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An m-partition of a set is a way to distribute the members into m parts. Given a set 

of positive numbers, an optimal m-partition problem asks for an m-partition optimizing 
some objective function. List scheduling is an on-line algorithm that has been widely 
used in scheduling problems. In this paper, we show the tight bounds on the perform-
ances of list scheduling for partition problems with the following objective functions:  
maximizing the minimum part, maximizing the sum of the smallest k parts, minimizing 
the sum of the largest k parts, and minimizing the ratio of the largest to the smallest part, 
in which 1 ≤ k < m. 
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1. INTRODUCTION 
 

An m-partition of a set is a way to distribute the members into m parts (subsets). 
Given a set of numbers, an optimal m-partition problem asks for an m-partition optimiz-
ing some objective function. In this paper, a set is a multi-set, i.e., the members of a set 
are not necessarily distinct. Motivated by scheduling problems, the min-max m-partition 
problem of a set of positive numbers has been widely studied. In such a problem, there 
are some independent jobs to be scheduled on m identical machines. For each of the jobs, 
we are given a positive number representing the execution time of the job. To complete 
the whole job as early as possible, we look for an m-partition of the numbers such that 
the maximum sum of the subset is minimized. The min-max m-partition problem is ob-
viously NP-hard since it includes the PARTITION problem ([SP12] in [1]) as a special 
case when m = 2, in which we are given a set of integers and asked if the set can be parti-
tioned into two subsets of equal sum. 

List Scheduling (LS) is an on-line algorithm that has been widely used in scheduling 
problems. Starting with m empty sets, it distributes the incoming numbers one by one 
without any knowledge of the successive data. At each iteration, the incoming number is 
put into the currently smallest subset. It was shown that the maximum part of the m-parti- 
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tion delivered by LS is at most 2 − 1/m times of the optimal [2]. Probabilistic analyses of 
LS are also available in the literature [3, 4]. 

The previous results focus on the upper bound of the maximum part of an LS parti-
tion, but there is no report on the minimum part. Motivated by how to partition a set as 
even as possible, in this paper, we consider the set partition problems with different ob-
jective functions and show the following bounds for the LS algorithm.  
 
• Maximizing the minimum part (max-min problem): the tight bound is m.  
• Maximizing the sum of the smallest k parts for any 1 ≤ k < m (max-k-min problem): the 

tight bound is m/k.  
• Minimizing the sum of the largest k parts for any 1 ≤ k < m (min-k-max problem): the 

tight bound is 2 − k/m.  
• Minimizing the ratio of the largest to the smallest part (min-ratio problem): the tight 

bound is m + 1.  
 

Apparently all the four problems are NP-hard since the problem of determining if 
there exists an even partition is NP-complete. The max-min problem is a special case of 
the max-k-min problem with k = 1. For the sake of easy to read, we shall first discuss the 
max-min problem, and then show the general case. The min-k-max problem is a gener-
alization of the min-max problem, and the bound shown in this paper includes the previ-
ous result [2] as a special case with k = 1. Finally we show the bound for min-ratio prob-
lem by using the result of the max-min problem. 

The rest of the paper is organized as follows. In the next section, we first define 
some notations, and the performance analyses are in section 3. In section 4, we give con-
cluding remarks. 

2. PRELIMINARIES 

In this paper, a set is a multi-set, and all its members are positive numbers. Since we 
consider only LS algorithm, it is convenient to treat the input set as a sequence. We shall 
assume that m ≥ 2 is the number of subsets to be partitioned and 1{ }n

i iS s ==  is the input 
sequence of positive numbers, in which n ≥ m. An LS m-partition of S is the one deliv-
ered by LS, and a max-min partition is the one with maximized minimum part. Similarly, 
a max-k-min, a min-k-max, and a min-ratio partition are respectively the optimal solu-
tions of the three problems. For the completeness, LS algorithm is listed in the following. 
 
Algorithm LS  
Input: A sequence S = {si | 1 ≤ i ≤ n} of positive numbers and an integer m.  
Output: An m-partition Q = {Qi | 1 ≤ i ≤ m}. 
1. For i ← 1 to m do  
2.   Qi ← 0;/  
3. For i ← 1 to n do 
4.    insert si into the set of smallest sum in Q; 
5. Output Q. 
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For a set V of numbers, let w(V) denote the sum of all the elements in V. In the re-
maining of this paper, we shall assume that Q = {Qi | 1 ≤ i ≤ m} is the LS partition. For 
our convenience, we relabel the subsets such that w(Qi) ≥ w(Qi+1) for each i < m. Let xi, 1 
≤ i ≤ m, be the last number put in Qi. The following property comes directly from the 
algorithm. It is simple but plays an important role in the performance analysis. 
 
Lemma 1  For any Qi and Qj in the LS partition, w(Qi) − xi ≤ w(Qj). Particularly, w(Qi) 
− xi ≤ w(Qm) for any i.  
  
Proof: For otherwise, xi should be put in the smallest subset.                      

3. PERFORMANCES OF LIST SCHEDULING 

3.1 The Max-Min Problem 
 
We first consider the minimum part of the LS partition. By min ,LSC  we denote the  

sum of the minimum part in a LS partition, i.e., min ( ).LS
mC w Q=  Let *

minC  denote the sum 
of the minimum part in a max-min partition. Suppose that there exists some si larger than  

*
min .C  Obviously si is in a part of singleton in the max-min partition. Otherwise we can 

move its partner to the minimum part and obtain another partition at least as good as the  
max-min partition. Therefore, substitute si by *

minC  will not reduce *
min .C  As a result, we  

can assume that there is no element larger than *
minC  in this subsection. 

 
Theorem 1  *

min min ,LSC mC≤  and the bound is tight. 
 
Proof: By the property of LS, we have w(Qi) − xi ≤ min .LSC  Therefore, 

1 1 1

min min
1 1 1

( ) ( ) ( ) ( ) ( ) .
m m m

LS LS
m i m i i

i i i
w S w Q w Q w Q C x mC x

− − −

= = =
= + ≤ + + = +∑ ∑ ∑  

Since the minimum part of any partition is never larger than the average, we have 

1 1
*
min min min

1 1

1( ) / / .
m m

LS LS
i i

i i
C w S m mC x m C x

m

− −

= =

⎛ ⎞≤ ≤ + = +⎜ ⎟
⎝ ⎠

∑ ∑  

Since xi ≤ *
minC  for each i, we have 

* *
min min min

1LS mC C C
m
−

≤ +  

and we obtain that *
min min .LSC mC≤  To show that the bound is tight, consider an input se-  

quence 2 1
1{ } ,m

i is −
=  in which si = 1 for 1 ≤ i ≤ m and si = m for m + 1 ≤ i ≤ 2m − 1. For this  

instance, *
min min1 while .LSC C m= =                                            
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3.2 The Max-k-Min Problem 
 
In this subsection, we consider the sum of the smallest k parts of the LS partition. 

Let L
kW  denote the sum of the smallest k parts in the m-partition delivered by LS, and 

*
kW  denote the maximized sum of the smallest k parts. 

 
Lemma 2  For any m-partition of S and any 1 ≤ k ≤ m, the sum of the largest k parts is 
at least the sum of the largest k numbers in S. 
 
Proof: Let P = {Pi | 1 ≤ i ≤ m} be an m-partition of S, in which w(Pi) ≥ w(Pi+1). Let yi be 
the ith largest number in S. Apparently w(P1) ≥ y1. Suppose by contradiction that there  
exists some h < m such that ∑i<h w(Pi) ≥ ∑i<h yi but ∑i≤h w(Pi) < ∑i≤h yi. It is implied  
that w(Ph) < yh. Since ∑i≤h w(Pi) < ∑i≤h yi, there must exist some j ≤ h such that yj ∉ ∪i≤h  
Pi. Suppose that yj ∈ Pt, t > h. However, since all numbers are positive, w(Pt) ≥ yj > w(Ph), 
a contradiction.                                                          

 
The following result can be obtained directly from Lemma 2 and the proof is omitted. 
 

Corollary 1  For any k < m, if S1 ⊂ S and |S1| = m − k, then 1( ) ( ).*
kW w S w S≤ −  

 
Theorem 2  For any k ≤ m, * ( / ) ,L

k kW m k W≤  and the bound is tight. 
 
Proof: By the property of LS, w(Qi) − xi ≤ w(Qm) for any 1 ≤ i ≤ m − k.  

1 1

1 1

( ) ( ) ) ( )

( ( )) ( ) ( ) .

m k m

i i i
i i i m k

m k m k
L L

i m k m i k
i i

w S w Q w(Q w Q

        x w Q W m k w Q x W

−

= = − +
− −

= =

= = +

≤ + + = − + +

∑ ∑ ∑

∑ ∑
                (1) 

By Corollary 1, we have  

*

1
( ) .

m k

k i
i

W w S x
−

=
≤ − ∑                                                  (2) 

By Eqs. (1) and (2), we obtain 

* ( ) ( ).L
k k mW W m k w Q≤ + −  

Since w(Qm) ≤ * / ,kW k  

* ( ) ( ) ( ) / ( / ) .L L L L
k k m k k kW W m k w Q W m k W k m k W≤ + − ≤ + − =  

To show tightness of the bound, consider an input sequence 2
1{ } ,m k

i is −
=  in which si =  

1 for 1 ≤ i ≤ m and si = m for i > m. For this instance, *while .L
k kW k W m= =          
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3.3 The Min-k-Max Problem 
 
In this subsection, we consider the sum of the largest k parts of the LS partition. Let 

L
kM  denote the sum of the largest k parts in the LS partition, and *

kM  denote the mini- 
mized sum of the largest k parts. By definition, ( ).L

k ii kM w Q
≤

= ∑  
 
Theorem 3  *(2 / ) ,L

k kM k m M≤ −  and the bound is tight. 
 
Proof: For any i, by the property of LS, w(Qm) ≥ w(Qi) − xi. Summing up for i from 1 to k, 
we have 

1 1

1( ) ( ( ) ) / .
k k

L
m i i k i

i i
w Q w Q x M x k

k = =

⎛ ⎞
≥ − = −⎜ ⎟

⎝ ⎠
∑ ∑  

Since Qm is the smallest part, 

1 1
( ) ( ) ( ) .

m k
L

i m k i
i k i

m kw Q m k w Q M x
k= + =

⎛ ⎞−
≥ − ≥ −⎜ ⎟

⎝ ⎠
∑ ∑  

Then, 

1 1 1 1
( ) ( ) ( ) .

k m k k
L L L

i i k k i k i
i i k i i

m k m m kw S w Q w Q M M x M x
k k m= = + = =

⎛ ⎞− −
= + ≥ + − = −⎜ ⎟

⎝ ⎠
∑ ∑ ∑ ∑  

Since * ( / ) ( ),kM k m w S≥  

*

1
.

k
L

k k i
i

m kM M x
m =

−
≥ − ∑  

By Lemma 2, *
1 ,k

k iiM x
=

≥ ∑  and we have that * *(( ) / ) ,L
k k kM M m k m M≥ − −  which im- 

plies *(2 / ) .L
k kM k m M≤ −  

To show the bound is tight, consider an input sequence ( )
1{ } ,m m k k

i is − +
=  in which si = 

1 for 1 ≤ i ≤ m(m − k) and si = m for i > m(m − k). For this instance, w(Qi) = 2m − k for i 
≤ k and w(Qi) = m − k for i > k. It is easy to see that there exists a partition in which the  
sum of each part is equal to m. Therefore *(2 )  and .L

k kM m k k M mk= − =  It completes the 
proof.                                                                 

 
3.4 The Min-Ratio Problem 

 
Now we analyze the ratio of the largest to the smallest part of the LS partition. Let 

γLS = w(Q1)/w(Qm) and γ* denote the minimized ratio of the largest to the smallest part of 
any m-partition of S. We show the following result. 
 
Theorem 4  γLS ≤ (m + 1)γ*, and the bound is tight. 
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Proof: Remember that x1 is the last number put into Q1 and min ( ).LS
mC w Q=  Since w(Q1) 

≤ w(Qm) + x1, 

1 min 1

min

( )
.

( )

LS
LS

LS
m

w Q C x
w Q C

γ
+

= ≤  

We consider two cases. First, if 1 min ,LSx mC≤  we have 

γLS ≤ m + 1, 

and the result follows that γ* ≥ 1. Otherwise, 1 min .LSx mC>  By Theorem 1, *
min min .LSC mC≤   

By definition, *
minC  is the maximized minimum part among all possible m-partition.  

Therefore it is an upper bound of the smallest part of the min-ratio partition. In the other 
hand, since the largest part of any partition cannot be smaller than any element in the set, 
the largest part of the min-ratio partition is at least x1. Consequently, 

* 1 1
*
min min

,LS
x x

C mC
γ ≥ ≥  

and therefore, 

* min 1 1 min 1 min

1 1min min
/ / 1 1.

LS LS LS
LS

LS LS
C x x C x C

m m m
x xC mC

γ γ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ +

≤ = = + < +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

To show that the bound is tight, consider an input sequences 2 1
1{ } ,m

i is −
=  in which si = 

1 for 1 ≤ i ≤ m and si = m for m + 1 ≤ i ≤ 2m − 1. For this instance, γLS = m + 1 while γ* = 
1. It completes the proof.                                                  

4. CONCLUDING REMARKS 

In this paper, we analyze the worst-case performances of list scheduling for several 
set partition problems. We show that the tight bound for each of the problems. 

The LPT (longest processing time) algorithm, a modification of LS, is another fa-
mous algorithm for set partition. It first sorts the numbers in decreasing order, and then 
employs the LS algorithm to find the partition. The LPT is not an on-line algorithm but 
has a better tight bound of 4/3 − 1/(3m) for the min-max problem [5]. It is an interesting 
future work to analyze the LPT for the objective functions defined in this paper. 

Another important objective function for partition problem is the L2 metric. There 
are several reports on the L2 performance of the LPT algorithm [6-8]. However, to our 
best knowledge, there is no such report on the LS algorithm, and it is also one of our re-
search directions. 
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