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Short Paper

The Optimal Solution of the Transportation Problem
with Fuzzy Demand and Fuzzy Product

JERSHAN CHIANG
Department of Applied Mathematics
Chinese Culture University
Taipei, 111 Taiwan

In crisp transportation, trying to fuzzify the amount of supply of the ith origin a and
the amount of demand of the jth destination by, we use level A fuzzy numbers and level
(4, p) interval-valued fuzzy numbers to fuzzify & and by in the constraints. We get
transportation problem in the fuzzy sense. We also cooperate some statistical concepts
and corresponding to (1 — @) x 100% statistical confidence intervals of the amount of
supply and the amount of demand. We use level (1 — 5, 1 — @) interval-valued fuzzy
numbers to fuzzify demand and product in the constraints. Then we get transportation
problem in the fuzzy sense based on statistical data.

Keywords: fuzzy transportation problem, confidence interval, fuzzy numbers, inter-
val-valued fuzzy sets, fuzzy linear programming

1. INTRODUCTION

In [1, 10, 13, 15, 16], they discussed crisp transportation problems without using
fuzzification. In [3, 4, 8, 14], they considered fuzzy linear programming problems. The
articles [2, 5-7] treated fuzzy transportation problems. These are special cases of fuzzy
linear programming. In [3], they fuzzified the constraints in linear programming through
fuzzy numbers and used o~cut to obtain linear programming in the fuzzy sense. In [4],
they used ranking fuzzy numbers in the constraints and obtained linear programming in
the fuzzy sense through c~cut. In [14], he changed the constant terms in the constraints
of linear programming to intervals and derived two linear programming problems. The
second method in his paper was to fuzzify the coefficients of the constraints and constant
terms to fuzzy number. Then he had fuzzy number linear programming problems. Using
o-cut, he got linear programming in the fuzzy sense. In [2], the objective functions had k
transportation problems. They fuzzified objective functions by fuzzy numbers and used
A-cut to obtain the transportation problem in the fuzzy sense expressed in linear pro-
gramming form. In [6], they used fuzzy numbers of the type L-L to fuzzify the cost ¢ in
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the objective function ZZC” X; to G;. Then they used the A-cut and got the interval
i=1 j=1
cij}‘. In this way, they had objective function ZZQJ %j. That meant two objective
i=1 j=1
functions which were transportation problems in th(Je fuzzy sense. All the articles above
did not use signed distance ranking, defuzzification by signed distance, interval-valued
fuzzy sets and statistical data. In this paper, we use these to consider fuzzy transportation
problems. Section 2 is for the preliminaries. We will define the signed distance of inter-
val-valued fuzzy numbers and their ranking. In section 3, we fuzzify the product and
demand to level (4, 1) interval-valued fuzzy numbers. Using signed distance and ranking,
we get the transportation problem in the fuzzy sense. We give an example in section 4
and section 5 is the discussion.

2. PRELIMINARIES

In order to use fuzzy numbers and level (4, 1) interval-valued fuzzy sets in the
transportations with fuzzy demand and fuzzy product, we give the following definitions.

Definition 1 [12] & isafuzzy pointif & isafuzzy set on R = (- o, =) with member-
ship function

1 x=a

U5(X) ={ 1)

0, xza

Definition 2 [a, b; a] isalevel afuzzy interval, 0< < 1if [a, b; o] isafuzzy set on
R with membership function

o, as<x<b
1(X) = ,a<b 2
M2, (X) {0, otherwise )

Definition3 A=(a, b, c; 1) isalevel Afuzzy number, 0< A< 1,if A isafuzzy set
on Rwith membership function, a< b < c,

M, a<x<b
b-a
A(c—X)
() =452, b<x<c 3
ux0=1" ©)
0, otherwise

Definition 4[9] A=[A"; A’]=[(a, b, c; A), (p, b, r; p)], p<a<b<c<r (seeFig.
1). Wecall A isalevel (4, p) i — v fuzzy number.



THE OPTIMAL SOLUTION OF THE TRANSPORTATION PROBLEM 441
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Fig. 1. level (4, p) i — v fuzzy number.

Let Fv(4, p) ={[(a,b,c; A, (p, b, 1; p)] | Vp<a<b<c<r,p,acre R,0<4
<p<l, 4

be the family of al level (4, p) i — v fuzzy numbers.

Remark 1: When A=0,a=p,c=r, A=[A", A’] will reduce to level p fuzzy number
A’ =(p, b, 1; p).

We will use the signed distance [17] to consider the signed distance and ranking on
Fiv(4, p) of level (4, p) i — v fuzzy numbers. We consider the signed distance on R first.

Definition 5 If b, 0 € R, the signed distance of b from O is defined asd*(b, 0) = b.

In the following we consider the signed distance and ranking of i — v fuzzy numbers
on Fn(4, p).

Let A=[(a b, ¢ ), (p. b, 1; p)]=[A", A’] € Fi(4, p).

From Decomposition Theory (see Fig. 2), we obtain

A= (A @), A @) ddUIA (@), A (@); ahu | I8 (@), A (@); ol (5)

0sa<A A<a<p

The orcut of A is Al@) =[A° (@), A(@)] U [A-(a), A’ (@)] when 0 < e < 4,
where

A@)=at(b-a)7 A (@) =c-(c-b)7
A (@) = p+-p)Z, K@ =r-@-n<
P P

The e~cut of A is A(e) =[A’ (@), A’ (a)] when A< a< p, where
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Fig. 2. e~cut of level (4, p) i — v fuzzy number.

A (@) = p+b-p)Z, K@ =r-(-n<
P p

From (5) and Fig. 2 we have A(@)=[A’(a), A*(@)] U [A (), A’ ()] and

[A” (@), A“(@)] N [A- (@), A (@)]=¢ whenO< <A
From Fig. 2, to obtain the signed distance from P, Q’, R, S to O, by definition 5, we

may define the signed distance from [A” (@), A" ()] to0Oas d* (A’ (@), A" ()], 0) =
(A (@), 0+ d (A (@), 01 =Z[A’ (@) + A" (@)] =5 la+ p+ (0-a) T+ (b~ P) 2],
o

Similarly, d*([A"(a), A ()], O)=%[c+r—(c—b)%—(r—b)%]. since [A” (),
A @] VA (@), A @] < [A (@), A (@); a] U[A (@), A (@); ] is a one-one
mapping, we can define the signed distance from [A’ (@), A" (); o] U[A (), A (@);
d to 0(y axis) as do([A’ (@), A" (@); o] U [A (@), A (@); o],0)= %[d*([Al“ (),
A-(@)], 0) +d" (A" (@), A’ (@)], 0] =%[a+c+ p+1+(2b-a-0) 7 + (20~ p—r)%].

dp is a continuous function on 0 < o < A. We can define the signed distance from A to

0 asthe mean value on [0, 4] through integration. Similarly, we get d,([A’ (@), A’ ();

a], 0) =%[p+r+(2b— p—r)ﬁ], A< a< p. Thisis aso a continuous function [4, p].
Yo

We may define the signed distance from A to 0 as the mean value on [0, p] through
integration.
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Definition 6 A=[(a, b, ¢; 4), (p, b, r; p)]=[A", A’]e Fy (4, p), VO<A<p<1.
The signed distance from A to O isdefined as

dy (A, (~))—£Jj1[a+c+ +r+(2b—a—c)g+(2b— —r)g]da+

0 1 b7 p 2 p P

1 (1 o
—— | HAp+r+(2b-p-r)—Id
p-,wz[p (2o-p )p]a

=%[6b+a+c+4p+4r+3(2b—p—r)i] (6)
Yo

Remark 2: If 4=[(a &, & 1), (a, a & 1)], then (6) reducesto d,(4, 0) = 2a

Definition 7 If A=[(a, b, c; A), (p, b, r; p)], B=[(d,e g; 1), (M, e q; p)] € Fi(A,
p), then

B< A iff d,(B, 0)<d,(A 0)
B= A iff d,(B, 0)=d,(A 0)
Property 1 (F(4, p), =, <) sdtisfies the law of trichotomy.
Proof: By (R, =, <) satisfies the law of trichotomy and definition 7.
Let A=[(a, b, c; 4), (B, b, 1; P =[A, A,
B=[(a, b, &; 4), (P, by, 15 P)I=[B", B’] € Fiv(4 p), k>0.
From the addition of level 4 and level p fuzzy numbers, we get
A ®B" =(a+a, b+b, g+c,; A), A @B =(p+p,, b+h, ¢ +Cy; p),
KA = (ka, Kby, ki 4), KOA = (kp, kay, ki3 2), fork > 0 (7)
Hence we define A®@ B=[A" @ B", A” @ B"], k()A=[K()A", k()AY].
Property 2 Let A=[(a, b, ¢; 4), (p, by, 1; )],
B=[(a, b, ;i 2), (P, b, i P)], € Fi(4 p). Then

dy(A® B, 0)=d,(A, 0)+d,(B, 0) and dy(k()A, 0,) =kd,(A), k>0

Proof: By (7) and definition 6.
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3. TRANSPORTATION PROBLEM WITH FUZZY DEMAND AND FUZZY
PRODUCT BASED ON LEVEL (4,1)i —-vFUZZY NUMBERS

Weusei (i=1,2,....mandj (j =1, 2, ..., n) to denote the origin and destination.
Let & and b; be the amount of supply of the ith origin and the amount of demand of the
jth destination, respectively. The unit transportation cost from ith origin to jth destination
is cjj. Let x;; represent the amount transported from origin i to destination j. We have the
crisp transportation model:

min. Z=22qjxﬂ- )

i=1 j=1
n

s.t.Z)gj=ai,a>0,i=1,2,...,m (9)
j=1
m
Zm:bj, b>0,j=12 ..,n (10)
i=1
X20,i=1,2..,mj=12..,n (11)

For consistency, one must have

m

Da=>D (12)
j=1

i=1

If weknow cj, &, by, i=1,2,...,mj=12, ..., n, then we can use simplex method,
north-west corner rule, the least-cost method, Hungarian Algorithm or Vogel’s approxi-
mation method [1, 15, 16] to solve it. Suppose the transportation plan does not execute
once. Since the amount of supply at the ith origin may not be exactly a each time, it
could fluctuate a little. Hence, the decision maker would decide the amount of supply to
lieintheinterval [a; — Ay, & + Ay], 0 < Ay < &, 0 < Ay. Since[a — Agj, & + Ay] isnot a
value, by the fuzzy sense, corresponding to this interval, we set the following level 1
fuzzy number (13). We can fuzzify a; to alevel 1 fuzzy numbers.

&=0@-A;,8,8+A,; D, 0<A;<g,0<A54i=12...,m (13

Similarly, we fuzzify b; to alevel 1 fuzzy numbers,

by =(bj—ay, by, bj+@,; ), 0< @y <b, 0<wy,j=1,2 ...,n (14)

Let T be the time period on which ¢, i =1,2, ..., m, j=1, 2, ..., n, does not change
in the crisp transportation problem (8) - (12). In this period, the transportation plan does

not execute once. In real situations asin (13), (14), the amount of supply in the ith origin
may not be a fixed situations, the amount of supply in the ith origin may not be a fixed
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number &. Then we fuzzify g to §&. Intime period T, the grade of membership of a; is
not in general 1. We may assume the grade of membership of a, falsinto the interval [4,
1], 0< A< 1. In other words, welet & bealevel (4, 1) i — v fuzzy number.

a=[(a -2y, &, a+A4; A), (& Ay, &, g +Ay; 1] (15)

where 0 < Az <A <a, 0<A4<Ay,i=12,...,m
Similarly, we fuzzify b; to the following level (4, 1) fuzzy number,

B, =[(b, ;. by, by +ay,; A), (b —ay, by, by +a,; 1] (16)
where 0 < Wsj < Wy <b,-,0< yj < (z)zj,j =12, ...,n

Let T=[(1, 1,1 ), (1111).
We obtain the fuzzy transportation model.

min. Z=22qjxij (17)

i=1 j=1
n ~.
st. Zm d=a,i=12 .. m (18)
j=1
m ~. ~
inj'l*zbj, i=1,2 ..,n (19)
i=1
X20,i=1,2..,mj=12..,n (20)
m n ~
From (12) we get Zé" szj (21)
i=1 j=1

where = is defined in definition 7.

Property 3 By fuzzy transportation (17) - (21), (15), (16), definitions 6 and 7, we have
transportation problem in the fuzzy sense.

min. Z=22qjxij (22)

i=1 j=1

n
1 .
st. ij =a +E[A4i —Ag +(4-32)(Ay —Ay)], 1=1,2,...,m (23)
j=1

m

1 .
ij =b, +1—6[w4j — @5 +(4=30) (@, ~y)], =12, ...,n (24)

i=1
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X20,i=1,2..,mj=12..,n (25)

For consistency,

m n

D 1Ay —Ag +(4=34) Ay —Ay)] = D [0y — 3 +(4=32) () — ;)] (26)

i=1 j=1
Proof: From (15) and definition 6, do(é,»,fJ) =23; +£[A4i —Ag +(4-31)(A5 —Ay)],

n n n

and do[ X1, o}:zzm. By definition 7, (18), do{zxj T, 6J=do(é,», 0), i
j=1 j=1 j=1

=1, 2,...,m Thisis(23). Similarly, we can obtain (24), (26).

Remark 3: If Ay =Ag,1=1,2,...,m ay=@3,j=1,2,...,nand A= 0, property 6 re-
duces to the case of level 1 fuzzy numbers of (& — Ay, &, & + Ag; 1), (b — oy, by, by, by +

4. EXAMPLE

A company has two factories F1, F, and three retail stores W;, W, and Ws. The pro-
duction quantities per month F; and F, are 10 and 8 tons respectively. The demands per
month for Wy, W, and W; are 5, 6, and 7 tons respectively. The transportation cost per ton
Gj,i=1,2,j=1,2 3arethefollowing. ¢i; = 16, €1, = 15, C13 = 25, Cp; = 19, ¢ = 24 and
Cy3=12. Inour notationa; =10, a,=8,b;=5,b,=6and b; = 7.

We have the crisp transportation problem (8) - (12).

4.1 Crisp Case

min. Z = 16X11 + 15X + 25X13 + 19%o1 + 24%0s + 12X03
St X1 + X2 + X3 =10

Xo1 + Xop + X3 =8

X1+ X1 =5

X2+ X =6

X13+ X3 =7

X 20,i=12j=123.

Using simplex method or north-west corner rule [14] or [15], we obtain the optimal
solution X313 = 4, X12 =6, X13 =0, X1 = 1, Xp» = 0, and X3 = 7. The minimal transportation
costisZy = 257.

4.2 Fuzzy Case

Case 1. Let 4=(10-4,10,10+8), 4,=(8-2,8,8+6), h=(5-2,5"5+6), b, =
(6-2,6,6+10)and b= (7-6,7,7+2).
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From remark 3 we have transportation problem in the fuzzy sense.

min. Z = 16X1; + 1515 + 25X13 + 19%01 + 24X%00 + 12X03
St Xyp + X + X3 =11

Xo1 + Xo2 + X3 =9

X131+ X1 =6

Xi2+ X2 =8

X3+ Xo3= 6

Xj=0,i=1,2,j=123.

We obtain the Optl mal solution X;1 = 3, X12 = 8, X153 = 0, Xp1 = 3, X = 0 and X3 = 6.
The minimal transportation cost is Z; = 297.

Case2. Let 4=(10-0.6,10,10+9), 4,= (8—0.4, 8,8+ 1.4), b= (5-05,5,5 + 4.5),
b,=(6-0.6,6,6+1)and b,=(7-0.4,7,7+5.4).

From remark 3 we have transportation problem in the fuzzy sense.

min. Z = 16Xy1 + 1535 + 25X13 + 19%,1 + 24%0, + 12Xo3
St Xy + X+ X3 =121

Xo1 + Xoo + X3 = 8.25

X1+ X1 =6

X120 + X0 = 6.1

X13 + Xo3 = 8.25

Xj=0,i=1,2j=123.

We obtain the optimal solution X;; = 6, X32 = 6.1, X;3= 0, Xp1 = 0, Xz = 0, X, = 8.25.
The minimal transportation cost is Z, = 286.5.

Case3.Let &’ =(10-4,10,10+8; 1), & = (8-2,8,8+6; 1), b’ =(5-2,5,5+6;
1), BY = (6-2,6,6+10; 1) and by = (7-6,7,7 +2; 1).

Let &4 =(10-1,10,10+1;0.9), 45=(8—-1,8,8+5;0.9), b-=(5-1,5,5+ 2;
0.9), by =(6-1,6,6+7,09 and by = (7—4,7,7+1;09). Weget 4 =[&", &’],i=
1,2 and Bj =[b", 6}’ 1, i =1, 2, 3. Through property 3, we have the following transpor-
tation problem in the fuzzy sense.

From property 3 we have transportation problem in the fuzzy sense.

min. Z = 16xy1 + 15X45 + 25X33 + 19%p + 24X0 + 12X03
S.t. Xqq + Xpo + X33 = 10.325

Xo1 + Xop + Xo3 = 8.575

X11 + X1 = 5.3875
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X1 + X0 = 7.025
X13 + Xo3 = 6.4875
% >0i1=12]=123.

We obtain the optimal solution x;; = 3.3, X;, = 7.025, X3 = 0, X1 = 2.0875, X, = 0,
Xo3 = 6.4875. The minimal transportation cost is Z; = 275.6875.

6. DISCUSSION

6.1 The Comparisons among Crisp and Fuzzy Case

As shown in Table 1, the transportation cost is significant whenever the fluctuation
is large in the fuzzy case and the transportation cost is close to the crisp case whenever
the variation is also small in the fuzzy case. The level (0.9, 1) i — v fuzzy number in case
3iscomposed of level 1 fuzzy number in case 1 and level 0.9 fuzzy number. We see that
O0<ryp<ry.

Table 1. The comparisons among crisp case and properties 3, remark 3.

Transportation Zj—

. 4 j-1
j case cost Z, M, j-1 _—Zj—l x100% Remark
0 crisp case 257 no stetistical datain case 0
the fluctuation is significant for this
1 | fuzzy numbers| 297 f10= 15.56 g
fuzzy case, case 1
ro=0.51 the fluctuation is significant for this
2 | fuzzy numbers| 286.5 fy = 11.48 fuzzy case, case 2
level (0.9, 1) rs=7.27 combined by level 1 fuzzy number
3 i —vfuzzy 275.6875 rs =—7.18 in case 1 and level 0.9 fuzzy num-
numbers rs=6.81 ber, case 3

6.2 Transportation Problem based on Statistical Data and Statistical Confidence
Intervals

In crisp transportation problem (8) - (12), if &,i=1,2, ..., mandb;,j=1,2, ..., n

N N
are unknown, then we can get the point estimates & :%Zaip and EJ :%ijp of
p=1 p=1
g and by, respectively, from the stetistical datain the past. Let their variances be Sza and
S5, respectively. Since the probabilities of the error between 3 and g and the error
between b; and b; are unknown, we use statistical confidence interval instead in statis-
tics. Using the same method in section 3, we set an i — v fuzzy number corresponding to
thisinterval. Forany i € {1, 2, ..., m} andj € {1, 2, ..., n}, corresponding to (1 — @) X
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100% and (1 P x 100% confidence intervals of a and by, we set level 1 — o fuzzy
numbers &, bU and level 1 — S fuzzy numbers a1 bL Then we obtain the following
level (1- 3, 1- 0) i —vfuzzy numbers & =[&", &’ ] and b; =[bf, b1, (27)
where

& =@-2(8).3.3+Z(5):1-P). & =@-Z(%). 5, 3 +Z(x); 1-0)

b =(b,-Z;(8), by, b +Z;(B,): 1-B). b =(b,-Z; (). by, by +Z;(a); 1-0)
0<a<f<1,0<ok<fi<1,k=1,234 o+ m=0,05+u=a B+ =0 f+p
= B tya(ry) is the rg point of the t- distribution with degree N — 1, i.e., Z(ry) =
ty 1(rk)j% k=1,2and Z;(r) =ty 1(rk)\/, k=3, 4, rc=oxor S

Through (27) and the property 3 in section 3, by the similar treatment, we get the
transportation problem in the fuzzy sense.

6.3 The Determination of o4, A, k=1,2,3,4

(1) Thedeterminationof ¢,j=1,2,0< o<1,0< k<1, k=12 s+ o = .
Consider & = (8 -Z (), &, & + Z;(«,); 1-a), where Z;(¢) =tN_1(ak)%, k
=1, 2 The decision maker can determine ¢z and o, as follows. Let & =d(§,, 6) =

a+— (Z (%) -Zi (). & isthe estimate of a in the fuzzy sense. We divide the

statistical data &, into two sets. Let & =NZa,p, A={P|g <q,} andB={P|ap

p=1
<3g}. Suppose the numbers of the element in A and B are n; and n, respectively.
1
Then S{=—1"(a,-3)> ad S Z(ap a)’.
™ =A

(1-1) If S2 < S3, thestatistical datais skew to the right.
The decision maker can choose O < o< <land o+ o = o, 0< ¢ < 1. Then
tno1(en) < tya(ew). It followsthat & <a'. Since the statistical datais skew to the
right, it will be better to choose &, the estimate of &, to be greater than 3.

(1-2) If Si<S3, thestatistical datais skew to the left.
The decision maker can choose 0 < o < < land o+ o = o, 0 < ¢ < 1. Then
tno1(en) < tya(en). It followsthat & <3 . Since the statistical datais skew to the
|eft, it will be better to choose &', the estimate of a;, to belessthan 3.

(1-3) If Sz =S3, the decision maker can choose o, =, =%. Then & =a".

(2) Consider b —(b ~Z (o), b -+Zi(054); 1-a), 0< <1, k=34, s+ au = .

l J 1
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Let by =d(b;, 0)=b, +%(zj (a4) - Z;(@3)), Where o and o can be decided by the

decision maker as described in (1).
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