSD arithmetic. 
If P is in the range P < 0, then both P = P + K and Q = Q − 1 are calculated using 
RSD arithmetic. 

Step 6: Decrement i by 1; if i ≧ 0, then go to step 3. 
Step 7: Set P1 = Aj and repeat step 8 to step 9 m times. 
Step 8: Set P1 with the half of P1. 
Step 9: If aji = 1, then P = P + P1 using RSD arithmetic. 

If aji = î then P = P − P1 using RSD arithmetic. 
Step 10: If P is in the range − K < P < K, the no actions are performed. 

If P is in the range P > 0, then both P = P − K and Q = Q + 1 are calculated us-
ing RSD arithmetic. 
If P is in the range P < 0, then both P = P + K and Q = Q − 1 are calculated us-
ing RSD arithmetic. 

Step 11: Convert Q using RSD representation into the ordinary binary representation. 
If Q < 0, then compute Aj+1 = P + K using RSD arithmetic. 
If (Q = 0), then compute Aj+1 = P. 
If Q ≧ 1, then compute xj = 1 else xj = 0. 
If xj = 0, then go to step 14. 
If xj = 1, then set q = 1 and repeat step 12 m times. 

Step 12: Double P and set q with half of q. 
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If P is in the range − K < P < K, then no actions are performed. 
If P is in the range P > 0, then both P = P − K and Q = Q + q are calculated us-
ing RSD arithmetic. 
If P is in the range P < 0, then both P = P + K and Q = Q − q are calculated us-
ing RSD arithmetic. 

Step 13: Aj+1 = Q. 
Step 14: Increment j by 1; if j ≦ n, then go to step 2; otherwise stop. 

 
A (u + m + 1)-bit RSD adder/subtractor is employed in our algorithm. One RSD ad-

dition/subtraction causes 2 full-adder delays. The proposed algorithm has about O(n * (u 
+ m)) time complexity, while the conventional one has O(n * (u + m) * log2(u + m)) time 
complexity. 

4. CONCLUSIONS 

A new algorithm for base-K logarithm computation has been described. In this al-
gorithm, numbers are represented in a redundant representation, and additions and 
subtractions are carried out without carry propagation. The intermediate results are repre-
sented in the redundant form, and the operands are presented in the ordinary binary 
representation. This feature can reduce the number of additions/subtractions required in 
the execution of division-during-multiplication. Magnitude comparison, which is 
required in the conventional approach with the ordinary form, is no longer needed in our 
algorithm. In comparison with the existing iterative logarithm with the ordinary binary 
form, the new algorithm has a time complexity of O(n * (u + m)), where n and (u + m) 
are the bit lengths of X and K, respectively. Although the hardware complexity of our 
algorithm is twice of that of the conventional one, our algorithm is suitable for both 
software and hardware implementation. 
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