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This paper presents a new fuzziness measure for rough sets. Fuzziness measures for
rough sets may be employed to describe the inconsistency of a decision table. The defi-
nition of the fuzziness of arough set proposed by Chakrabarty et al. has two drawbacks.
The first is that the fuzziness of a rough set may not be unique. The second is that the
fuzziness of arough set with alarge boundary may be very small. The aim of this paper
is to present a new definition of the fuzziness measure for rough sets. The proposed
fuzziness measure overcomes the drawbacks of the measure proposed by Chakrabarty et
al. That is, with the new measure, each rough set has a unique fuzziness, and the fuzzi-
nessisin proportional to the size of the boundary. Moreover, the fuzziness of a rough set
can be easily computed with the boundary of the rough set.

Keywords: fuzziness measure, fuzziness of arough set, fuzzy sets, rough sets, roughness
of afuzzy set

1. INTRODUCTION

Theories of fuzzy sets [26] and rough sets [12, 13, 15] are generalizations of classi-
cal set theory for modelling vagueness and uncertainty. Rough set theory belongs to the
family of concepts concerning the modeling and representing of incomplete knowledge
[14, 18]. There have been many studies on their connections and differences [2, 3, 9, 10,
17, 24, 25].

Various extensions of rough sets have been proposed [4, 7, 11, 21-23]. Hu et al. [7]
presented a new rough set model based on database systems. Okuzaki et al. [11] pre-
sented a rough sets-based method for clustering nominal and numerical data. The prob-
abilistic (stochastic) rough set model was first introduced by Wong and Ziarko [20].
Pawlak et al. [16] reviewed and compared the fundamental results for probabilistic and
deterministic models of rough sets. Wei et al. [21] studied fuzziness in probabilistic
rough sets using fuzzy sets.

Dubois and Prade [6] proposed the notion of a two-fold fuzzy set which is made up
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of a nested pair of fuzzy sets. In this notion, the differences and similarities between
rough sets and twofold fuzzy sets are stressed. Banerjee and Pal [1] defined the rough-
ness of acrisp set in terms of the ratio of its lower approximation to its upper approxima-
tion, and the measure of roughness was extended to fuzzy sets. Fuzziness measures of
rough sets were studied in [4, 21]. As noted in [21], fuzziness measures of rough sets
may be employed to describe the inconsistency of a decision table. Rough sets and fuzzy
setswere also studied in [2, 3, 9, 10, 24, 25].

The focus of this paper is to propose a new fuzziness measure for rough sets to
remedy the drawbacks of the measure proposed by Chakrabarty et al. [4]. Two problems
arise in their measure. The first is that the fuzziness of a rough set may not be unique.
The second is that a rough set with a large boundary may have fuzziness approaching O.
To deal with these problems, we propose a new measure of fuzziness for rough sets such
that each rough set has a unique fuzziness and the fuzziness is proportional to the size of
the boundary.

There are two ways to characterize a rough set. We may characterize a rough set by
means of either the lower approximation and upper approximation or by the family of all
sets having the same lower approximation and upper approximation. For example, given
approximation space (U, R) and concept X = {1, 2}, where the universe U ={1, 2, 3} and
the equivalence relation R = {{1}, {2, 3}}, the rough set R(X) may be represented either
as ({1}, {1, 2, 3}), the pair of composed the lower approximation and the upper ap-
proximation, or {{1, 2}, {1, 3}}, the family of all sets having the same lower and upper
approximation. If arough set is represented as a pair composed of the lower approxima-
tion and the upper approximation, then the fuzziness of the rough set should be related to
the boundary of the rough set. Consider a rough set with an extremely large boundary. If
we measure the fuzziness of the rough set with a concept X almost equal to the lower
approximation, then the fuzziness will approach 0 according to the definition in [4]. This
will contradict with our intuition since the boundary of the rough set is extremely large.
If arough set is represented by a family of all sets having the same lower approximation
and the upper approximation, then the fuzziness should remain the same no matter which
member of the family is chosen. However, according to the definition in [4], different
fuzziness may be obtained with different members of the family. An element of afamily
having the same lower approximation and the upper approximation is a crisp set and is
usually referred as a concept. The fuzziness measure in [4] is more appropriately referred
as the roughness of the concept X under the approximation space (U, R) rather than the
fuzziness of the rough set R(X) although Banerjee and Pal [1] have given another defini-
tion of the roughness of a crisp set.

The basics of rough sets and the fuzziness measure proposed in [4] are reviewed in
section 2. The drawbacks of the fuzziness measure proposed by Chakrabarty et al. are
also presented in section 2. In section 3, we present a new fuzziness measure of rough
sets and show the uniqueness property and proportionality property of the measure. Fi-
nally, conclusions are drawn in section 4.

2. ROUGH SETSAND FUZZINESS

Let U be a nonempty set, and let R be an indiscernibility relation or equivalence re-
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lation on U. Then (U, R) is called a Pawlak approximation space. Let the concept X be a
subset of U. Then the lower approximation of X in (U, R), denoted as X, is defined as

X={u[[urc X},
and the upper approximation of X in (U, R), denoted as X, is defined as
X ={u|[ur X2 g},

where [U]r is an equivalence class of R containing u. The equivaence classes of R and
the empty set ¢ are called elementary or atomic sets in the approximation space (U, R).
The union of one or more elementary sets is called a composed set. The family of al
composed sets, including the empty set, is denoted by Comp((U, R)), which is a Boolean
algebra and a subalgebra of Boolean algebra 2V. Pawlak regards the group of subsets of
U with the same upper and lower approximationsin (U, R) as arough set in (U, R). Us-
ing lower and upper approximations, we can define an equivalence relation = on the
powerset of U:

X=rY& X=Yand X =Y,
where X, Y € 2Y and Ris an equivalencerelation on U.

This equivalence relation induces a partition on the power set 2”. An equivalence
class of this partition is called a P-rough set. The set of all P-rough sets is denoted by
2Y/~r. More specifically, a P-rough set can be defined as follows:

Definition 2.1  Given the approximation space (U, R) and two sets A;, A, € Comp((U,
R)) with A; < A,, aP-rough set isthe family of subsets of U described as follows:

(A, Ay ={Xe 2V |X=A, X=A}.

Equivalently, a P-rough set containing X € 2¥ can be defined as
RX)=[X=r={Ye 2"|Y=X Y =X}.

In other words,

R(X) = (X, X).

A member of [X]risalso referred to as a generator of the P-rough set [5].

After Pawlak’s initiative, Iwinski subsequently interpreted rough setsin an algebraic

way [8]. Let B be a complete subalgebra of the Boolean algebra 2". The pair (U, B) is
called arough universe. Iwinski defined rough sets as follows:
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Definition 2.2  Given the rough universe (U, B), the pair (A1, Ay) isarough set iff Aq, Ay
e B and A c Ao

We shall call (A, A)) an I-rough set. In fact, the views of Pawlak and Iwinski on
rough sets are equivalent.

Theorem 2.1 There is a one-to-one correspondence between the approximation space
(U, R) and rough universe (U, B).

Proof: Given (U, R), adgebra B can be constructed by letting the atoms of B be the
equivalence classes of R. Likewise, given (U, B), R can be constructed by letting the
equivalence classes of R be the atoms of B. (]

It follows that Comp((U, R)) = B. Hence there is a one-to-one correspondence be-
tween P-rough set (A1, A;) and I-rough set (A, Ap). For convenience, we shall let R(X) =

(X, X)=(X, X) denote the rough set of X.

Example 2.1: Let (U, R) be the approximation space such that U = {1, 2, 3,4} and R =
{{1, 2}, {3, 4}}. Assumethat X ={1, 2, 3}. Let R(X) be the rough set of X. Then R(X) =
({1,2,{1,2,3,4}) ={{1, 2, 3},{1, 2, 4}}, where {1, 2}, isthe lower approximation of
X, {1, 2, 3, 4} isthe upper approximation of X, and {{1, 2, 3}, {1, 2, 4}} isthe family of
al setshaving {1, 2} and {1, 2, 3, 4} astheir lower and upper approximations.

The following definitions and preliminaries are required for the rest of thiswork:
Definition 2.3 The o-level set or o-cut, denoted by A, of afuzzy set Ain U, comprises
all the elements of U whose degrees of membership in A are all greater than or equal to ¢,
where 0 < ¢ < 1. In other words,

Ay={xe U:ua(X) =}

isacrisp set. The membership function of afuzzy set A can be expressed in terms of the
characteristic function u, () of its o-level setsusing

Ha(X) =supmin(e, Up, (X)),where0< <1
o

and

o [1 1T X AL
a0 otherwise,

The strong o~cut A+ is given by

Ap={xe U:uxx)>o}.
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Definition 2.4 Let A be afuzzy set. Then the nearest ordinary set to A is denoted by A
and is given by

0 if 1a(x)<0.5,

UpA(X) =141 if 1a(X)>0.5
Oorl if ua(x)=05.

By convention we take ua(X) = O for the last case. Thus, A = Ags, Where Ags is the
0.5-cut of A.

Definition 2.5 [4] The index of fuzziness of a set A having n supporting points is de-
fined as

V(A) = (2d(A, A),

where d(A, A) denotes the distance between the fuzzy set A and its nearest ordinary set A.
The number 2 and the positive constant k appear in order to make v(A) lie between 0 and
1. The value of k depends on the type of distance function used, e.g., k = 1 for a general-
ized Hamming distance, whereas k = 0.5 for an Euclidean distance. The corresponding
indices of fuzziness are, respectively, called the ‘linear index of fuzziness,’ vi(A), and the
‘quadratic index of fuzziness', Vy(A).

For example, if

A={0%0,1%1,2%1,3%02,4%0.7,5%0,6*1,7x*1,8x*0.5},
then the linear index of fuzzinessof Ais
vi(A) = 2/9,

and the quadratic index of fuzziness of Ais

38
V. (A) =, [—.
a(A 225

Let (U, R) be an approximation space, and let X c U. The rough set of Xin (U, R) is
R(X) = (X, X). Given asubset X of U, Chakrabarty et al. [4] defined an induced fuzzy

set Ifo based on the rough membership function which measures the degree of rough
belongingness of uin X[19]:

[ulg ~ X| X
|[U]R| , @

where |Y] denotes the cardinality of Y. The fuzzy set Ff isgiven by
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[ulg N X|

R .

AE =g 10Uty =50

Definition 2.6 [4] The fuzziness in the rough set R(X) of X is denoted by ff and is
defined as the amount of fuzziness present in the fuzzy set F)f*. The amount of fuzziness
can be measured by means of a suitable index of fuzziness (linear or quadratic). The lin-
ear and the quadratic indices of fuzziness of the fuzzy set Ff are, respectively, called
the linear fuzziness and the quadratic fuzziness of the rough set R(X). They are denoted
by (fg), and (fg),, respectively.

Example 2.2: Let (U, R) be an approximation space, whereU ={1, 2, 3,4, 5, 6} and R=
{{1,2},{3,4,5,6}}. Let usconsider asubset X ={1, 2, 3} of U. Then the rough set of X
isR(X) = (X, X), where X ={1, 2} and X ={1, 2, 3, 4, 5, 6} Therefore, ,uFR(l) =

|MR0X| 1 1
4] = 1. Similarly, we get, (2 = 1, ﬂFR(3)— WRICESC

4

1,1 _1 1

FR ={1#1, 2%1, 3%=, 4%, 5x=, 6%},

x ={1%1, 2%1, 7 2 1 4}
The linear fuzziness in the rough set R(X) is (fx), = (2/6)d(Fy, FY), where F2
denotes the nearest ordinary set of FX and d(Fy, Fy') denotes the Hamming distance

between Fy and Fy. Thus, (fy), :(ZIG)ZU o | e (U) = f1e () |=0.33333. The
2 13 X ™

quadratic fuzziness in the rough set R(X) is (f), =(2//6)d' (F, Fx), where FY

denotes the nearest ordmary setof F and d'(Fy, FX) denotes the Euclidean distance
between FX and FX Therefore,

() = (2/6) \/Z (A () = e ()7 = 0408248,

ueU

Example 2.3: Let (U, R) be an approximation space, whereU ={1, 2, 3,4, 5,6} and R=
{{1,2},{3,4,5,6}}. Let usconsider asubset Y ={1, 2, 3, 4} of U. Then the rough set of
YisR(Y) = (Y, Y), whereY={1, 2} and Y ={1, 2, 3, 4, 5, 6}. Therefore, ,uFR(l)
|[1]RﬁY| —
[1¢]
and yFR(6) . Hence,

1 1
= 1. Similarly we get, ,uFR(Z) 1, ,uFR(3)—2, ,uFR(4) ,,uFR(S)—

1,1 _1 _1
Rl ={1%1, 2%1, 3%, 4=, 5x =, 6%},
v =tlel 2l 3u0, 4i5, 55, 64
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The linear fuzzinessin the rough set R(Y) is (), = (2/6)d(Ry*, F), where R
denotes the nearest ordinary set of R and d(R*, /) denotes the Hamming distance
between Fy* and R/, Thus, (%), =(2’6)Zu,eu| Her (ui)-/liR (u) |= 0.666667. The
quadratic fuzziness in the rough set R(Y) is (f,%), = (2//6)d (Ff, R/), where R

denotes the nearest ordinary set of R} and d'(RY, FY) denotes the Euclidean distance
between R and F}. Therefore,

() = (2//6) \/ - e () =t (4))° = 0.816497.

yeU

From Examples 2.2 and 2.3, we find that
RX)=RY)=({1,2},{1,2,3,4,5, 6}).
That is, the rough sets R(X) and R(Y) are the same but their fuzziness is different.

Example 2.4: Assumethat n > 3. Let (U, R) be an approximation space, where U ={i | 1
<i<nie N} andR={{1, 2}, {3, ..., n}}. Let us consider asubset X ={1, 2, 3} of U.
Then the rough set of X is R(X) = (X, X), where X = {1, 2} and X =U. Therefore,

U N X
U R(1)=M - 1. Similaly weget, 4.a(2) =1, s (i)=—— for3<i<nand
0=y R R
i € U. Hence,
FR ={1x1, 21, 3*nf2, n*nfz}.

The linear fuzzinessin the rough set R(X) is (), = (2/n)d(Fy, Fy), where Fy
denotes the nearest ordinary set of Fy® and d(Fy', Fy) denotes the Hamming distance
between FY and Fg. Thus, (f{), =(2/n)zu ol er (W) = e (u)|=2/n. The

AT, 1S X x

quadratic fuzziness in the rough set R(X) is (fy), = (2/~/n)d (FZ, Fx), where F

denotes the nearest ordinary set of FyY and d'(Fy, FyY) denotes the Euclidean distance
between FyX and FX. Therefore,

2
(15)q = (@/\n) \/Zuj (g () g () =

From Example 2.4, we find that the boundary of R(X) is
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{i|3<i<nie U}.

As n approaches infinity, the fuzziness of R(X) approaches 0, whereas its boundary
becomes extremely large.

In short, Example 2.3 shows that with the fuzziness measure defined by Chakra-
barty et al., the fuzziness of a rough set may not be unique, and Example 2.4 shows that
the fuzziness of arough set with an extremely large boundary may be very small.

3. NEW FUZZINESS MEASURE

In the previous section, we found that there are some drawbacks of the fuzziness
measure proposed by Chakrabarty et al. To remedy these drawbacks, we propose a new
fuzziness measure for a rough set R(X). For an element u € U, the degree of rough be-
longingness of uin Xisgiven by

Let Bgex) ={RX(u)|Ye R(X)}. That s, Br(x) isthe set of &l possible degrees of
rough belongingness of u in the rough set R(X). We take the average value of all

ve BR(x)

possible values in B;‘Q(x), as the degree of rough belongingness of u in

u 1

R(X)
R(X). Thisimmediately induces afuzzy set G)Ff of U given by

2,
VGBR(X)

}.

fo :{(uaﬂG;a (W):ue Uv,UG;e =

u
R(X)

Definition 3.1 The fuzziness in the rough set R(X) of X is denoted by gff and is de-
fined as the amount of fuzziness present in the fuzzy set G)Ff. The amount of fuzziness
can be measured by means of a suitable index of fuzziness (linear or quadratic). The lin-
ear and the quadratic indices of fuzziness of the fuzzy set fo are, respectively, called
the linear fuzziness and the quadratic fuzziness of the rough set R(X). They are denoted

by (9%), and (g5)q. respectively.

Example 3.1: Let (U, R) be an approximation space, whereU ={1, 2, 3,4, 5,6} and R=
{{1,2},{3,4,5,6}}. Let usconsider asubset X = {1, 2, 3} of U. Then the rough set of X
isR(X) = (X, X), whereX={1,2} and X ={1,2,3,4,5,6}. Therough set is

RX)={{1,2,3},{1,24},{1,2,5},{1,26},{1,2,3,4},{1, 23,5},
{1,2,3,6},{1,2,4,5},{1,2,4,6},{1, 25,6}, {1, 2, 3, 4, 5},
{1,2,3,4,6},{1,2,3,5,6},{1, 2,4,5,6}}.
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Let

X1={1,2,3}, X:={1,2,4}, X3={1, 2,5}, X, ={1, 2, 6},

Xs={1,23,4}, X={1,2,3,5}, X,={1, 2,3, 6},

Xs={1, 24,5}, Xe={1, 2,4, 6}, Xo={1, 2,5, 6},

Xll:{l, 2, 3, 4, 5},X12:{1, 2, 3, 4, 6},X13:{1, 2, 3, 5, 6},X14:{1, 2, 4, 5, 6}

Then
Fr®=Fg@®==F, 0=1
Fr(@Q=Fg (2=-=Fg (=1

Fr@=F{Q=Fx(d=Fg(d=

NG

FR@-FLO-FI@-FLO-FI@-FL,O-3,

FR@=FL @=FL@=FL (3= %,
FR@=FL@=FE@=Fl (=7,
FR@=FF@=FF @=FF@=FF @=FF (4 =%,
Fo @ =F{ @=F% (4 =Fg (9= %,
R -FEO=FL®-FL 6=,
FEO)=FE ) =FLO=FL O -FL O =FL 6.
FL O =FLO=FLO=FLO -
FRO=FLO=FEO=FL 6=,
FR (6)= FR (6) = F{ (6) = FR (6) = F (6) = F (6) Z%,
Fx,(6)=Fx (6)=Fy (6)=Fy,(6)= %

Hence,

B%Q(X) = BI%(X) ={3
and

1 1 3
_,_}_

3 6
BR(X) = B?e(X) = Bg(X) = BR(X) ={Z' > 7
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Therefore, p (1) = 1. Similarly we get, #.r(2) = 1, ux (3 = 05, y(4) =
X X X X
0.5, #x(5) =05 and u.x(6) =0.5. Hence,
X X

GR ={1%1,2%1,3%05,4%05,5%0.5,6*0.5}.

The linear fuzzinessin the rough set R(X) is (g%), = (2/6)d(G5, Gx), where G¢
denotes the nearest ordinary set of G and d(Gy, Gx) denotes the Hamming distance
between G and Gg. Thus, (g5), = (2’6)Zu,eu| Hg (ui)—/lGj (4;) |= 0.666667.
The quadratic fuzziness in the rough set R(X) is (g§), = (2/+/6)d (G, GX), where

Gy denotes the nearest ordinary set of Gy and d'(GY, Gx) denotes the Euclidean
distance between G and Gg. Therefore,

(9R)q = (2//6) \/ D (tgg () =g (4))” = 0.816497.

ueU

Example 3.2: Let (U, R) be an approximation space, whereU ={1, 2, 3,4, 5,6} and R=
{{1,2},{3,4,5,6}}. Let usconsider asubset Y={1, 2, 3, 4} of U. Then the rough set of
YisR(YY)=(Y, Y), whereY={1,2} and Y ={1, 2, 3, 4,5, 6}. Therough set is

RY)={{1,23},{1,2,4},{1,2,5},{1,2,6},{1,2,3,4},{1, 23,5},
{1,2,3,6},{1,2,4,5},{1,2,4,6},{1,2,5,6},{1, 2,3,4,5},
{1,2,3,4,6},{1,2,3,5,6},{1,2,4,5,6}}.

Let

le{l, 2, 3},Y2:{1, 2,4},Y3:{1,2, 5},Y4:{1, 2, 6},
Ys={1,2,3,4},Y:={1, 23,5}, ¥={1, 2, 3, 6},

Ygz{l, 2, 4, 5},Y9:{l, 2, 4, 6},Y10:{1, 2, 5, 6},

Yllz{l, 2, 3,4, 5},Y12:{1, 2, 3, 4, 6},Y13:{1, 2, 3, 5, 6},Y14:{1, 2, 4, 5, 6}

Then
RRO=R@==RE D=1
R =FR{@==F (=1
FYlR 3= FY? )= FY? 3= FYT (3) = % ,
Re@ =R Q=R Q) =R =R Q=R (3= % |

3
ReO=R,O=RO=R,@=7,
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RE@) = RE@ = RE@ = RE@ =7,
RR(4) = RR(4) = FR(4) = FR(4) = RR(4) = RR (4) = % |
F\(lR1 @ = FYle (4= FY1R3 (4) = FY1R4 (4) = g,

FYlR 5= FY? (5) = FY? (5= FY? (5) = % ’

R E) = RE(5) = R () = RR(5) = RX(5) = RE (5) = % |
F\(lR1 5= FY1R2 (5) = FY1R3 (5)= FYi (5) = %,

RR(6) = R (6) = R (6) = R (6) = % ,
RR(6) = RE(6) = RR(6) = R (6) = RE(6) = RE (6) = % |
Y (6)= RS (6)= F2 (6) = RY (6) = %_

Hence,

B%z(v) = Brzz(v) ={3
and

1 1 3
Bge(v) = BRy) = BRy) = Bg(v) ={Z’ > 2

Therefore, Her (D = 1. Similarly we get, Her 2 =1, Her (3) = 0.5, Her @ =
0.5, Hes (5) =0.5, and Her (6) =0.5. Hence,

GY ={1%1,2%1,3%05,4%05,5%0.5,6*0.5}.

The linear fuzziness in the rough set R(Y) is (gv), = (2/6)d(Gy', Gy), where Gy
denotes the nearest ordinary set of Gy’ and d(Gy', Gy') denotes the Hamming distance
between Gy and Gy. Thus, (gy), = (2’6)Zu,eu| Mo () - Hep (4;) | = 0.666667.

The quadratic fuzziness in the rough set R(Y) is (%), = (2/+/6)d'(GY, Gy), where
Gy denotes the nearest ordinary set of Gy and d'(Gy', Gy') denotes the Euclidean
distance between G,* and Gy'. Therefore,

(0%)q = (2//6) \/ - (arge (U) = g ())° = 0.816497.

ueU
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From the above examples, we find that if R(X) = R(Y), then the fuzziness of R(X)
and the fuzziness of R(Y) are the same, which is shown in the following property:

Property 3.1 Thelinear fuzziness (gf§)| and the quadratic fuzziness (gfé)q of a
rough

set are unique. That is, if R(X) = R(Y), then the fuzziness of R(X) and the fuzziness of R(Y)
are the same.

Proof: If R(X) = R(Y), then

Doeer Y D,V
Ve Bl x) veBy,

Ur(U) = = = HUr (U).
e | Brex) | | Brex) | &

That is, if R(X) = R(Y), then G = GR. Hence, the fuzziness of R(X) and the fuzzi-
ness of R(Y) are the same. a

Property 3.2 For any X in an approximation space (U, R), the following holds:

{m:ls j<|lulg|-3 ue X-X
Blg(X) ={Z ue X
{G ueU-X.
Proof: If u e X, then [u]s < X. Hence [lr < Y for Y e R(X). This yields L= Y1
el — 1 for ve REX). s
[[ulg |
If ueU-X, then [ulg N Y = ¢ for Y e R(X). Therefore, W Y] =0forYe
R(X). [ulg|
If ue X=X, then[ulgN Y c [u]lrfor Ye R(X). Hence,
{M:Ye R(X)}:{;:ls j £|[u]R|—1}. Q
[[ulr | [[ulg |

From property 3.2, we have the following:

Property 3.3 For any X in an approximation space (U, R),

B [[ulg -1 ifue X-X
R(X) 1 otherwise.
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From the definition of Gf(‘ and properties above, we have the following:

Property 3.4 For any X in an approximation space (U, R), the following holds:

05 ue X-X
/uGR(u)_ 1 uE)_(
0 ueU-X

Proof: If ue X — X, then

[ulr-1 .
L —05. Q
[[ulg [(I[u]lg [-2)

Property 3.4 shows that the membership function of G>F§ coincides with the rough
membership function proposed by Pawlak in [15].
Property 3.5 For any approximation space (U, R), we have

1.G}=U,

2.G) =9¢.
Proof: It followsimmediately from property 3.4, becauseU=UandU - ¢ =U. a
Property 3.6 For X, Yc U, if XY, then Gf c G

Proof: If ue X, then [u]r < X. Hence, [u]r C Y. Therefore, Gi¥(u) =1>GZ (u) for u e
X.

If ue XX, then either [uly cY-Y or [u]g cY. Hence, ue Y. By property 3.4,
we have

w08 ifueY-Y
Hor 1 ifueY

and

Hez (W)= 05 ifue X - X.

Therefore, Mg (U) > gge (u) for ue X-X.
X
If xeU—-X,then u_q(U)> 1 _r(u)=0. a
GF (el

Property 3.7 For X, Y c U, the following holds:
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L. G{ UGy € GxLy;
2.GR UG} =Gg v if R(X) =R(Y) and either X c Y or Y c X.

Proof: Since X ¢ X U Y, by property 3.6, we have
Gy = Gxuy- 2
Similarly, sinceY < X U Y, we have
Gy < GXuy- 3)
Combining (2) and (3), we have
G UGR cGf .

If R(X) = R(Y) and either X Yor Y c X, then either RXU Y) =R(Y) or RXuU Y) =
R(X). That is, R(X U Y) = R(X) = R(Y). Hence,

GRUGY =G . a
Property 3.8 For X, Y c U, the following holds:

1.GX NGy 2 Gy
2.GRNGR =G , if R(X)=R(Y) andeither X cY or Y Y.

Proof: Since X N'Y c X, by property 3.6, we have
Gy v =G5 @
Similarly, sinceY < X U Y, we have
G v =Gy )
Combining (4) and (5), we have
GR .y c G NG}

If R(X) = R(Y) and either Xc Yor Y c X, theneither RXNY)=R(X) or RXNY) =
R(Y). That isR(X n'Y) = R(X) = R(Y). Hence,
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G NGY =G . a

Property 3.9 For any approximation space (U, R),

far(U),  ifue X'=X’
X

u) =
Hog () 1-pge (U), otherwise
X

where X' is the complement of X.
Proof: Since

X' =X/=(X)'=(X) =U-X-U-X)=X-X,
by property 3.4, we have

Her, (u)= Hgr (u)

for ue X’ = X".
Since X’=U - X, wehave Hgr (U) =0forue X’. Hence,
X

Her, (u)= 1_,UG>F<< (u)

forxe X. o o
Since U - X=X, wehave ys (u) =1forueU - X". Hence,
X

Her, (u)= 1_,UG>F<< (u)

for ueU — X". a

The linear index of fuzziness of G and the quadratic index of fuzziness of G
can be computed according to the following property:

Property 3.10 For any X in an approximation space (U, R), we have

XX
]

(9%) =

and
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That is,

(951 =(9%)q-

Proof: Following definition 2.5 and property 3.4, we have

and

Property 3.10 shows that the fuzziness of R(X) is proportional to the size of the
boundary of R(X), | X — X |. Moreover, the quadratic fuzziness of a rough set is the

square of itslinear fuzziness.

Example 3.3: Let (U, R) be an approximation space, whereU ={1, 2, 3,4, 5,6} and R=
{{1,2},{3,4,5, 6}}. Let us consider a subset X = {1, 2, 3} of U. Then the rough set of X

is R(X)=(X, X), whereX={1,2} and X ={1,2, 3, 4,5, 6}. The boundary of R(X) is

{3, 4,5, 6}. Therefore, the linear fuzzinessin R(X) is

[X x|
i

=0.666667,

ols

and the quadratic fuzzinessin R(X) is

/|X|J|>‘(| - \/g - 0.816497.

From property 3.11, we have the following:

Property 3.11 For any X in an approximation space (U, R), we have

(9% =(a%),

and
(9%)q = (9%)q»

where X' is complement of X.
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Property 3.11 says that the linear fuzziness and the quadratic fuzziness in the rough
set of X are the same as those of X's complement. This can be demonstrated by the fol-
lowing example.

Example 3.4: Let (U, R) be an approximation space, whereU ={1, 2, 3,4, 5,6} and R=
{{1,2},{3,4,5, 6}}. Let us consider asubset X = {1, 2, 3} of U. Then the rough set of X
is R(X)=(X, X), whereX={1,2} and X ={1,2, 3,4,5, 6}. The boundary of R(X) is
{3, 4,5, 6}. The complement of X is

X' ={4, 5, 6}.
SinceX’ = gand X’ ={3, 4,5, 6}, the boundary of R(X) is
{3.4,5, 6}

Therefore, the linear fuzzinessin R(X') is

|U |_ = g = 0.666667,

and the quadratic fuzzinessin R(X') is

= \/% = 0.816497.

4. CONCLUSIONS

K x
vl

Rough set theory has been considered as a useful means of modelling vagueness and
has been successfully applied in many fields. Every rough set is associated with some
amount of fuzziness. In this paper, we have proposed a new measure of fuzziness of
rough sets. Our measure prevents the problems found in the measure proposed by Chak-
rabarty et al. For a rough set, starting with different members in that rough set, we have
the same fuzziness with our measure. In contrast to Chakrabarty et al.’s measure which
depends on the chosen member of the rough set, the fuzziness of the rough set obtained
with our measure depends on the boundary of the rough set. Moreover, the fuzziness of a
rough set can computed based on its boundary.

REFERENCES

1. M. Banerjee and K. K. Pal, “Roughness of afuzzy set,” Information Science, Vol. 93,
1996, pp. 235-246.
2. R. Biswas, “On rough sets and fuzzy rough sets,” Bulletin of the Polish Academy of



1244 HSUAN-SHIH LEE

10.

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23

Sciences, Mathematics, Vol. 42, 1994, pp. 345-349.

R. Biswas, “On rough fuzzy sets,” Bulletin of the Polish Academy of Sciences,
Mathematics, Vol. 42, 1994, pp. 352-355.

K. Chakrabarty, R. Biswas, and S. Nanda, “Fuzziness in rough sets,” Fuzzy Sets and
Systems, Vol. 110, 2000, pp. 247-251.

S. Chanas and D. Kuchta, “Further remarks on the relation between rough and fuzzy
sets,” Fuzzy Sets and Systems, Vol. 47, 1992, pp. 391-394.

D. Dubois and H. Prade, “Rough fuzzy sets and fuzzy rough sets,” International
Journal of General Systems, Vol. 17, 1990, pp. 191-208.

X. T. Huy, T. Y. Lin, and J. Han, “A new rough sets model based on database sys-
tems,” Lecture Notesin Artificial Intelligence, Vol. 2639, 2003, pp. 114-121.

T. B. Iwinski, “Algebraic approach to rough sets,” Bulletin of the Polish Academy of
Sciences, Mathematics, Vol. 35, 1987, pp. 673-683.

A. Nakamura, “Fuzzy rough sets,” Note on Multiple-valued Logic in Japan, Vol. 9,
1988, pp. 1-8.

S. Nanda, “Fuzzy rough sets,” Fuzzy Sets and Systems, Vol. 45, 1992, pp. 157-160.
T. Okuzaki, S. Hirano, S. Kobashi, Y. Hata, and Y. Takahashi, “A rough set based
clustering method by knowledge combination,” 1EICE Transactions on Information
and Systems, Vol. E85-D, 2002, pp. 1898-1908.

Z. Pawlak, “Rough sets,” Report No. 431, Polish Academy of Sciences, Institute of
Computer Science, 1981.

Z. Pawlak, “Rough sets,” International Journal of Information Computer Science,
Vol. 11, 1982, pp. 341-356.

Z. Pawlak, “Rough classification,” International Journal of Man-Machine Sudies,
Vol. 20, 1984, pp. 469-483.

Z. Pawlak, “Rough set and fuzzy sets,” Fuzzy Sets and Systems, Vol. 17, 1985, pp.
99-102.

Z. Pawlak, S. K. M. Wong, and W. Ziarko, “Rough sets: probabilistic versus deter-
ministic approach,” International Journal of Man-Machine Sudies, Vol. 29, 1988,
pp. 81-95.

Z. Pawlak, Rough Sets: Theoretical Aspects of Reasoning about Data, Kluwer Aca-
demic Publishers, Dordrecht, 1991.

Z. Pawlak, “Rough sets. a new approach to vagueness,” Fuzzy Logic for the Man-
agement of Uncertainty, L. A. Zadeh and J. Kacprzyk, (eds.), Wiley, New York, 1992,
pp. 105-118.

Z. Pawlak and A. Skowron, “Rough membership functions,” Fuzzy Logic for the
Management of Uncertainty, L. A. Zadeh and J. Kacprzyk, (eds.), Wiley, New York,
1994, pp. 251-271.

S. K. M. Wong and W. Ziarko, “Comparison of the probabilistic approximate classi-
fication and the fuzzy set model,” Fuzzy Sets and Systems, Vol. 21, 1987, pp.
357-362.

L. L. Wei and W. X. Zhang, “Probabilistic rough sets characterized by fuzzy sets,”
Lecture Notesin Artificial Intelligence, Vol. 2639, 2003, pp. 173-180.

W. Z. Wu, J. S. Mi, and W. X. Zhang, “Generalized fuzzy rough sets,” Information
Sciences, Vol. 151, 2003, pp. 263-282.

. W. Z. Wu and W. X. Zhang, “Constructive and axiomatic approaches of fuzzy ap-



MEASURING FUZZINESS IN ROUGH SETS 1245

proximation operators,” Information Sciences, Vol. 159, 2004, pp. 233-254.

24. Y. Y. Yao, “Two views of the theory of rough sets in finite universes,” International
Journal of Approximate Reasoning, Vol. 15, 1996, pp. 291-317.

25. Y. Y. Yao, “A comparative study of fuzzy sets and rough sets,” Journal of Informa-
tion Sciences, Vol. 109, 1998, pp. 227-242.

26. L. A. Zadeh, “Fuzzy sets,” Information and Control, Vol. 8, 1965, pp. 338-353.

Hsuan-Shih Lee (Fig+) received his B.S., M.S,, and Ph.D. degrees in Computer
Science from National Chiao Tung University in 1983, 1985, and 1991, respectively. He
is currently a professor in the Department of Shipping and Transportation Management,
National Taiwan Ocean University. His research interests include multicriteria fuzzy
decisioin making, artificial intelligence, fuzzy information systems, and computer algo-
rithms.



