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Multicast routing allows network sources to use network resources efficiently by 

sending only a single copy of data to all group members. In the group multicast routing 
problem (GMRP), every member of a group is also a source node. The routing algorithm 
must construct a source-based routing tree for each member of the group which spans all 
other member nodes without exceeding the capacities of the traversed links. Previous 
work adopted the direct, intuitive approach by first creating an independent source- 
based multicast tree for each member node, and then iteratively locating network links 
whose capacity constraints are violated and eliminating the violation by rerouting the 
trees. In this paper, we propose a more systematic approach to solve the static GMRP 
based on the idea of critical pairs. For the dynamic GMRP, we propose the DGMCP al-
gorithm. Through extensive experiments, our proposals are shown to outperform previ-
ous algorithms in constructing group multicast trees with low costs and high success ra-
tios. 
 
Keywords: group multicast routing, Steiner tree, dynamic group multicast routing, QoS 
routing, constrained Steiner tree 
 
 

1. INTRODUCTION 
 

Multicasting is an important network mechanism for achieving efficient network 
resource utilization by sending only one copy of data from a source to multiple recipients. 
Multicast routing algorithms build multicasting trees with the source node as the root, 
and terminal nodes as leaves so that data may be transmitted to the terminals in an effi-
cient manner. However, finding low cost multicast trees is a difficult problem. The prob-
lem of finding the least cost multicast tree in an undirected graph is called the Steiner 
tree problem (STP), while the problem of finding the least cost tree in a directed graph is 
referred to as the directed Steiner tree problem (DSTP). The Steiner tree problem has 
been known to be NP-complete [1] even when the graph is induced by points in the plane, 
and is MAX SNP-hard [2] for general graphs.  

With the emergence of real-time applications, such as videoconferences and on-line 
games, and peer-to-peer (P2P) applications, such as Napster [3], Mirror Image [4], and 
other content distribution networks [5], a group of entities may exchange data among 
themselves. A network layer may provide support for these applications by creating a set 
of multicast routing trees simultaneously. The problem of finding a set of multicast trees 
where every member in a group is a terminal as well as a source node is called the group 
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multicast routing problem (GMRP). The routing algorithm must construct a multicast 
tree for each member node with each tree rooted at the member and spanning all other 
member nodes simultaneously. This paper improves upon previous proposals and at-
tempts to shed some light on the GMRP. 

In this paper, the network is represented by a directed graph G = (V, E, b, c), where 
V denotes the set of nodes, E denotes the set of edges, c is a cost function on the edges: E 
→ R+, and b is a capacity function: E → R+. That is, b(e) denotes the capacity of the 
bandwidth on the edge e ∈ E, and c(e) denotes the cost for one unit flow over the edge. 
An instance of the GMRP is defined by a multicast group, denoted by a set of nodes X = 
{v1, v2, …, vk}, X ⊆ V, and for each member node vi ∈ X, the amount of bandwidth Bi 
required by this node, which is used by vi to send data to all other member nodes. Fol-
lowing convention, we denote the number of elements in the set X using the notation |X|. 
The problem of group multicast routing is to find a set {T1, T2, …, Tk} of multicast trees. 
For each tree Ti = (Vi, Ei), where Vi ⊆ V denotes the set of nodes and Ei ⊆ E denotes the 
set of links in the tree, Ti is rooted at node vi ∈ X, spans all the other member nodes in X, 
and satisfies the bandwidth constraint. More formally, GMRP is formulated as 
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Constraint (1.1) ensures that the total bandwidth used on each link does not exceed its 
capacity, and constraint (1.2) ensures that there exists a simple path p(vi, vj) from the 
source node vi to each member node vj ∈ X − {vi} in tree Ti. Variable Yi,e defined in (1.3) 
is a binary indicator variable, which denotes whether the link e is included in Ti. Since 
the problem includes the DSTP as a special case, efficient solutions must be heuristic in 
nature. In this paper, we propose two effective algorithms to solve the static version of 
the problem as stated in Eq. (1), and another algorithm for its dynamic extension. 

The rest of the paper is organized as follows. In section 2, related works are briefly 
discussed. Our proposed algorithms are presented in section 3. Results from an extensive 
set of experiments to compare our proposals with others are discussed in section 4. Fi-
nally, section 5 concludes the paper. 
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2. RELATED WORKS 

Strategies for solving the GMRP have decomposed the problem into two sub-prob-
lems. The first deals with constructing a single source multicast tree satisfying various 
QoS constraints, while the second deals with constructing a set of multicast trees by re-
peatedly invoking the single source algorithm so that a set of feasible trees with mini-
mized costs is found for all group members. In general, the focus of the second sub- 
problem lies in resolving conflict between multiple trees competing for bandwidth on 
shared links. Solutions for the dynamic GMRP require a third component which deals 
with joining and leaving events in a dynamic environment. 

2.1 Single Source Multicast Routing 

The theoretical basis for the single source multicast routing is the Steiner tree prob-
lem. The formal definitions of undirected and directed versions of the Steiner tree prob-
lem are as follows: 

Undirected version (STP)   
Given a graph G = (V, E) with a cost function c on the edges, and a subset of vertices 

X ⊆ V (called terminal nodes or group members), the goal is to find a minimum cost tree 
that includes all the terminals in X. The tree may include nodes not in X.  

Directed version (DSTP)   
Given a directed graph G = (V, E), a specified root vr ∈ V, and a cost function c on 

the edges, and a subset of vertices X ⊆ V, the goal is to find a minimum cost directed tree 
rooted at vr and spanning all the vertices in X. The tree may include vertices not in X, 
which are called Steiner points. 

The Steiner tree problem has been known to be NP-complete [1] even when the 
graph is induced by points in the plane, and is MAX SNP-hard [2] for general graphs, 
which means that unless P = NP, there cannot exist a polynomial time approximation 
scheme for this problem. We briefly outline the related works for the undirected, directed, 
and constrained Steiner tree problems below. 

2.1.1 Undirected Steiner tree problem 

The undirected Steiner tree problem has been very well studied [6-11]. Most pro-
posals are heuristic in nature and approach the Steiner tree problem by approximating a 
Steiner minimum tree with a minimum spanning tree (MST) of the terminal set. The 
MST heuristic has an approximation ratio of 2, where the approximation ratio of an algo-
rithm is an upper bound on the ratio between the achieved cost and the optimal cost. In 
general, the performances of most of the heuristic algorithms in the literature are rea-
sonably good, but they lack sound worst-case approximation guarantees. We briefly de-
scribe the KMB and TM algorithms next. 

In KMB [6], a complete subgraph of the network, called a closure graph, is first 
computed with the multicasting group members as nodes, and with edges between each 
pair of the nodes labeled by the shortest path cost calculated from the original graph. The 
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algorithm then uses Prim’s algorithm [12] to build a minimum spanning tree out of the 
closure graph. Finally, to obtain the final multicast tree the algorithm replaces the edges 
of the spanning tree with the corresponding shortest paths from the original network. 
Another well-known Steiner tree heuristic is the TM algorithm [7]. The TM algorithm 
first computes the shortest paths from all nodes (including member and non-member 
nodes) to all the multicast group member nodes in the graph. Multicast tree construction 
is performed next. The multicast tree is initialized to contain the root node, which is any 
one of the terminal nodes in an undirected graph. The algorithm then iteratively connects 
the yet unconnected terminal node, which is nearest to any node on the partially con-
structed tree, to the tree via the shortest path computed previously. This process is re-
peated until all terminal nodes are included in the tree. The tree cost performance of TM 
is better than that of KMB because the TM algorithm not only finds the shortest paths 
between each pair of member nodes but also computes the shortest path from 
non-member nodes (i.e., relay nodes) to member nodes in the graph. Takahashi and Ma-
tsuyama [7] showed that the approximation ratio of the TM algorithm is at most 2.  

More recent approximation algorithms achieve better approximation ratios at the 
cost of algorithmic complexity [8-10]. For example, the algorithm proposed by Karpinski 
and Zelikovsky [8] achieved an approximation ratio of 1.644 using a novel technique of 
choosing Steiner points depending on the possible deviation from the optimal solutions. 
However, due to its algorithmic complexity, it is difficult to incorporate into our overall 
algorithm for the GMRP. Therefore, we opt for the much simpler TM algorithm as the 
single source routing component in our algorithms. 
 
2.1.2 Directed Steiner tree problem 
 

In computer networks, network link bandwidths are asymmetric in practice, and 
cannot be modeled by undirected graphs. Therefore, the directed Steiner tree problem is 
of wide interest. It is hard to approximate the Steiner tree problem in a directed graph to 
a factor better than lnk, in which k is the number of terminal nodes, unless NP ⊆ 
DTIME[nO(log log n)] [13]. Charikar et al. [13] also proposed the first approximation algo-
rithm based on solving a more general version of the directed Steiner tree problem 
D-Steiner(k, vr, X), which is defined to construct a tree rooted at vr, spanning any k ter-
minals in X and of minimum possible cost. The proposed approximation algorithm is 
called Ai(k, vr, X), which gives an i(i − 1)k1/i approximation to D-Steiner(k, vr, X). The 
subscript i controls the size of the search space, with larger values of i meaning larger 
spaces are explored. Briefly, the function Ai(k, vr, X) repeatedly finds a node vj ∈ V and 
the path p(vr, vj) from vr to vj with least cost, and a number k′, 1 ≤ k′ ≤ k such that the 
density of the tree T ′  = Ai-1(k′, vj, X) ∪ p(vr, vj) is the least among all trees of this form. 
The algorithm combines the set of trees with minimum densities so that at least k termi-
nals in X are spanned by the root. Note that i = log k, Ai(k, vr, X) is an O(log2 k) approxi-
mation ratio algorithm that runs in quasi-polynomial time for the directed Steiner tree 
problem. 

Based on Zelikovsky’s and Charikar’s works, Roos [14] proposed a simple 
k -approximation algorithm that is particularly attractive due to its algorithmic sim-

plicity. According to Charikar et al. [13], a simple k -approximation solution can be 
obtained by choosing a star point, a best intermediate node vbest among all points in V, 
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from which a natural multicast tree can be derived. That is, the directed Steiner tree is 
formed by connecting the root to vbest via the shortest path, and connecting vbest to all ter-
minals via their respective shortest paths from vbest. Roos’ proposal improves on this sim-
ple k -approximation algorithm and thus is guaranteed to be within a factor k  of the 
optimal. We note that even though TM is designed to solve the undirected STP, it is ob-
vious the algorithm can be naturally applied in the DSTP as well. It is of interest to know 
the relative performance between TM and Roos’ algorithm, which we also investigate in 
the context of DSTP and GMRP. 

Various heuristic algorithms without guaranteed theoretical cost performance analy-
sis have also been proposed to solve the DSTP. For example, Shaikh and Shin [15] noted 
that Dijkstra’s algorithm [16] also builds a multicast tree from the source to all other 
nodes in the network, and proposed the DDMC algorithm [15] based on the Dijkstra’s 
algorithm. DDMC is a straightforward Dijkstra’s algorithm with a modified cost c[j] 
function, which is associated with a node used in the relaxation process. In DDMC, the 
cost c[j] of connecting a new node vj ∉ T onto the partially constructed tree via link e = 
(vi, vj), vi ∈ T, is defined as  

c[j] = I(vi)c[i] + c(e).                                                (2) 

The indicator function I(vi) is 0 if vi is a terminal node, and is 1 otherwise. The motiva-
tion behind the cost function is the observation that multicast tree cost is different from 
the shortest path cost from the source node. When vi is a terminal node, since the cost of 
the path to node vi in the multicast tree is already included in the final multicast tree, the 
cost to node vi does not need to doubly include the cost to node vi. This cost function 
definition makes nodes which are close to terminal nodes targets to be preferentially 
connected onto the tree. The result is an efficient shortest path-based algorithm that can 
create multicast trees with tree costs competitive with other, more elaborate algorithms. 
 
2.1.3 Constrained Steiner tree problem 
 

The constrained Steiner tree (CST) problem seeks to find the least-cost multicast 
tree that satisfies a single or multiple constraints such as end-to-end delay, delay jitter, 
required bandwidth and packet loss rate. These constraints can be classified as additive 
or non-additive. For additive constraints such as delay, delay jitter and packet loss rate, 
the cumulative constraint weight value of an end-to-end path is given, exactly or ap-
proximately, by the sum of the individual link weight values along the path. In contrast, 
for non-additive constraint such as bandwidth, the cost of a path is determined by the 
value of the weight at the bottleneck link in the path. Theoretically, the single source 
constrained Steiner tree problem under bandwidth constraint alone is simpler to solve 
because a filtering step reduces the problem to a non-constrained case. Therefore, many 
heuristics have focused on the additive QoS constrained Steiner tree problem, including 
BSMA [17], CBF [18], KPP [19], CKMB [20], and QDMR [21]. Both the KPP and the 
CKMB algorithms are based on KMB [6] with an extension for the end-to-end delay 
constraint. CBF [18] is based on the Bellman-Ford algorithm, and has a time complexity 
that is exponential in the size of the network. Another more efficient class of heuristics 
for the CST problem is based on Dijkstra’s shortest-path algorithm, including QDMR 
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[21], which is, in turn, based on DDMC [15]. Even though DDMC is an efficient algo-
rithm to create low-cost multicast trees for the unconstrained multicast problem, it may 
generate trees in which some terminal nodes are connected to the source node via ex-
ceedingly long paths. In a delay-constrained environment, the long paths often violate the 
stated QoS constraints. QDMR replaces the indicator function I(vi) in Eq. (2) by the ratio 
of the cumulative delay from the source to node vi to the delay bound. In this manner, 
node vj would be preferentially considered if node vi is a terminal node, and the cumula-
tive delay to it is small. QDMR is orders of magnitude faster than the KMB class of al-
gorithms such as KPP, yet constructs trees with comparable, and sometimes slightly bet-
ter multicast tree cost. 
 
2.2 Static Group Multicast Routing 
 

Variations of the GMRP have been investigated in the literature, including GMRP 
under bandwidth constraints [22-24], GMRP under delay constraints [25, 26], GMRP 
protocols [27], and the dynamic GMRP [28]. GMRP under QoS constraints has drawn 
attention with the increasing development of real-time multimedia applications, such as 
videoconference and on-line games. In this paper, we focus on the bandwidth constrained 
GMRP, which is useful for video-conferencing types of applications.  

Even though bandwidth is a non-additive constraint, and it is easy to reduce the 
problem to a non-constrained case by a simple filtering step in the single source Steiner 
tree problem, it is hard to find a solution for GMRP under bandwidth constraint because 
of the conflict between the trees that compete for the bandwidth on shared links. Various 
proposals have been made such as Jia and Wang [24], and GTM [22]. Both algorithms 
are similar in design, with the former using KMB, and the latter using TM as the single 
source multicast routing algorithm. These algorithms construct the set of multicast trees 
by sequentially invoking a single source multicast tree algorithm over the member nodes. 
If any links in the network become saturated, i.e., overloaded, in the process, it implies 
that some multicast trees constructed previously which use these links have to release 
them and take alternative paths. The algorithms differ in the strategies used to select 
which previous trees to modify. Later, Low and Wang proposed the FTM algorithm that 
incorporates a preprocessing stage before actual tree construction in [23]. FTM first uses 
the breadth first search (BFS) procedure to find paths with maximum bandwidth capacity 
from each node to all other member nodes. After the BFS procedure, FTM uses the 
maximum bandwidth of the paths as the path cost for the TM algorithm to build a multi-
cast tree. FTM achieves excellent success ratios for solving the GMRP. In comparison, 
since tree cost is not taken into consideration in the algorithm, the constructed trees usu-
ally have high costs. On the other hand, GTM [22], with its greedy link cost sensitive 
strategy to tree construction, achieves much lower success ratio than that of FTM, yet 
can construct trees with lower costs. 

The delay constrained group multicast routing problem (DCGMRP), also under 
bandwidth limitation, has received the most attention in all additive QoS constrained 
GMRP. Recently, Song and Low proposed the heuristic algorithm DCGMRP_IA [25, 26] 
for solving DCGMRP. DCGMRP_IA is comprised of two stages. In the first stage, the 
algorithm constructs a set of shortest delay multicast trees for each member in the group 
using Dijkstra’s algorithm [29] as the single source multicast tree construction algorithm, 
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and the link delay as the cost of the links. Since the initial solution may violate the band-
width constraint, in the second stage, the algorithm modifies the initial solution in an 
iterative manner in an attempt to transform those multicast trees that violate the band-
width constraint into ones that do not. In each iteration, the algorithm locates the busiest 
link, e, among all saturated links, those whose capacities are exceeded by their usage. 
The algorithm then determines the set of multicast trees that contain e as one of its 
branches. It then attempts to transform one tree T at a time into one that does not use e as 
one of its branches by re-routing T. Since re-routing previous multicast trees may create 
other saturated links, the general approach of DCGMRP_IA is similar to GTM [22] in 
nature, and is not guaranteed to converge in all cases. 

2.3 Dynamic Group Multicast Routing 

In dynamic group multicast applications, nodes may join or leave a multicast group 
during the lifetime of the multicast session. A node currently in the multicast group may 
leave the group by issuing a leave request, and a node may join an ongoing session by 
issuing a join request. To support such a service, the routing protocol must dynamically 
update the multicast trees in response to changes in the group membership and ensure 
that the bandwidth constraint remains satisfied and the total cost of the set of trees is 
minimized. A typical example of applications requiring this type of service is remote 
teleconferencing, in which every participant is able to concurrently send and receive 
video information from all group participants. Since the number and identity of transmit-
ting nodes in such an application changes over time, the ability to support dynamic group 
memberships is an important feature in the design of group multicast algorithms. 

We first describe some previous work on single source dynamic multicast routing, 
including Waxman’s greedy algorithms [30], ARIES [31], and VTDM [32]. Early re-
search on single-source dynamic multicast routing started with the seminal work of 
Waxman [30]. He divided the DSTP into rearrangement (DSTP-R) and non-rearrange-
ment (DSTP-N) types. For DSTP-N non-rearrangement dynamic multicast routing, 
Waxman investigated various greedy, polynomial time heuristic algorithms, generically 
named GRD. These algorithms solve the dynamic Steiner tree problem by attaching new 
member nodes via shortest path to a nearest node on the current multicast tree. Later, 
Waxman proposed the weighted version of the generic greedy algorithm, WGA [30], 
which uses Eq. (3) to decide which on-tree node vj should be selected as the attachment 
node for a new request originating at vi. The equation is defined as 

W(vi, vj) = (1 −ω) ⋅ l(vi, vj) + ω ⋅ l(vr, vi),                                 (3) 

where the parameter ω ∈ [0, 0.5], vr is the root node, and l(vi, vj) denotes the distance 
between the new member node vi and a potential attachment node vj. The algorithm 
chooses the node that minimizes the value of the equation as the attachment point. When 
ω = 0, the nearest on-tree node will be selected, and the algorithm becomes GRD. The 
algorithm reduces to SPT when ω = 0.5. 

In DSTP-R, of which ARIES is an example, a number of re-arrangements of the 
multicast tree are allowed when each request is processed. ARIES, a re-arrangeable in-
expensive edge-based Steiner algorithm proposed by Fred Bauer [31], makes the mini-
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mum necessary modifications for each join and leave request. For each join request, 
ARIES joins the new member to the existing tree via the shortest path. For each leave 
request, ARIES deletes the node only if it is a leaf. The algorithm monitors the accumu-
lated damage to the multicast tree within local regions of the tree as nodes are added and 
deleted, and triggers a rearrangement when the number of changes within a subtree ex-
ceeds a threshold. 

Lin and Lai proposed the single source dynamic multicast routing algorithm VTDM 
[32]. The concept of Virtual Trunk (VT) is introduced in their paper. The main idea of 
the algorithm is that if we use a good static multicast routing algorithm to compute anew 
the multicast tree for each request in a dynamic multicast routing situation, some nodes 
and links may repeatedly appear in the series of multicast trees computed by the static 
multicast routing algorithm. If a dynamic multicast routing algorithm can take note of 
these nodes and links and use them whenever possible when constructing multicast trees 
dynamically, hopefully the costs of these dynamic multicast trees will be close to the 
costs of multicast trees constructed by a good static multicast routing algorithm. 

For dynamic GMRP (DGMRP) there has been much less work. Recently, Low, 
Wang and Ng [28] proposed three heuristic algorithms, DGGMA, DGGMB, and MBBPS, 
to generate low-cost multicast trees for DGMRP. The DGGMA and DGGMB algorithms 
(Dynamic Greedy Group Multicast Algorithm) use adaptations of the TM algorithm to 
construct a multicast tree for the newly joined node, and an adaptation of Waxman’s 
greedy strategy to connect the new node to existing trees. Both algorithms make use of 
the concept of cheapest constrained path. A path p(vi, vj) between nodes vi and vj is said 
to be the cheapest constrained path if it is feasible and has the least cost derived from the 
links between nodes vi and vj. Two definitions of derived link costs are considered for 
each link. In DGGMA, the derived cost of each edge is the same as the link cost of the 
edge, while DGGMB defines the derived cost of a link to be equal to the link’s cost di-
vided by residual bandwidth of the link. However, since DGGMA and DGGMB cannot 
achieve high success rates, the authors also proposed a new algorithm MBBPS (maxi-
mum bottleneck bandwidth path selection algorithm) in the same paper. MBBPS 
searches along maximum bottleneck bandwidth paths instead of paths with low costs, 
thus increasing the success rate. MBBPS is based on an adaptation of the KMB [6] heu-
ristic. The first step of MBBPS is similar to KMB and constructs a closure graph, which 
is a complete graph consisting of nodes in the terminal set only, and the cost of each edge 
in the closure graph being the cost of the cheapest constrained path between each pair of 
nodes. The bandwidth of each edge in the closure graph is equal to the bottleneck band-
width of the corresponding cheapest constrained path. The second step of MBBPS for 
constructing a spanning tree out of the closure graph differs from that of KMB. Starting 
with a partial tree consisting of only the root node, in each iteration an edge with the 
most bandwidth between a member node in the partial tree and a node not in the partial 
tree is selected for inclusion into the partial tree. Once the tree is constructed, all edges in 
the tree are expanded into the constrained cheapest paths in the original network. The 
results from their empirical study show that MBBPS performs better in terms of cost and 
utilization of bandwidth compared to the other two algorithms, DGGMA and DGGMB, 
particularly when bandwidth is scarce in the network. We note that these results are 
counter- intuitive in the face of previous research [20] comparing TM with KMB. The 
studies [20] have shown that the TM heuristic [7] produces better overall cost perform-
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ance than the KMB heuristic [6] for constructing single source multicast trees. In the 
following, we propose designs based on TM and Roos’ algorithms, and show that our 
designs result in much better performance in terms of tree cost and success rate than 
MBBPS. 

3. PROPOSED ALGORITHMS 

In general, the heart of any solutions to the GMRP involves a strategy to construct a 
set of multicast trees based on a single-source multicast routing algorithm and another 
strategy to resolve the conflict between the trees that compete for the bandwidth on 
shared links. Note that the two issues are inter-related. Multicast tree construction may 
route different member nodes through shared links, thus creating competitive situations, 
and competition resolution involves tree re-routing. Previous work [22] adopted the di-
rect, intuitive resolution approach by iteratively locating each saturated link, and finding 
alternative routes for trees that traverse the shared link, while our approach is more sys-
tematic. For static GMRP, our approach is based on the notion of critical pairs, and we 
propose a general GMCP framework with two instantiated algorithms, GMCP-TM and 
GMCP-ROOS (Group Multicasting via Critical Pairs using TM algorithm [7] and Roos’ 
algorithm [14]). For dynamic GMRP, we propose the DGMCP (a dynamic version of 
GMCP-TM) algorithm.  

We first describe our algorithms for solving the static GMRP. Our approach is 
based on inferring the reason why some links exceeds their link capacities, and then re-
moves the cause from competition for shared links. Our observation is that there are 
critical members vi whose locations in the network dictate a certain set of links be taken 
to reach some of the terminal nodes Xi′ ⊆ X. If the bandwidths of these links are used up 
by others trees, no alternative paths exist to satisfy their requirements. We call the rela-
tionship between the member and these particular terminal nodes critical, and the tuple 
(vi, Xi′) a critical pair. The strategy in both GMCP-TM and GMCP-ROOS is to route 
the critical pairs before others so that they have a priority in using the bandwidth on the 
shared links. The problem now reduces to finding those critical pairs that must be routed 
before others. We discuss our strategy in later sections. Experiments show that our pro-
posal is more effective on success ratio than GTM [22], and the total tree cost of our al-
gorithm is much lower than that of FTM [23].  

For DGMRP, the dynamic group multicast routing problem, the goal is to construct 
a feasible set of trees while member nodes dynamically join and leave the multicast 
group by making incremental and localized changes to the existing set of multicast trees. 
Of the two types of requests, leaving requests can always be satisfied successfully since 
they involve release of network resources, while processing of join requests may fail due 
to insufficient network resource availability or algorithm failure to find existing re-
sources. For join requests, our proposed algorithm DGMCP makes use of the TM algo-
rithm as the component for creating a multicast tree for the newly joined member. How-
ever, since the TM algorithm is not a dynamic routing algorithm, Waxman’s greedy algo-
rithm is suitably modified as the mechanism for attaching a new member to existing multi-
cast trees. It will be demonstrated later that our combination of the TM algorithm and 
Waxman strategies results in an effective strategy for dynamic group multicast routing.  
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3.1 The GMCP-TM and GMCP-ROOS Algorithms for GMRP 
 

The central idea of the GMCP framework (with GMCP-TM and GMCP-ROOS as 
instances) is to sense conflicting demands and deal with them intelligently. We propose 
one approach to determine critical competition among demands in GMCP. Other strate-
gies to sense conflicts are possible and will be investigated in the future, but our overall 
algorithm design should remain valid. As mentioned previously, our strategy is to find 
critical pairs, and construct multicast trees for those critical pairs before others. The 
GMCP algorithm is comprised of three phases, as shown in the pseudo-code in Fig. 1. 

 
/* construct a set of multicast trees {Ti | vi ∈ X} rooted at each member node */ 
GMCP (G, X) {  // GMCP-TM and GMCP-ROOS 

// Phase 1: create the initial trees 
b′(e) = b(e), ∀e ∈ E;  
for each vi ∈ X {  

Ti = TM (vi, X , G ),  // Ti = (Vi, Ei), Ti = ROOS (vi, X, G) for GMCP-ROOS 
b′(e) = b′(e) − Bi, ∀e ∈ Ei; } 

// Phase 2: reserve the bandwidth 
Xi′ = {vj | vj ∈ X, vj ∉ Vi}, ∀vj ∈ X; 
C = {vi | Xi′ ≠ φ}; 
if (C ≠ φ) { 

b′(e) = b(e), ∀e ∈ E;  // restore original bandwidth  
for each vi ∈ C {  

Ti′ = (Vi′, Ei′) = Dijkstra (vi, Xi′, G, fbw( ), ci[], Bi);  // Ti′ = (Vi′, Ei′) 
b′(e) = b′(e) − Bi, ∀e ∈ Ei′; } 

// Phase 3: construct the final trees  
for each vi ∈ X { 

if (Xi′ ≠ φ) { 
b′(e) = b′(e) + Bi, ∀e ∈ Ei′; }  // restore the reserved bandwidth 

Ti = TM (vi, X, G);  // Ti = ROOS (vi, X, G) for GMCP-ROOS 
b′(e) = b′(e) − Bi, ∀e ∈ Ei; } 

}  // end of the block to if (C ≠ φ) 
if (∃Ti ∧ X ⊄ Vi) return failure;  
else return Ti, ∀vj ∈ X;  

} 

Fig. 1. Pseudo code of GMCP-TM and GMCP-ROOS algorithms. 

 
We first give a high-level outline of the structure of the algorithm. The goal of the 

first phase is to find the set of critical pairs. To achieve the goal, a preliminary set of 
multicast trees is constructed by repeatedly invoking a single source multicast routing 
algorithm, such as TM or Roos’ algorithm, and reserve the required bandwidth for each 
member node vi. For each tree Ti = (Vi, Ei) constructed for a root node vi, let Xi′ = {vj | vj 
∈ X, vj ∉ Vi} be the member nodes not covered by the tree, and let C = {vi | Xi′ ≠ φ, vi ∈ X} 
be the collection of all such root nodes. Then each vi ∈ C and its associated Xi′ form a 
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critical pair (vi, Xi′). To connect these uncovered members to the trees, the previous strat-
egy was to locate the saturated links that are required by other members competing for 
the same links, and resolve the competition by forcing some of the trees to release band-
width on the shared links by finding alternative routes [22]. We consider this strategy too 
ad hoc, since there does not seem to be a natural order of the choice for the next saturated 
links for which to resolve the conflict. Furthermore, due to the inherent interactions be-
tween routing and conflict resolution, later actions may invalidate previous efforts, mak-
ing the whole approach unmanageable. Our approach is to reserve the bandwidth for the 
critical pairs first, forcing less critical members to take other routes. This approach, 
though simple, yields substantially better results. 

In the second phase of GMCP, starting from the original network, the bandwidth 
for each critical pair (vi, Xi′) is proactively reserved before final tree construction in the 
third phase. The existence of critical pairs in the multicast group means special attention 
must be paid to them. The goal of this phase is to reserve bandwidth for the critical pairs 
along links with maximum available bandwidth, so that the non-critical nodes will have 
residual bandwidth on all links no matter whether they are traveled by the critical pairs or 
not. This phase makes use of the Dijkstra algorithm directly as the single source multi-
cast routing algorithm to construct multicast subtrees for the critical pairs, but employs a 
cost function that prefers links with more bandwidth to maximize feasibility. The short-
est-path tree Dijkstra’s algorithm is chosen as our tree construction algorithm instead of 
TM for two reasons. First, since the goal of this phase is to find a feasible tree along 
maximum bandwidth links for bandwidth reservation, and not cost-optimal trees for the 
critical pairs, a bandwidth sensitive version of Dijkstra’s algorithm is more suitable for 
our purposes. Secondly, had TM been applied instead, it would find essentially the same 
set of trees as those in the first phase, when it was first invoked, and therefore it would 
fail to construct trees for the critical pairs again, just as in the first phase of GMCP. 
Therefore, TM is not applied for this purpose. 

In the third phase of GMCP, the single source routing algorithm is invoked again to 
actually construct final multicast trees for all member nodes vi, each time using the com-
plete member node set X as the terminal nodes. The key idea for this phase of our algo-
rithm is that, for a node vi, if a critical pair (vi, Xi′) has been found before, we first restore 
the bandwidth reserved for the critical pair on links in Ti′, which was constructed in the 
second phase, before invoking the single source TM or Roos’ algorithm. Through this 
operation, the invocation is guaranteed to be able to find a feasible multicast sub-tree for 
the critical pair, yet it has the freedom to use other links if alternative paths are preferable. 
At the end of the third phase, if there is any tree that does not cover all members in the 
multicast group, the complete algorithm fails. 

We note that different multicast tree construction sequences may produce different 
critical pairs. We implemented a set of simulations to investigate the performance dif-
ference resulting from different tree construction sequences. Details of the simulations 
and their results are summarized in [33]. To summarize, though the critical pairs discov-
ered may be different when the multicast trees are constructed in a different sequence, 
that does not significantly affect the performance of GMCP for the following reasons. 
First, consider the probability of success of the algorithm. We note that when the capac-
ity of the network is sufficient to admit any feasible solution, since GMCP usually has a 
high probability of success, as will be validated in later experiments, GMCP will achieve 



KUN-CHENG TSAI AND CHYOUHWA CHEN 

 

506 

 

similar probability of success even if the sequence of tree construction is different. With 
respect to the tree cost performance, there might be slight variations when different se-
quences are presented to the GMCP algorithm. However, when the number of experi-
ments performed is large, the average tree cost should be comparable across different 
tree construction sequences. In later experiments, we show our tree cost results together 
with the confidence intervals to illustrate the tree cost performance variation behavior. 
Furthermore, in [33], we perform extensive experiments to show that different sequences 
do not have a dramatic impact on the tree cost performance of the algorithms. 
 
3.1.1 The GMCP-TM algorithm 
 

We now describe in more detail the pseudo-code of the three phases of GMCP-TM, 
which is shown in Fig. 1. Variable b′(e) stores the residual capacity of each link e ∈ E. 
The first phase simply invokes TM repeatedly to construct a multicast tree Ti = (Vi, Ei) 
for each member node vi ∈ X, and reserves the bandwidth for the returned tree after each 
invocation. The pseudo-code for TM is shown in Fig. 2. TM first computes the shortest 
path from each node vi ∈ V in the network to all nodes in the multicast group using the 
Dijkstra algorithm. Variable ci[] is an output variable for the path cost from node vi to all 
other nodes after each invocation of Dijkstra. The second step of TM does the actual 
construction of the multicast tree, and begins by initializing the tree to contain the source 
node only, i.e. V ′  = {vr}; the other members are in X. It then iteratively selects the path 
p(vi, vj) (where vi ∈ V ′  and, vj ∈ X − V ′) that has the least cost among all paths. That is, it 
selects the unconnected group member vj ∈ X which is nearest to any node on the par-
tially constructed tree in V ′ , and includes it in the tree. With single source shortest path 
information stored in ci[] for each node vi, this step can be easily computed. The path 
selection process is repeated until all group member nodes are included in the tree. The 
pseudo-code for Dijkstra is shown in Fig. 3. Note that one important parameter for 
Dijkstra is the evaluation function used during the search. Shown in the figure are three 
functions, fcost( ), fbw( ), and fcost_bw( ), used in various phases of GMCP-TM. The cost 
evaluation function fcost( ) is used in the first phase of the TM algorithm to compute the 
cheapest paths p under the bandwidth constraint for all pairs of nodes vi ∈ V ′  and vj ∈ X 
− V ′ , where T ′  = (V ′ , E′)is the partially constructed tree. The function, fcost( ) utilizes Eq. 
(4) to calculate the estimated cost c[j] for reaching node vj from the root node via node vi 
as follows. 

[ ] ( ), if  [ ] ( ) [ ]
[ ] = ,

[ ], otherwise

c i c e c i c e c j
c j

c j

+ + <



                                (4) 

where e = (vi, vj), and e(e) denotes the cost of link e ∈ E. The rationale for the choice is 
that, when network resources are abundant, the cost function in Eq. (4) enables the crea-
tion of multicast trees with good tree cost performance. In this case, the second and third 
phases of GMCP-TM are not relevant and will not be executed. On the other hand, when 
resources are scarce, since our purpose is to locate the critical pairs in this phase, this 
cost is sufficient for the purpose, relegating the task of improving the chances of success 
to the second phase of GMCP-TM. The first and second phases of GMCP-TM working  
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/* construct a multicast tree rooted at vr and reach out to all other members in X */ 
TM (vr, X, G) {  

Dijkstra (vi, X, G, fcost( ), ci[], Bi), ∀vi ∈ V;  // Br is the required bandwidth 
// construct multicast tree T ′   

V ′  = {vr}; E′ = φ ;  
while (V ′  − X ≠ φ ∧ ∃path from V ′  to X − V ′ ) { 

Find a path p from V ′  to X − V ′, s.t. 
,

arg min [ ];
i j

i
v V v X V

p c j
′ ′∈ ∈ −

=  
V ′  = V ′  ∪ {vi | vi ∈ p}; 
E′ = E′ ∪ {e | e ∈ p};  

}  // end of the while loop 
return T ′  = (V ′ , E′); 

} 

Fig. 2. Pseudo code of TM algorithm. 

 
/* construct a tree rooted at rv and reach out to all or some of nodes in X ′  */ 
Dijkstra (vr, X ′ , G ′ , f( ), cr[], B) {  // and Reverse_Dijkstra function 

b′[i] = 0, cr[i] = ∞, ∀vi ∈ V; 
b′[i] = ∞, cr[r] = 0, Q = φ, V ′  = E′ = φ ;  
Q.push(cr[r]); 
while (Q ≠ φ ∨ X ′  ⊄ V ′ ) { 

cr[i] = Q.ExtractMin( );  // extract vi with the connected link e 
V ′  = V ′  ∪ {vi}; E′ = E′ ∪ {e};   
for each link e = (vi, vj) ∨ vj ∉ V ′  {  // e = (vj, vi) for Reverse_Dijkstra 

if (b′(e) ≥ B)  // B is the required bandwidth 
Relax (e = (vi, vj), f( )); }  // e = (vj, vi) for Reverse_Dijkstra 

}  // end of the while loop 
Prune off all leaves not in X ′ . 
return T ′  = (V ′ , E′);  

} 
Relax (e, f( )) {  // where e = (vi, vj), f( ) is fcost( ), fbw( ) or fcost_bw( )  

if (f(e) < cr[j]) { 
cr[j] = f(e);  // Update cr[j] 
if (vi ∈ X ′ )  b′[j] = b′(e); 
else       b′[j] = min(b′[i], b′(e)); 
Q.push(cr[j]);  // push vj with link e = (vi, vj)  

}  // end of the block to if (f(e) < cr[j]) 
} 

fcost(e) {  // for low cost, where e = (vi, vj) 
return cr[i] + c(e); 

} 
fbw(e) {  // for maximum bandwidth, where e = (vi, vj) 

return 1/min(b′[i], b′(e)); 
} 

fcost_bw(e) {  // for low cost with more bandwidth, where e = (vi, vj) 
if (vi ∈ X ′ )  return c(e)/b′(e); 
else  return(cr[i] + c(e))/min(b′[i], b′(e));  

} 

Fig. 3. Pseudo code of Dijkstra algorithm. 
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together strike a nice balance between cost optimization and the probability of success. 
One final note on the Dijkstra algorithm is that the algorithm explores only paths that 
have sufficient bandwidth by checking the condition b′(e) ≥ B in the inner for loop. 
Therefore, it may return a partial shortest-path tree, unlike the original Dijkstra’s algo-
rithm, which always returns a tree that can reach all other nodes in the graph. 

At the end of the first phase of GMCP-TM, the set of constructed multicast tree 
may not span all member nodes in the group due to insufficient bandwidth during tree 
construction. For each node vi, let Xi′ = {vj | vj ∈ X, vj ∉ Vi} be the member nodes not 
covered by tree Ti = (Vi, Ei), and C = {vi | Xi′ ∉ φ, vi ∈ X}. Then each vi ∈ C and its asso-
ciated Xi′ form a critical pair (vi, Xj′). 

In the second phase of GMCP-TM, bandwidth for each critical pair (vi, Xi′) is pro-
actively reserved before final tree construction. To improve the chances of success of 
later tree construction, we would like to make the reservations along links with maxi-
mum available bandwidth. The strategy is to use the Dijkstra algorithm, using fbw( ) as 
its evaluation function to construct the reservation tree Ti′ = (Vi′, Ei′) for each critical pair 
(vi, Xi′). The Dijkstra algorithm is chosen as the tree construction algorithm instead of 
TM because the goal of this phase is to reserve bandwidth along links with maximum 
link bandwidth. Therefore, the bandwidth sensitive version of Dijkstra’s algorithm is 
more suitable for our purpose. It is important to note the cost function fbw( ) in Dijkstra 
utilizes Eq. (5) to calculate the estimated cost c[j] for reaching node vj from root node vr 
via node vi as follows. 

1
, if min( [ ], ( ))

min( [ ], ( ))[ ] .

, otherwise

b i b e
b i b ec j

ε ′ ′ > ′ ′= 
∞

                         (5) 

The definition is concerned with link bandwidth only, and enables the second phase of 
the algorithm to search along paths with more bandwidth, regardless of actual link costs. 
In Eq. (5), e = (vi, vj) ∈ E, b′[i] denotes the bottleneck bandwidth of the path from the 
root node to node vi along the path in the tree, and b′(e) stores the residual available link 
bandwidth on link e. As seen from the equation, the cost is the inverse of the bottleneck 
bandwidth between root and node vj. Therefore, the expression min(b′[i], b′(e)) denotes 
the bottleneck bandwidth of the path from the root node to node vj via node vi. The pa-
rameter ε is a threshold used to control the minimum amount of unused bandwidth on the 
links, which can be used by, for example, other best-effort traffic. To simplify presenta-
tion, ε is chosen to be 0 in later experiments. After the second GMCP-TM phase, band-
width needed by the critical pairs has been proactively reserved in the network; therefore, 
later routing actions must consider other routes when routing for non-critical pairs. 

In the third phase of GMCP-TM, referring to Fig. 1 again, TM is invoked again to 
actually construct final multicast trees for all member nodes, each time using the com-
plete member node set X as destination nodes. The main idea in our algorithm is that, 
before invoking the TM algorithm for node vi, if (vi, Xi′) is critical, we first restore the 
bandwidth reserved for the critical pair on links in Ti′ using the statement b′(e) = b′(e) + 
Bi, ∀e ∈ Ei′. Then, the invocation of the TM algorithm again, with vi as root, is guaran-
teed to succeed in finding, at minimum, a feasible multicast sub-tree for the critical pair. 
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It may utilize other links if alternative paths are discovered during the search. At the end 
of the last phase, if any tree not covering all members in the multicast group exists, the 
complete algorithm fails. 

The complexity of the Dijkstra algorithm is O(|N|log|N| + |E|) if the network graph 
uses an adjacency list representation and Fibonacci Heap [34] is used as the priority 
queue implementation, where |N| is the number of nodes in the network, and |E| is the 
number of links. The complexity of TM is O(|N|(|N|log|N| + |E|)) because the dominant 
computation in TM is the |N| times Dijkstra is invoked to construct the shortest path tree 
for each node. The time complexity of the GMCP-TM algorithm is O(|X|(2|N| + 
1)(|N|log|N| + |E|)), since GMCP-TM invokes the TM algorithm |X| times in the first 
phase and last phase respectively, and |X| times Dijkstra in the worst case in the second 
phase. Therefore, the complexity of GMCP-TM is around O(|N|3log|N|) when the multi-
cast group contains all nodes in the graph. 
 
3.1.2 The GMCP-ROOS algorithm 
 

Our critical pair approach allows different algorithms to serve as the single source 
multicast routing component. In this subsection, we illustrate the flexibility of our ap-
proach by replacing the TM algorithm with the algorithm proposed by Roos [14]. Roos’ 
algorithm is selected because of its sound theoretical performance guarantee and im-
proved execution speed compared with Charikar’s proposal. The version of GMCP in 
which Roos’ algorithm serves as the single source routing algorithm is called GMCP- 
ROOS. Roos’ algorithm is based on the following basic scheme for constructing a mul-
ticast tree. The basic scheme computes the best intermediate node vbest, called a star node, 
and builds a multicast tree by first connecting the root to vbest via their shortest path, and 
then connecting vbest to all the other terminals via their respective shortest paths. The best 
star node is determined by systematically evaluating the cost of all the multicast trees, 
each naturally created as in the basic scheme with a node in the network as the candidate 
star node, and finally selecting the one tree with the least cost. According to Charikar 
[13], the result after one application of the basic scheme is already k -optimal. Roos’ 
algorithm improves on this basic scheme by performing further steps to reduce the cost 
of the constructed multicast tree. Roos improves upon the basic scheme by, after each 
round of the basic scheme, incorporating into the final multicast tree the path from the 
root node, via the star node, to the destination vn which is closest to the star node in the 
current tree. Then the algorithm modifies the network graph by creating a virtual link 
from the root node to each node in that path. The cost and bandwidth are set to be zero 
and infinity, respectively. The modifications essentially expand the root node into a set 
that includes the original root node and all nodes on the path, in a spirit very similar to 
what is performed in Eq. (2) used in the DDMC algorithm. The algorithm then repeats 
the basic scheme with the modified graph as input until all terminals are exhausted. The 
performance of Roos’ algorithm is guaranteed to be within a factor k  of the optimal 
because it improves on an k -approximation algorithm. For more details on Roos’ al-
gorithm, please consult [14]. Paragraph the pseudo-code of Roos’ algorithm is shown in 
Fig. 4. The algorithm first computes the shortest paths from each node vi ∈ V to all the 
other nodes in the multicast group using the Dijkstra algorithm. Variable ci[j] is an  
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/* construct a multicast tree rooted at vr and reach out to all other members in X */ 
ROOS (vr, X, G) {  

Dijkstra (vi, X, G, fcost( ), ci[], Br), ∀vi ∈ V;  // Br is the required bandwidth 
// actual construction of multicast tree T ′   

V ′  = {vr}; E′ = φ ;  
while (|X − V ′ | > 1) { 

Dijkstra (vr, V, G, fcost( ), cr[], Br);  // Br is the required bandwidth 
vbest = NIL, dbest = ∞; 
// find the best star node for this iteration 

for each node vi ∈ V { 

,

[ ] [ ];
j j

r i
v X v V

temp c i c j
′∈ ∉

= + ∑  

if (temp < dbest) { 
vbest = vi; dbest = temp; }  

}  // end of the for loop 
// Let vn be the nearest destination to vbest. 

arg{min [ ] , , };n best i i
i

v c i v X v V ′= ∈ ∉  

p(vr, vn) = p(vr, vbest) ∪ p(vbest, vn);  // but not including the virtual links; 
add zero-cost, unlimited bandwidth virtual links from vr to vi, ∀vi ∈ p(vr, vn);  
T ′  = T ′  ∪ p(vr, vn);  

}  // end of the while loop 
Let vn be the only node left in X − V ′ . 
T ′  = T ′  ∪ p(vbest, vn); 
Remove the added zero-cost links in T ′  and G. 
return T ′ ; 

} 

Fig. 4. Pseudo code of ROOS algorithm. 

 
output which contains the path cost from node vi to all other nodes vj after each invoca-
tion of Dijkstra. In the second step of Roos’ algorithm, construction of the multicast tree 
begins by initializing the tree to contain the source node only, i.e. V ′  = {vr}, and the 
other group members are stored in set X. It then computes the best star node vbest in the 
input graph with the for loop. Now let vn be the nearest yet unconnected terminal node 
with the least path cost to vbest. Let p(vr, vn) denote the path formed by the sub-paths p(vr, 
vbest) and p(vbest, vn) except for the virtual links. The algorithm then adds virtual links 
from vr to vi, ∀vi ∈ p(vr, vn) with zero-cost and unlimited bandwidth to the original net-
work graph. The final multicast tree T ′  is then updated by including p(vr, vn) as one of its 
branches T ′  = T ′  ∪ p(vr, vn). Then the process continues until all terminals are exhausted. 
The complexity of Roos’ algorithm is O(2|N|(|N|log|N| + |E|)) because the dominant 
computation in Roos’ algorithm is the |N| times Dijkstra invocation to construct the 
shortest-path tree for each node and the |N| times Dijkstra invocation to construct the 
shortest-path tree for the root node in the while loop. The time complexity of the 
GMCP-ROOS algorithm is O(|X|(4|N| + 1)(|N|log|N| + |E|)) since GMCP-ROOS in-
vokes Roos’ algorithm |X| times in its first and last phases, and at most |X| times the 
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Dijkstra algorithm in the second phase. The complexity of GMCP-ROOS is around 
O(|N|3log|N|) when the multicast group includes all nodes in the graph. 
 
3.1.3 An example 
 

We use the example shown in Figs. 5, 6 and 7 to illustrate the GMCP-TM algo-
rithm. The result for the GMCP-ROOS algorithm is similar and is omitted. Fig. 5 (a) is 
the input graph in which nodes 1, 2 and 3 are member nodes in the multicast group. For 
each link on the network graph, the attached attributes (b, c) denote available bandwidth 
and cost associated with the link. Assume the bandwidth requirement is one unit for all 
members in the group. In the first phase of GMCP-TM, taking the graph in Fig. 5 (a) as 
input, the TM algorithm constructs the multicast tree shown in Fig. 5 (d) root at 1. One 
unit of bandwidth on the links in Fig. 5 (d) is reserved and the available bandwidth of 
each link in the original network is then updated. The resulting network is shown in Fig. 
5 (b). The tree shown in Fig. 5 (e) is generated in a similar fashion for node 2 by the TM 
algorithm. After bandwidth reservation, the resulting network is shown in Fig. 5 (c). Ap-
plying the TM algorithm again for node 3, it is found that no member nodes in the mul-
ticast group can be connected except itself, since no paths with enough bandwidth exist 
for routing node 3 to nodes 1 and 2. Therefore, at the end of phase 1 GMCP-TM, it is 
discovered that (3, {1, 2}) forms a critical pair since the tree rooted at nodes 3 does not 
cover member nodes 1 and 2 in the multicast group. 
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Fig. 5. Example illustrating phase 1 of GMCP-TM. 



KUN-CHENG TSAI AND CHYOUHWA CHEN 

 

512 

 

Phase 2 of GMCP-TM starts from the original network graph again, reproduced in 
Fig. 6 (a). To satisfy the requirements of the critical pairs first, (3, {1, 2}), Dijkstra is 
invoked to construct a maximum bottleneck bandwidth tree, the result of which is shown 
in Fig. 6 (b). One unit of bandwidth is then reserved for this tree. The resulting network 
is shown in Fig. 7 (a). 
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Fig. 6. Example illustrating phase 2 of GMCP-TM. 
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Fig. 7. Example illustrating phase 3 of GMCP-TM. 

 
Phase 3 of GMCP-TM starts from the network shown in Fig. 7 (a), which is the re-

sult from phase 2. The TM algorithm is invoked again for each member of the group. For 
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node 1, the constructed multicast tree generated by the TM algorithm is shown in Fig. 7 
(d). One unit of bandwidth is reserved for the tree, resulting in the tree shown in Fig. 7 
(b). The tree shown in Fig. 5 (e) is generated in a similar fashion for node 2 by TM algo-
rithm. The resulting network is shown in Fig. 5 (c). To construct the tree for node 3, one 
unit of bandwidth is first added to the links in the set {(3, 6), (6, 4), (4, 1), (4, 2)}, which 
corresponds to the reservation made in phase 2 of GMCP-TM. The updated network is 
shown in Fig. 7 (c). The TM algorithm is then invoked and generates the multicast 
shown tree in Fig. 7 (f) for node 3. GMCP-TM has now succeeded in constructing a set 
of multicast trees for the example. 
 
3.2 The DGMCP Algorithm for DGMRP 
 

In this section, we propose an algorithm, DGMCP, a dynamic algorithm to con-
struct a feasible set of trees as member nodes dynamically join and leave the multicast 
group by making incremental and localized changes to the existing set of multicast trees. 
In contrast to the static GMRP case, the design of the algorithm does not make use of the 
notion of critical pairs for the following reasons. First, it is infeasible to maintain the 
critical pair data structure consistently on all network nodes and incrementally in a dy-
namic environment. Second, in the absence of shared critical pair data structure, com-
plete re-computation of the GMCP-TM algorithm each time a node joins or leaves the 
group is required, which we want to avoid in a dynamic environment. Much research has 
been performed on ways to avoid re-performing the computation over the complete net-
work graph. The technique called pre-computation in the literature has been proposed 
specifically to address this problem [35-37]. Third, the existing set of multicast trees 
should not be destroyed completely as a new member joins the group, and so making 
incremental changes to the existing set of multicast trees for the new multicast group is 
more reasonable. The design of DGMCP attempts to solve the problem in an efficient, 
incremental manner, while striving for a minimal increase in the final multicast tree cost. 

Of the two types of requests, leaving requests can always be satisfied successfully 
since they involve releasing network resources, while processing of joining requests may 
fail due to insufficient network resource availability or failure of the algorithm to find 
existing resources. For joining requests, two problems must be solved: creating a multi-
cast tree for the newly joined member and attaching the new member to other existing 
multicast trees. DGMCP makes use of the TM algorithm as the component for creating a 
multicast tree for the newly joined member. However, since the TM algorithm is not a 
dynamic routing algorithm, an approach must be devised to attach a new member to ex-
isting multicast trees. One strategy is to modify the TM algorithm to be dynamic. This 
strategy is not appropriate for the following reasons. Recall the first step of the TM algo-
rithm already computes the shortest paths from all nodes to all members of group X. In a 
dynamic environment, the results of the computation must be saved for future request 
processing to avoid complete re-computation of the first step. Consider the case when a 
new node vr attempts to join an existing group X. Since the shortest paths from vr to X are 
already computed, the dynamic version of TM may proceed as usual to include the node 
in the multicast tree in the second step. Then, since group X has changed, we must again 
perform the first step of the TM algorithm again, to obtain a consistent state for future 
request processing. This overall strategy has the significant shortcoming of having rela-
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tively expensive computation overhead in a dynamic environment since it involves in-
voking the Dijkstra algorithm repeatedly for all nodes in the network. Therefore, a dif-
ferent strategy is adopted in DGMCP to attach a new node to other existing trees. Our 
approach is to find a cheapest feasible path from each multicast tree to the new member 
node, similar to Waxman’s greedy strategy. Even though DGGMA and DGGMB adopt 
similar strategies to attach new members, however, we will show later that our combined 
algorithmic architecture using the different cost functions results in a much higher suc-
cess rate and lower tree costs. 

We next describe the DGMCP’s strategy at a high level for handling joining re-
quests when a new node vr ∉ X attempts to join the multicast group. The strategy is com-
prised of the following two components: 
 
(1) Add vr into the group, X = X ∪ {vr}. A new multicast tree Tr with root at vr is then 

constructed, using the TM algorithm, and the bandwidth on each link in Tr is re-
served. 

(2) Include vr into other already existing multicast trees. For each node vs ∈ X − {vr}, 
with associated multicast tree Ts = (Vs, Es), we distinguish between the following two 
cases: 
(a) vr ∈ Vs: That is, vr is already a node on Ts. No further change is necessary. 
(b) vr ∉ Vs: In this case, DGMCP must find a cheapest constrained path from the 

new member node to any node on the current tree by invoking the Reverse_ 
Dijkstra algorithm [38]. The traditional Dijkstra algorithm starts from a source 
node and finds shortest paths to all the other nodes. The Reverse_Dijkstra algo-
rithm starts from a sink node and finds the shortest paths from all the other nodes 
to it. If a path is found, the bandwidth on each edge on the path is decreased by Bs 
units. 

 
Finally, a join request for node rv will be rejected if any multicast tree constructed 

above fails to span all nodes of the new group. 
The pseudo-code for DGMCP is shown in Fig. 8. The code for join request han-

dling is called DGMCP_join, and corresponds precisely with the description above. We 
next explain the pseudo-code shown in Fig. 3 for Reverse_Dijkstra. The only difference 
between Reverse_Dijkstra and the traditional Dijkstra algorithm is that the Reverse_ 
Dijkstra algorithm examines incoming link, rather than outgoing link, during the relaxa-
tion operation at a node. Otherwise, the code is exactly the same as Dijkstra shown in 
Fig. 3. Variable b′[i] denotes the bottleneck bandwidth of the path from node vi to the 
sink node, and b′(e) stores the residual available link bandwidth for each link e ∈ E. 
More importantly, the critical element in our design is the evaluation function fcost_bw( ) 
used in Reverse_Dijkstra, which calculates the cost to reach the sink node from node vj 
via node vi, and is defined by 

( )
, if 

( )
[ ] ,

[ ] ( )
, otherwise

min( [ ], ( ))

i

c e
v X

b e
c j

c i c e

b i b e

 ∈ ′=  +
 ′ ′

                                  (6) 
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DGMCP_init (G) { 
b′(e) = b(e), ∀e ∈ E;  // initial available bandwidth 
Vi = Ei = φ, ∀vi ∈ V; 
X = φ ;  

} 
DGMCP_join (vr) { 

X = X ∪ {vr}; 
Tr = TM (vr, X, G);  // Tr = (Vr, Er)  
b′(e) = b′(e) − Br, ∀e ∈ Er; 
for each vs ∈ X − {vr} { 

if (vr ∉ Vs) {  // Ts = (Vs, Es) rooted at vs  
Reverse_Dijkstra (vr, Vs, G, fcost_bw( ), cr[], Bs); 
Find a path p from vi ∈ Vs to vr, s.t. cr[i] = min [ ].

j s
r

v V
c j

∈
 

b′(e) = b(e) − Bs, ∀e ∈ p 
Vs = Vs ∪ {all nodes in p except vi}; 
Es = Es ∪ {all links in p}; }  

}  // end of the for loop 
if (∃Ti, vi ∧ X ⊄ Vi, for all vi ∈ X) {  

Send a leaving event with the node vr;  // or call DGMCP_leave (vr) directly 
eturn  failure; }  // reject vr to join 

else return success; 
} 
DGMCP_leave (vr) { 

X = X − {vr}; 
b′(e) = b(e) + Br, ∀e ∈ Er;  // Tr = (Vr, Er)  
Vr = Er = φ ;  
for each vs ∈ X { 

if (vr is a leaf in Ts) { 
Prune the path p segment from rv to the first branching point in Ts. 
b′(e) = b(e) + Bs, ∀e ∈ p; } 

}  // end of the for loop 
} 

Fig. 8. Pseudo code of DGMCP algorithm. 

 
where e = (vi, vj). First, we note that Eq. (6) involves both link cost and link bandwidth 
simultaneously, unlike GMCP-TM, which considers either link cost or link bandwidth, 
but not both simultaneously. This is because in the dynamic GMRP case, only one invo-
cation of Reverse_Dijkstra is performed. Therefore, its evaluation function must take 
both link cost and link bandwidth into consideration. Second, the definition of Eq. (6) is 
motivated by DDMC [15]. Recall that b′[i] denotes the bottleneck bandwidth of the path 
from an on-tree node vi to the sink node. If vi is already one of the multicast member 
nodes, the cost associated with c[i] is disregarded, and c[j] is calculated by weighting the 
cost of c(e) with the inverse of the link’s available bandwidth b′(e). If vi is not one of the 
multicast member nodes, c[j] is calculated by weighting the combined cost c[i] + c(e) 
with the inverse of the bottleneck bandwidth min(b′[i], b′(e)). The rationale behind the 
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weights is that, for two paths with the same cost, the path with more available bandwidth 
has a higher priority. For two paths with same available bandwidth, the path with lower 
cost has higher priority in constructing the multicast tree. Furthermore, a node vj, 
neighboring vi, would be preferentially considered if node vi is a member node, since 
node vi must be included in the multicast tree anyway, and its cost should not be counted 
twice when routing node vj. 

We next describe how leave requests are handled when a node vr ∈ X decides to end 
its participation in the multicast session. We perform the following two steps: 
 
(1) Update X = X − {vr}and release all the resources that are allocated for tree Tr rooted at 

vr. That is, the residual bandwidth of each link on Tr will be increased by Br units. 
(2) Exclude vr from other multicast trees. For each tree Ts where vs ∈ X, we distinguish 

between the following two cases: 
(a) If vr is a leaf node in Ts, the path segment starting from vr towards the source vs 

and ending at the first branching point on the tree is pruned. The residual band-
width of each pruned link will be increased by Bs units. 

(b) If vr is not a leaf node in Ts, no action needs to be taken. 

4. PERFORMANCE EVALUATION 

We use Waxman graphs [30] as the directed network model in our simulations to 
ensure that the routing algorithms are compared fairly with previous work. The nodes are 
placed randomly on a rectangular grid and links are created using the probability function 
[30] 

( )
( ) exp ,  ( ) 0,

d e
P e d e

L
β

α
−= ≥                                         (7) 

where e = (vi, vj), d(e) is the distance between nodes vi and vj, and L is the maximum pos-
sible distance between any two nodes. Parameters α and β, in the range 0 < α, β ≤ 1, are 
used to control various properties of the generated networks. A smaller value of α in-
creases the number of shorter links relative to longer ones, while a larger value of β re-
sults in higher average node degrees. In our simulations, 100 nodes are distributed across 
a Cartesian plane with coordinates between (0, 0) and (100, 100), corresponding to L = 
141.42, while α = 0.2, and β = 0.4. Each link in the network is associated with two pa-
rameters, bandwidth capacity and cost. We use the distance between node vi and node vj 
as the natural cost for link e = (vi, vj). The bandwidth capacity on each link is allocated as 
[22]  
 

b(e) = bm + (− 1)r × r′ mod bm,                                         (8) 
 
where bm is a given mean bandwidth parameter, and r and r′ are random numbers con-
ceptually uniformly distributed over the entire range of integers. Using this function, no 
negative values are generated and the bandwidth capacity of all links ranges from 1 to 



GROUP MULTICAST ROUTING UNDER BANDWIDTH CONSTRAINTS 

 

517 

 

2bm − 1. To simplify the simulations, each member of the multicast group requires one 
unit bandwidth from the network. 

An additional requirement is placed on the generated graphs. Each graph must not 
violate the following necessary conditions for the existence of feasible solutions [22] 
before a simulation run is performed. 

 
(1)  All member nodes must belong to the same connected component. 
(2)  The total input bandwidth capacity for a member node vi must be more than  

,

,
j j i

j
v X v v

B
∈ ≠
∑  which is the least amount of input bandwidth required for the other  

group members to send data to it. 
 

In the following experiments, we compare the success ratio and total tree cost ratio 
among the algorithms. The success ratio is defined to be the percentage of successful tree 
construction among generated graphs, while the quality of the multicast trees built by the 
algorithms is evaluated as a ratio of the total cost of the constructed trees relative to that 
of the base simulcast case, where the multicast is simulated using unicast connections. 
The total cost of the constructed trees is the sum of the cost of all the multicast trees con-
structed by the algorithms, specifically according to Eq. (1), while the base case total cost 
is the sum of all the shortest path trees, each one computed using Dijkstra’s algorithm 
with a member node as the root node. 

One result worthy of detailed discussion is to the relative performance between the 
TM algorithm and Roos’ algorithm. First note that Roos’ algorithm has a theoretical 
guarantee of being a k -approximation algorithm for directed graphs, while TM has a 
performance bound for only undirected Steiner trees [7]. However, TM consistently out-
performs Roos’ algorithm in our experiments as shown later. To get more insight into 
their relative performance, the performance of these two algorithms has been evaluated 
in more detail with experiments using the OR-Library benchmark sets [39, 40], adapted 
for the directed STP with a single source node. Complete experimental results are not 
presented here due to space limitation. Interested readers are referred to [33] for more 
details. To summarize, TM consistently outperforms the original Roos algorithm in the 
benchmark sets for directed graphs and randomly generated graphs. The reason will be 
summarized shortly. However, after making a slight modification to Roos’ algorithm, 
called Roos+, we observe TM and Roos+ have very similar performance across all ex-
perimental sets. We computed the percentage of nodes in common between the multicast 
trees constructed by the two algorithms, and found that the two algorithms often have a 
surprisingly high percentage of nodes in common, at least 75% on average. Therefore, it 
is to be expected that the two algorithms should achieve very comparable tree cost per-
formance. Again, more details can be found in our technical report. 

We briefly describe the modifications needed below. Recall Roos’ strategy requires 
the determination of the best star point in the current network by computing of the cost of 
the shortest path from root to a candidate star point, and the cost of the shortest path 
spanning tree from the candidate star point to cover all the yet un-covered terminal nodes. 
The problem lies in the computation of the latter cost. To reduce total computation time, 
the computation is performed only once for each node in the network, at the beginning of 
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the algorithm by computing the shortest path spanning tree from each node to all the 
network terminal nodes, as can be seen from the for loop at the beginning of the proce-
dure in Fig. 4. However, since Roos’ algorithm modifies the network graph after each 
iteration, the shortest path tree computation from the candidate node to all the yet uncov-
ered network nodes is valid only for the first iteration. This optimization renders the per-
formance of Roos’ algorithm suboptimal, as demonstrated in [33]. Therefore, the modi-
fication involves moving the invocation of Dijkstra’s algorithm for all nodes at the be-
ginning of the algorithm into the first action performed within the while loop, thereby 
correcting the inaccuracy in the original Roos algorithm. However, this simple modifica-
tion substantially increases the computation time of the algorithm, losing the time effi-
ciency advantage of the original algorithm. 
 
4.1 Performance Evaluation for GMRP 
 

We will compare the success ratio and total tree cost ratio among the algorithms. 
The success ratio is defined as the percentage of successful tree constructions among the 
generated graphs. Fig. 9 shows the success ratio of the algorithms versus the mean 
bandwidth. Each data point is the average of 500 runs. The number of group member 
nodes is fixed at 30. The performance of GMCP-TM and GMCP-ROOS is shown 
relative to that of FTM and GTM. Observe that the success ratio of every algorithm 
increases with increasing mean link bandwidth. This phenomenon is expected, since as 
the mean bandwidth increases, it becomes harder for each of the edges to become 
saturated, and the chance of finding paths with sufficient bandwidth capacity increases. 
From Fig. 9 we can see that the success ratios of GMCP-TM and GMCP-ROOS are 
almost identical because both algorithms are based on the same idea of critical pairs. The 
success ratios of GMCP-TM and GMCP-ROOS are significantly higher than those of 
GTM and FTM. Even though FTM algorithm is designed to find only feasible solutions 
by always selecting the path with maximum bottleneck bandwidth, GMCP-TM and 
GMCP-ROOS still manage to achieve higher success ratios than FTM. 
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Fig. 9. Success ratio vs. mean bandwidth. 
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The quality of the multicast trees built by the algorithms is evaluated next. In addi-
tion, we plot the function k0.8/k, which is derived from the power law investigated in gen-  

eral multicast routing [41]. The power law function 0.8( ,  ) i

i

L
L i k k= ∝

�

 gives an explicit  

formula for the average tree cost of a single multicast tree to reach k randomly chosen 
network locations from any given source node iv . k is the multicast group size, vi is the 
root node of the tree, �i is the average cost of unicast routing paths from vi to every mem-
ber node, and Li is the total cost of the multicast distribution tree, defined as the summa-
tion of edge costs of all links that make up the tree. Therefore, the cost ratio for a con-
structed multicast tree with root node vi would be calculated as 
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where X ⊆ V is the terminal set, and |X| = k. The expression ( ( ,  ))
j

i j
v X

c p v v
∈
∑  denotes the  

summation of the cost of the shortest paths from the source vi to the k terminal nodes, 
where c(p(vi, vj)) = 0 if vi = vj. Since the average cost of each shortest path is �i,  
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∈
∑  can be approximated by k × �i. Then the total cost ratio for all con-  

structed multicast trees in the group is 
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Therefore, the value of k0.8/k is a reasonable approximation of the average per tree 
cost ratio according to the power law. 

In Fig. 10, we show the average per tree cost ratio, shown along with its 95% confi-
dence interval, versus multicast group size. The mean bandwidth is fixed at 30 with the 
number of multicasting nodes ranging from 10 to 70. We first observe that the tree cost 
ratio of every algorithm decreases as group size increases. This phenomenon is expected 
because as the group size increases, more links can be shared by the members, which 
results in relatively lower tree costs compared to the base-line Dijkstra case, which does 
not utilize shared links. The performance of GMCP-TM is better than that of GMCP- 
ROOS in our simulations. 

Fig. 11 shows the overall tree cost ratio versus the mean bandwidth along with the 
corresponding 95% confidence intervals. The group size is fixed at 30 with the mean 
bandwidth ranging from 5 to 35. The performance of GMCP-TM, GTM, and GMCP- 
ROOS is consistent with the intuition that, with more bandwidth available, all algorithms 
should be able to build multicast trees with more shared branches. However, the tree cost 
ratios of GMCP-TM, GMCP-ROOS and GTM decrease only slightly because the 
dominant factor influencing the tree cost ratio performance is the group size. It is inter-
esting to note that as mean bandwidth increases, the tree cost ratio of FTM increases  
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Fig. 10. Tree cost ratio (%) vs. group size. 

30

40

50

60

70

80

90

5 10 15 20 25 30 35

mean bandwidth

tr
ee

 c
os

t r
at

io
 (

%
)

GMCP-TM GMCP-ROOS
FTM GTM 
k^0.8/k

 
Fig. 11. Tree cost ratio (%) vs. mean bandwidth. 

 
instead of decreasing. The reason is that the FTM algorithm always selects the path with 
maximum bottleneck bandwidth to construct the tree due to its focus on finding only 
feasible solutions. Therefore, the algorithm is induced to branch out with the availability 
of more bandwidth. In Figs. 10 and 11, GMCP-TM and GTM consistently exhibit al-
most the same performance, but the performance of GMCP-ROOS is not as good as that 
of GMCP-TM, and that of FTM is the worst. However, while GMCP-TM achieves the 
same tree cost performance as GTM, it achieves that with much better probability of suc-
cess, as illustrated in Fig. 9. 

We have also implemented the GMCP-CHARIKAR algorithm, a revised version 
of GMPC-TM, in which Charikar et al. proposed algorithm [13] serves as the single 
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source routing algorithm in the framework. Details of the simulations and their results 
are shown in [33]. In particular, we implemented a set of simulations to investigate the 
performance difference resulting from different values of parameter i in algorithm Ai(k, vr, 
X), which is, as described briefly before, an approximation procedure for constructing a 
directed Steiner tree rooted at vr and spanning k of the terminals in set X. Complete ex-
perimental results are not presented here due to space limitation; interested readers are 
referred to [33] for more details. To summarize, the performance of GMCP-CHARI-
KAR is slightly better than that of GMCP-TM and GMCP-ROOS when the parameter i 
in Ai(k, vr, X) is higher than or equal to lnk, where k = |X|, and lnk is the smallest in-
teger value greater than lnk. 
 
4.2 Performance Evaluation for DGMRP 
 

In this subsection we compare the performance of DGMCP and MBBPS with re-
spect to their success ratio and tree cost ratio. Since results in [28] indicate that the per-
formance of MBBPS is better than that of DGGMA and DGGMB, the performance of the 
latter two algorithms will not be included. The same network model and parameters used 
in static GMRP simulations will be used in dynamic GMRP simulations, except that 200 
node networks are used to simulate a larger number of join and leave requests. The gen-
erated graphs are tested until all nodes belong to a connected component. A sequence of 
join and leave requests is generated according to a probability function Pjoin(k), as de-
fined in [30], that determines whether the request is a join request or a leave request. The 
probability function Pjoin(k) is 

(| |  )
( ) ,

(| |  ) (1 )join
N k

P k
N k k

λ
λ λ

−=
− + −

                                     (11) 

where k is the current number of nodes in the multicast group, |N| is the number of nodes 
in the network, and λ is a parameter in the range (0, 1). A larger λ value means join 
requests are more likely to be generated; hence there will be more multicast members 
created in the network. When the generated event is a join request, a node is randomly 
chosen from the set of nodes that are not in the current multicasting group for addition 
into the group. If a leave request is generated, a member node will be randomly selected 
from the current group for removal.  

For the performance measures, the success ratio result includes the successful 
completion of join events only since leave events will always succeed. The join success 
ratio is defined as the number of successful join events divided by the total number of 
join events, where the total number of requests generated in the simulations is 100. To 
put into perspective the performance of both our proposed static and dynamic algorithms, 
we also include the result of the static GMCP-TM in following figures. 

Fig. 12 shows the join success ratio vs. the joining probability parameter λ, where 
the mean bandwidth is fixed at 6. We can see that as λ increases, the success ratio of 
every algorithm decreases. This is because a larger value for λ results in more group 
members in the multicasting group. Therefore, a larger number of multicast trees must be 
created in the network. With network resources being fixed, the probability for all algo-
rithms to find feasible multicast trees must become smaller. The figure also shows that  
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Fig. 12. Join success ratio vs. join probability. 
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Fig. 13. Join success ratio vs. mean bandwidth. 

 
the join success ratio of DGMCP is slightly higher than MBBPS and almost equal to that 
of static GMCP-TM’s. Considering that MBBPS is designed to focus entirely on con-
structing feasible multicast trees, the performance of DGMCP is excellent. 

Fig. 13 shows the join success ratio vs. the mean bandwidth, where joining prob-
ability parameter λ is fixed at 0.5. We can see that as the mean bandwidth increases, the 
success ratio of every algorithm increases. This is because larger mean bandwidth values 
indicate more abundant network bandwidth resources. Therefore, the probability of suc-
cess for adding new members into the multicasting group improves. The figure also 
shows that the joining success ratio of DGMCP is slightly higher than MBBPS’s and 
almost equal to static GMCP-TM’s. 

Fig. 14 shows the total tree cost ratio and the corresponding 95% confidence inter-
val vs. the joining probability parameter λ, where the mean bandwidth is fixed at 6. Ob-
serve that the tree cost ratio decreases as the joining probability parameter λ increases. 
This is because as λ increases, more members are admitted into the multicast group.  
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Fig. 14. Tree cost ratio vs. join probability. 
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Fig. 15. Tree cost ratio vs. mean bandwidth. 

 
Therefore, more links can be shared by the group members, resulting in relatively lower 
tree costs compared to the base-line Dijkstra case, which does not utilize shared links. 
DGMCP’s tree cost ratio is always lower than MBBPS’s, with GMCP-TM showing the 
best performance among the three. Furthermore, as λ increases, the cost ratio of 
DGMCP approaches that predicted by the power law k0.8/k, and that of the static 
GMCP-TM. 

Fig. 15 gives total tree cost vs. the mean bandwidth, with λ fixed at 0.5. Each data 
point is shown along with the corresponding 95% confidence intervals. Not surprisingly, 
as mean bandwidth increases, the tree cost ratio of DGMCP decreases since more links 
can be shared by the group members as capacity of the links increases. As mean band-
width increases, the cost ratio of DGMCP approaches that predicted by the power law 
k0.8/k. In contrast, it is seen that the performance of MBBPS exhibits the peculiar trend 
that the cost ratio performance increases with increasing mean bandwidth. This is a con-
sequence of its search strategy, which always selects the path with maximum bottleneck 
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bandwidth as it constructs the multicast tree. Clearly, as large numbers of links with am-
ple bandwidth appear in the network, the MBBPS strategy will tend to spread the se-
lected links over large areas of the network instead of sharing the links as much as possi-
ble. This is a significant drawback with the MBBPS approach, which sacrifices tree cost 
while striving for feasibility. On the other hand, our approach can achieve much better 
tree cost performance without sacrificing the goal for maximizing feasibility. 

5. CONCLUSIONS AND FUTURE WORK 

Three algorithms are proposed in this paper for solving the GMRP and DGMRP. 
For the static GMRP, results from the experiments show that the proposed GMCP-TM 
and GMCP-ROOS algorithms can construct multicast trees with higher success ratios 
and lower cost than FTM [23]. In addition, it can always construct multicast trees of 
comparable quality but with higher success ratios than GTM [22]. For the DGMRP, our 
algorithm, DGMCP, also performs significantly better than MBBPS. Our proposals are 
also very efficient, since they are based on Dijkstra’s algorithm and the TM algorithm. 
Our results are important in view of recent emergence of peer-to-peer network 
applications, such as massive multiplayer online games, and video conferencing. Our 
proposals provide effective tools for possible network layer support for P2P applications 
that have bandwidth constraints.  

For future work, we intend to investigate the group multicast problem under other 
kinds of constraints. For example, the packet-copying capacity of each switching node is 
limited due to technological restrictions. The packet-copying capacity constraint of a 
node can be represented as an egress degree constraint. The problem of finding a set of 
multicast trees under these constraints can be modeled as a Degree Constrained Group 
Multicast Routing Problem. On the other hand, the ingress degree constraint is often con-
sidered inherently associated with networks supporting group multicasting, since multi-
casting requires routers to build O(|X|) source-specific multicast routing trees for each 
group member. The routing algorithm must consider the resources required by the routers. 
Strictly speaking, this issue is somewhat at odds with to the routing algorithm issue ad-
dressed in this paper. Research addressing this issue has been discussed in [42, 43]. We 
are also interested in extending our work to deal with multiple additive QoS constraints, 
such as delay, delay jitter and packet loss rate. 
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