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For a flexible manufacturing system (FMS) or Resource Allocation System (RAS)
which can be decomposed into a number of synchronized choice nets interconnected by
resource places, we propose to efficiently extract strict minimal siphons (SMS) in an in-
cremental fashion rather than the traditional global approach. Only a subset of all SMS
needs to be searched. The rest SMS can be found by adding and deleting common sets of
places from existing ones.
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1. INTRODUCTION

A siphon is a set of places that can become empty and is known to be the cause for
the lack of liveness and reversibility in nets modeling the FMS resource allocation.
Therefore, one supervisory control method seeks to enforce the liveness and reversibility
by identifying all the minimal siphons and preventing them from becoming empty. If a
siphon contains a trap, then tokens in it cannot leak out completely. A strict minimal si-
phon (SMS) is a minimum siphon that does not contain a trap. Once an SMS is found that
can be emptied, output transitions of places in the siphon can never be fired. Hence the
net is not live.

Li et al. [1] has established one of the best deadlock prevention techniques for FMS
so far in terms of requiring the least of control arcs and nodes. Unlike others, control
nodes and arcs are added for only elementary siphons. It adjusts the tokens in control
places so that all redundant siphons are also controlled. As a result, it greatly reduces the
number of control nodes and arcs. Their method suffers from the expensive computation
of siphons since the number of siphons is theoretically exponential w.r.t the number of
places.

Because deadlock occurs due to inappropriate resource sharing, SMS should contain
places of resources. Yamauchi et al. [2] showed that the minimal siphons extraction
problem (MSEP) covering a set Q of places for general Petri Nets is an NP-Complete
problem. They also proposed algorithms to enumerate all minimal siphons containing Q.

Hence, efficient analysis techniques are limited to special classes of nets [3] based
on local structures (input and output set of transitions or places) such as free choice nets
(FC). This classification has nothing to do with siphons. FMS such as S*PR (Systems of
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Simple Sequential Processes) is not an FC; hence Kemper’s polynomial algorithm [4] is
not applicable.

For SNC, we showed [3] that if SMS exist, then the net is not live (irrespective of
initial markings) and it is determined by a simple condition. Synchronized choice nets
covers well-behaved (live, bounded and reversible) free choice nets and yet is not in-
cluded in asymmetric choice nets [3].

An FMS model consists of a set of working processes (WP) competing for resources.
A WP models a sequence of operations to manufacture a product. Circular wait for re-
sources can bring the system into a deadlock where some working processes can never
finish.

Ezpeleta et al. proposed a class of nets called Systems of Simple Sequential Proc-
esses with Resources (S’PR) [5] where each WP is a state machine (SM) plus resource
places. Their idea is to compute all SMS based on the approaches in [2, 6] with exponen-
tial time complexity of the given model and find the maximum number of tokens at each
idle state followed by a control policy of adding control arcs and nodes with tokens.
Most recent deadlock control approaches [7-9] extend Ezpeleta’s work. Efficient meth-
ods to compute SMS are urgently needed.

Because only one resource is used in each job stage and the processes are modeled
using state machines in S°PR, its modeling power is limited. It cannot model iteration
statements (loop) in each sequential process (SP) and the relationships of synchronization
and communication in SP. At any state of a process, it cannot use multi-sets of resources.
Our Synchronized Choice Net (SNC) model [3] removes this drawback.

We propose SNC-based FMS (called System of Synchronized Choice Processes with
Resources (S°CPR)) to enhance S’PR (a subset of S?CPR) by replacing the state machine
(SM) with SNC. Each SNC with resources models a working process and its SMS can be
determined in polynomial time. The rest SMS can be efficiently extracted in an incremental
fashion rather than the traditional global approach. Only a subset of all SMS needs to be
searched. The rest (called compound siphons) can be found by adding and deleting
common sets of places from existing ones with search time significantly reduced.

Section 2 presents the basis to understand the paper. Section 3 presents the modular
approach and shows that siphon can be synthesized by constructing handles upon a cir-
cuit. Section 4 computes all compound siphons respectively. Section 5 compares ours
with other approaches. Finally section 6 concludes the paper. For the sake of discussion
continuity, all proofs are reported in Appendix 1. Examples are given for a simple
S*PR (Fig. 6, for first reading to readers new to the field) and a more complicated
S’CPR model (Fig. 7, for experienced readers and second reading).

2. PRELIMINARIES

In this paper, we consider only strongly connected (SC) nets and we omit some ba-
sic definitions (available in [10, 11]) of Petri nets due to the space limitation.

Definition 1 A subnet N, = (P, T}, F;) of Nis generated by X = P, U T}, if F;=F N (X x
X). It is an I-subnet (denoted by 1) of N if T; = eP;. A strict minimal siphon (SMS), de-
noted by S, is a minimal siphon that does not contain a trap. I is the /~subnet of an S.
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Note D = P([s); D is the set of places in Is. A siphon-trap invariant (st-invariant) is both
a siphon and trap.

We follow [3] for the definitions of handles, bridges, AB-handles, and AB-bridges
where A and B can be T or P.

Definition 2 Let N = (P, T, F) be a Petri net. H, = [ngmn,...nn,] and H, = [ng’,
n’y...n°yn,] are elementary directed paths, n;, n’; e PUT,i=1,2, ..,k j=1,2, ..., h
Each is called a handle in Nif n; # n’; Vi, j defined above; n, and n, are called the start
and the end nodes of H; and H, respectively. Note that n; and n, may be identical. H; and
H, are said to be mutually complementary. An elementary directed path B = [n,, n,, ...,
ng] is a bridge from H, to H if (1) n, € Hy, ny € Hy, ng # ng, g # ne, Ny # Ny, 0y # 1, and
Q) Vn € B,if n #n,, n#ny thenn ¢ Hy and n ¢ H,. p) <> p> (p1and p, are mutually
sequential) if p; and p, are on an elementary circuit. n; — n, if n; <> n, and there is an
elementary directed path from n, to n, via n; where n, is a reference node (initially
marked) called a home place. The handle H to a subnet N’ (similar to the handle of a tea
pot) is an elementary directed path from n; in N’ to another node 7, in N’; any other node
in H is not in N’.

In Flg 1, H1 = [pz t4p4 t3] and H2 = [pz t2p3 tj,], ng = P2, He = t3. Bl2 = [t4p3] is a
bridge from H, to H, and By, = [, p4] a bridge from H, to H;.

Fig. 1. An example of live Fig. 2. Dual of the net in Fig. Fig. 3. Irreversible SNC Fig. 4. Dual of the net in Fig. 9.
& reversible SNC without 1. The net is live & reversible with PT-inconsistent pair The SNC is not live with TP-
inconsistent pair. without inconsistent pair. P13, P14)- inconsistent pair (p;g, P1o)-

Definition 3 H; and H, were defined in Definition 2.

1) Let 17 = [ngny...mypy], I3 = [npn’10°5...0n°p,] and 17 N 15 (17 O [I3) denotes the
intersection (union) of two graphical objects /7 and /5. n; is a start node of (p, p) if
11 N 15 = {ng} and the nearest start node of (p1, py); i.e., n* = n, if I does not
contain other start nodes of (py, p,). n.'” can be defined in a dual fashion. Let /3 =
[pingnin,...mn,] and 173 = [pon’\n’,...n°n,]. n, is an end node of (py, pp) if I3 N I =
{n.} the nearest end node of (p,, py); i.e., n,* = n, if I3 does not contain other end
nodes of (py, p2). Ni'* (N.'?) is the set of all such n,"* (n,'?).

2) Let ¥'= H, U H, denote the union of two graphical objects H, and H,. H, (H>) is a
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prime handle to H, (H,), if there are no bridges B between H; and H, and ¥is defined
to be a first-order structure (FOS).

3) If By, (By)) is the only bridge from H, to H, (H, to H,), then o= H; U H, U By, U By
is defined to be a second-order structure (SOS) (see the shaded area in Figs. 1-4).

4) (p1, p) is called a TP-inconsistent pair (TPIP) of places if In,? € Tand In,'? € P. (1,
p2) is called a PT-inconsistent pair (PTIP) of places if In? e PandIn, P e T.

5) Let w be a first-order structure (FOS) (or SOS, handle, bridge, path), ifits n;, € T, n, €
P, then wis called a TP-w. PT-®, TT-» and PP-w can be defined similarly. If n; and n,
are of the same type; i.e., both are transitions or places, then @ is said to be symmetri-
cal; otherwise it is asymmetrical.

6) A strongly connected net is SNC (Synchronized Choice net, denoted N°) if it satisfies
the two requirements R1 and R2 where R1: (R2:) every PT- (TP-) handle to a certain
circuit has a TP- (PT-) bridge from its complementary TP-handle to itself.

In Fig. 3, N2 = {t0, t12} and N2 = {t11}; p1o 1s not an ny'*!" because for each
path from py4 to py; or py,, it contains other start nodes ¢y or #. (pis, p19) in Fig. 4 is a
TP-inconsistent pair because n'®"Y =t € Tand n,'>" =py € P.

[p> t p3] and [p; t4 p3] in Fig. 1 are two prime handles; n; = p, and n, = p;. Note that
there are no bridges interconnecting them; hence, they together form a first-order structure.
Since n; € P, n, € P, it is symmetrical.

Figs. 1-4 show examples of SNC where the shaded areas cover the structures in-
volving R1 or R2. In Fig. 1, the only two PT-handles H, = [p, t4p4 ;] and H, = [p; t p; 3]
start from the same place p, but they join at a transition ;. To satisfy R1, there is a
TP-bridge By, = [t4p;] from H, to H, and a TP-bridge B, = [t, p4] from H, to H;. In Fig.
2, the only two TP-handles H| = [t5 ps ts p7] and H, = [ts pg t3 p7] start from the same tran-
sition ¢5 but they join at a place p;. To satisfy R2, there is a PT-bridge B, = [ps tg] from
H, to H, and a PT-bridge By, = [pg ts] from H, to H;.

Note that any pair of places (excluding ng and 7n,) in an AFOS (asymmetrical first-
order structure) is also inconsistent. This leads [3] to an integrated algorithm to construct
an S-Matrix to detect SNC and liveness for an arbitrary net.

An SNC contains S if and only if it contains TP-inconsistent pairs of places [3]. It is
interesting because it is bounded and the condition for liveness is so simple that there
exists an integrated algorithm to check whether a net is an SNC and, if it is, whether it is
live.

In Flg 5, {p14, P1ss Pies P17, pzo} is an SMS. We can add TT-handle [115 P13 t16] and
delete TT-handle [#5 pis t14] to get another S. Thus, for a single set of these two
TT-handles, there are two SMS. There are two such sets in Fig. 5; hence there are totally
4 SMS. If there are k such sets, there will be 2¥ SMS for just a single TP-inconsistent pair
of places. Thus the number of SMS, even for SNC, grows exponentially. This implies
TP-inconsistent pair of places provides a more concise way to characterize an SNC than
SMS.

This triggers the idea of decomposition. If a net can be decomposed into a number
of SNC components with no TP-inconsistent pair of places, then SMS occurs due to the
merging of these components. We do not have to search them in each component greatly
improving the search efficiency. Although it suffers from the efforts required for
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Fig. 5. {p14, P15, P16» P17> P20} 18 an SMS. We Fig. 6 [5]. A simple example of S’CPR (A system
can add TT-handle [#;5 p13 f16] and delete of synchronized choice processes with resources),

TT-handle [#5 p15 t16] to get an- other SMS. also an S°PR.

decomposition, it is still better than the exponential time complexity as long as the time
for decomposition is polynomial. Further, a WP can be easily identified.

Thus, the modular approach (see section 3) excels over all other approaches [2, 4, 6,
11] where all nodes and arcs in the net must be traced. We now apply this to SNC-based
RAS defined below.

Definition 4 A Synchronized Choice Process (SCP) is anet N= (P U {p°}, T, F) where:

(1) P=@, p° ¢ P (p"is called the process idle or initial or final state); (2) N is an SNC;
and (3) every circuit of N contains the place p°.

Note that SCP is different than the SP in [5] by removing the restriction of state
machine. SCPR and S?CPR below are defined similar to that for S?PR (Simple Sequen-
tial Processes with Resources) and S°PR.

Definition 5 A Synchronized Choice Process with Resources (SCPR), also called a
working processes (WP), is anet N = (P U {p} U R, T, F) so that (1) The subnet gener-
ated by X=P U {p°} U Tisan SCP; Q) R= P and PU {p"} "R=T; (3) Vp € P, Vt €
op, Vt e pe,Ir, e R, ot "R =1re N R={r,}; (4) The two following statements are
verified: (a) V7 € R, e0r " P =ree NP = J; (b) Vr € R, ornre = . (5) eo(p”) N R
=(p")ee "R =@.Vp e PuU {p°, pis called a state place. r is called a resource place.
H(r) = eer N P denotes the set of holders of r (states that use r). p(r) = {r} U H(r). ry is
a nearby of r, if r; € ry00,

Definition 6 A System of SCPR, S°’CPR is defined recursively as follows: (1) An
SCPR is defined as an S’CPR; (2) Let N; = (P, U P U R, T, F)), i € {1, 2} be two
S’CPR so that (P, U P,") n (P, U P,")=@. Ry "Ry =P (# @) and Ty N T, = &. The
net N= (P U {p°} U R, T, F) resulting from the composition of N; and N, via P defined
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as follows: (1) P=P, U P»; Q) P°=P,"UP,’; 3)R=R, URy; () T=T, U T and (5) F
=F, U F,is also an S’CPR.

Note that an S*CPR differs from S*PR only in that each SCP is replaced by an SM.
The following lemma is easy to see.

Lemma 1 (1) p(r) is both a trap and a siphon; i.e., an st-invariant. (2) p(R) = p(r}) U
pr) U p(r3) U ... U p(ry) 1s an st-invariant. (3) Any minimal trap in p(R) contains a
pr), 1<i<k (4) pr) " p(r)) =D, Vi, j,i#j, 1<i<k 1<j<k

Examples of S*PR and S*CPR are shown in Figs. 6 and 7 with p(p1) = {p16, p7} and
P(R2) = {p2, p4, P8, P12, P17, P2s, Ra} respectively.

3. MODULAR APPROACH AND SYNTHESIS OF SMS

Although SNC does not cover all kinds of resource sharing, it can serve as the
backbone (i.e., SCP) of a net. If any SCP has no TP-inconsistent pair of places, it has no
SMS. Deadlock occurs when all resources in a circuit are used up since processes mutu-
ally waiting for them indefinitely. Thus, SMS must have something to do with circuits
with resources as implied by the following lemma:

Lemma 2 [1] s is strongly connected (SC) and has an elementary circuit.
Upon the circuit, we construct handles to form the /5 of an SMS based on Lemma 3.

Lemma 3 (1) A subnet NV’ is the I of a minimal siphon iff each handle in N’ is a PP- or
TP- or virtual PT-handle (virtual means containing only two nodes) and there are none of
PP-, TP-, and virtual PT-handles to N’. (2) S is an SMS iff there is a nonvirtual (more
than two nodes) PT-handle to /.

Example: In Fig. 6, first find a circuit ¢ = [p13 t4 p14 t p13]. Second, add TP-handles [ ps
ts p14] and [tg Patio p13] to get S1 = {p4, Pes> P13, p14} with two nonvirtual PT-handles [p14 1y
pslo] and [pi3 13 psty] to its c. Similarly S; = {ps, po, p12, p13} on ¢ = [p12 tio p13 3 P12
However, the siphon {ps, p7, p11, P12, P16} On ¢ = [p11 t1 p12 2 p11] 1s not minimal since it
contains p(p;;). Note that part ([#;; p12 %]) of the cbecome a TT-handle to I(p(p1;)). In
Fig. 7, the siphon constructed based on ¢ = [pyg 19 P25 t7p20] 1S not minimal since [#19 pas
t7] is a TT-handle to I(p(R1)).

In Fig. 7, first find a circuit ¢ = [R2 t3 M3 t;3 R2]. Second add TP-handles [#;5 p1¢ t19
M3] and [lg P12 ty R2], PP-handles [R2 1 p2 tn R2], [R2 13 P4 ta R2], and [R2 13 Ds 14 R2]
to get S]g = {pz, P4, P3s P125 P16 R2, M3} with a nonvirtual PT-handle [R2 l17p17 tlg] to its
¢. Such a procedure to form SMS from a circuit is called handle-construction or synthe-
sis.
Note that if there were PP-, TP-, and virtual PT-handles to N’; i.e., N’ was not
maximal, then it would not be a siphon. If /5 contains only one resource place 7, it cannot
be strict since p(r) is both a trap and a siphon. As an example, p(M4) = {p2s, P13, P13} -
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Fig. 7. An example of S’CPR (A System of Synchronized Choices Processes with Resources). It
differs from the well-known S’PR example in [5] by adding the dashed path [t; py7 1 pas o).
(R1, R2, R3) and (M1-M4) correspond to ({pag, P21, P22} and {px- pas}) respectively.

The algorithm of finding all S is proposed as follows:

Algorithm 1  Search of SMS

Step 1: Add a new nearby »’ to an already-traced — preferably last-traced — r. If no »’
can be added, break. If /(p(r’)) contains a PT-handle, each strongly connected
subnet of /(p(r’)) with no PT-handles in it is a new /.

Step 2: Find a new elementary circuit ¢’ that contains »* and all »” in ¢’ have been
traced. If “not found”, go to Step 1.

Step 3: Add all PP- (with no new r) followed by all TP-handles and virtual PT-handles
to ¢’. Denote the resulting net by I’ (/-subnet) where the set of places P(I’)
forms a new S”.

Step 4: Delete all TT- and PT-handles in / U I’ where [ is the /-subnet of any existing
S° that contains part of ¢’ to form a new I”.

Step 5: Construct new S = P(”). If S contains a p(7), then it is not minimal (by Lemma
1). Discard S, go to step 2 and repeat.

Step 6: Output all S.
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Steps 2-4 are based on Lemmas 2 and 3. Note that p(r) = {r} U H(r) can be com-
puted in O(|7]) time. Only 7° (in ¢’) in step 2 is new; the rest are old.

Thus, we synthesize minimal siphons by constructing a circuit followed by handles
similar to the knitting technique. This is very interesting since both nets and siphons
can be synthesized by first locating a circuit followed by adding handles.

Note that the Is (S)9 and S, in Table 1) obtained in step 1 (the rest) contains only
(more than) one resource place. Siphons obtained in steps 2 and 3 (step 4) are called ba-
sic (compound) siphons as shown in Table 1 (Table 2).

Table 1. Basic siphons.

Basic siphons places cy, Type
S P10 P18, P22, P26 (P22 t10 P26 tis P22] a' (4" ¢y
M D> P10> P11> P21s P22 P2as P26 [P21 17 P26 tie P22 ts Poa ta Pl o
Sio D4, P9, P12, P17, P21, P24 (P21 t13 Poa tapar] o
T P4, P9, P17, P21, P24> P28 (P21 t13 Poa tapar] o
Si6 D2, P4, P8, P13, P17, P21> P26 (P21 t17 P26 to Poil o
Si7 D2s Pas P8» P12, P15, P20, P21 P23, P25 | [P21 8 Pas & Pao to Pas tig Pail o
S’ D2; Pas P8» P15, P20, P21, P23, P25, Pas | [P21 8 Pas & Pao to Pas tig Pail o
Sig D2, Da> P8» P12, Ples P21, P25 (P21 83 Ps tigpail a
S1g D2; Pas P8» Ples P21s P25, P2g (P21 83 Ps tigpail a
St P2, P4s Ps, P12, P17, P21 (P21 B3P12 19 Pai] B
Sx P2, P4s Ps, P17, P21, Pas (P21 t1 pagto pail B

Table 2. Compound siphons.

Compound siphons Places
Sy D4 D10 P15, P20> D215 P22 P35 D245 P25, P26
S D4 P10> P16> P21> P22> P24» P25 P26
Ss D> D9s P13, P15, P20s D215 P23 P24> D255 P26
Se D4 D9> P13, P16, Pa1s D24s P25, P26
S D4 D9, P13, P17, P21, P24s P26
Ss D4, P9, P12, P15, P20> P21, P23» P24 P25
S’ Das D9> P15> P20> P21> D23, P24» P25> D28
So D4 D9, P125 P16 P21 P24s P25
S Das D9> D16 P21> P24> D25, P27
Su D2, P4, Ps, P10s P15, P20 P21, P22, P23» P25» P26
S D2, P4, D> P13, P15, P20> P21, P23s P25, P26
Sis D2> P4s Ps> P10, P> P21> P22, P25, P26
Sia D2, P P8» P13, P16 P215 P25, P26
Sis D2, P4, P> P10 P17, P21> P22, P26

Based on Lemma 3, upon merging an r, we try to locate an elementary circuit c. If
no ¢ can be found, there is no S associated with ». Otherwise, we add a PP- or a TP- or a
virtual PT-handle to c¢. Continue this process until no more such handles can be found.
Deleting all TT-handles from the resulting subnet renders an /-subnet, wherein the set of
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places is an S. We then merge another nearby » and repeat the above process until all »
have been merged. An r is more likely to form a circuit with a nearby »’. Thus, we merge
r from bottom to top (corresponding to the direction in a WP from the final state to the
idle state) or vice versa. This is more efficient than to search » in a random fashion.

For the example in Fig. 6, we first find the backbone; each separate component is an
SNC free of TP-inconsistent pair of places. We then get S| = {p4, ps, P13, P14} On circuit
¢1 = [p13 14 p1a to p14]. Next we add p1, a nearby of pi3 and find ¢; = [p12 tio p13 & p12]- A
new siphon S; = {ps, po, p12, P13} is created by synthesis or deleting {ps, ps} (called CD
in section 4) from p(p1,) U p(p13). Now S; serves as an existing S° in step 4. I5 is obtained
by deleting TT- handles [#; ps#4] and [ty p4 t1o] from [} U L. Alternatively, as will be de-
tailed in section 4, S contains p;; as S, does and we create S; by adding p(p;,) to S; and
deleting the above CD similar to the creation of S, by adding p(p;,) to p(p13) and deleting
the above CD.

The example in Fig. 7 consists of three robots (R1, R2, R3) and four machines (M1
-M4). We first find the backbone; each separate component is an SNC free of TP-incon-
sistent pair of places. We then merge resource place R1; we cannot find a circuit for the
first merge. For the second, we merge M3 with no success because it is not minimal since
it contains p(R1). We then merge R2 with M3 to find a circuit containing R2 and M3.
Note that I(p(R2)), unlike others, is not an SM and it contains two I (Sj9and Sy in Ta-
ble 1).

Note that we need to consider a second circuit [R1 #9 M3 t;5 R2 t; M1 t, R1] con-
taining M1, which is used exclusively for the middle process (WP1). We merge the rest
in the order of M2, M4, and R3. Note the merging order is from top to bottom with the
advantage of omitting step 3 in Algorithm | for constructing some new S’. This is be-
cause we can find S” based on existing ones in step 4 as will be shown in section 4.

Note that by Lemma 1.4, it takes O(|P| + |R|) time to detect p(r) in step 5 and O(|F] +
|T] + |P| + |R|) time to find a new circuit [17] where |P| (|R|, |F]) is the total number of
state places (resource places, arcs). Let n” and n be the total number of resource places
and places respectively in the net. The set operation in steps 3&4 takes O(n’). There are
totally O(2") of new I. Hence the total time complexity is dominated by step 4 of the
algorithm and hence is O((|F| + |T] + |P| + |R[)2") better compared with O((|F] + |T] + |P|
+ |R|)2") in the global approach not exploiting the structural characteristics of S’CPR.

Notice that it is still exponential and it cannot be polynomial since the number of
SMS grows exponentially with the size of the net. Nevertheless, it opens a novel way to
investigate the siphon extraction problems from a fresh point of view of handles and
bridges.

There are two types of circuits ¢ that may induce SMS. (1) All (at least two) places
in ¢ are resource places 7 similar to S’PR. (2) ¢ (called S-type ¢ is one circuit in 1(p(r))
and contains only one » (none in S’PR). Unlike S’PR, such ¢ can induce an SMS (e. g,
S in Table 1). Note that for comparison purpose, we have adopted the same subscripts
as that of the S’PR in [1] with only minor difference than that in Fig. 7. Some S are su-
perscripted with * to denote the change due to the difference.

Note that S’y is obtained by deleting p;, from S}, and adding p,s. The Is of S”;¢ and
S0 have the same basic siphon circuit but different nonvirtual PT-handle containing p;,
and p,g respectively. S°y7 and S’ can be obtained similarly.

It is easy to detect ¢;” since its I(p(r)) is not an SM and contains only one resource
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place. There are two types of circuits for (1): elementary (e.g., [p13 4 P14 to p14] in Fig. 6;
denoted by ¢;") and compound (i.e., multiple interconnected elementary circuits; denoted
by ¢,). The corresponding siphons are called o-type basic siphons, denoted by S,” and
compound siphons (e.g., S3 in Fig. 6), denoted by S, (see Tables 1 and 2) respectively.

For ¢,, some PP-path to a ¢, is another cb2 corresponding to S} and S, respectively.
Because S} U S5 is another siphon S, we can obtain a new S, from it by deleting some
places (e.g., S5 = S1 U S5\{ps, ps} in Fig. 6) which are on TT-handles of /(S,). In other
words, compound siphons can be derived from basic siphons. It is interesting to see that
if the S°CPR in Fig. 7 is reduced to the S*PR in [1], the basic and compound siphons cor-
respond to elementary and redundant ones in [1] respectively.

For non—cbﬁ , the 7is an SM and the following lemma helps to locate a c.

Lemma 4 For anon-c;”, all places in the circuit must be resource places.

For instance, in Fig. 6, the siphon constructed on ¢ = [p1; &, p3t3 Ps ta P13 to pa tioPo
t11 p12] contains state places ps, ps, efc. and p( py,) and is not minimal.

Thus for Type 1 circuit, we need only search /5 where all places in ¢ are resource
places; i.e., ¢ is a resource circuit. Note that ¢ may appear in a single working process
(WP). Any circuit (path, handle, subnet) with all places resources is called a resource
circuit (path, handle, subnet).

There may be PP-handles to ¢, which are also resource paths resulting in a new c,.
We do not have to consider TP-handles of resource paths for a different reason — they
simply do not exist.

Lemma 5 Let H be a TP-handle or a nonvirtua PT-handle to ¢;, then H is not a re-
source path.

Corollary 1: The resource subnet (Def. 8) of any /s in an S?CPR is a state machine (SM).

Upon a strongly connected (by Lemma 2) SM subnet N’ (where all places are re-
source places), we can add nonresource TP- and PP-handles to form an /. Since p(r) is a
siphon for each » € N’, so is the union of all such p(r). Deleting nonvirtual PT- and
TT-handles from the union forms the /-subnet of an SMS. The rest are PP- or TP-handles
which are parts of circuits of some /(p(7)). Note that each circuit of an /(p(r)) contains
exactly one state place. Note that if N’ was non-SC, so would be the resulting /-subnet of
SMS and it would violate Lemma 2.

To find all SMS, we have to locate all possible N’. For paper-sized samples, we can
manually search N’. Upon which, it is easy to identify TP- and PP-handles visually.
Hence we can manually construct basic siphons. It is better than resorting to a CAD tool
for paper-sized samples. In addition to the need to learn the tool, it can be quite time-
consuming to enter the structure and marking information as inputs. Scholars often desire
to quickly find out SMS under investigation. Note that all techniques in literatures are
computer based.

Let R be the set of their resource places in the net N, T, = eR N Re and N, the net
generated by R and 7, is a State Machine (SM). The following algorithm computes all
SMS.
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Algorithm 2 SMS computation

1. Find all strongly connected components (SCC) N” in N, in linear time using the
algorithm by Tarjan [12]. If not found, no SMS exists and exit.

2. For each N’ (an SM), find all its sub-SCC. For each such sub-SCC, add all nonre-
source TP- and PP-handles to form an /5. P(Is) is an SMS.

To the best of our knowledge, no efficient algorithms exist to find all sub-SCC (fu-
ture work). Thus, we only need to find ¢, for elementary (also basic) siphons. Since all
places in a ¢, are resources, we can remove all state places and their incident arcs in N
and apply well-known algorithms [13] to search elementary directed circuits.

We now argue the correctness of Algorithm 1. Step 3 synthesizes a new siphon
based on Lemma 3. Step 5 discards it if it is not minimal. Step 2 finds all possible ¢,
and step 4 finds all possible strongly connected resource subnets beyond a circuit.
Thus, the algorithm considers all sub-SCC and finds all SMS.

4. COMPUTATION OF COMPOUND SIPHONS
The idea is based on the following:
Lemma 6 The union of two siphons D; U D, is another siphon.

For compound siphons, some PP’-path to a ¢,’ is another c; corresponding to S; and
S; respectively. Because S; U S; is another siphon S,, we can obtain a new S from it by
deleting some places which are on TT-handles of /(S,). In other words, compound si-
phons can be derived from basic siphons.

Table 3. New S generated based on the formula: S=.S.0U p(SD)\CD.

Note that S\ = p(R2) U p(M2)\CD, S\¢ = p(R2) U p(M4)\CD, S, = p(R3) U p(M4)\CD.
No need to search these S; hence reducing the search time.

Seed (SD) | Companion S°(CP) | Common Deletions (CD) New S

M2 Sis {p2, P ps} So = 815U p(M2)\CD
S8 {p2, 3, s} 8= 515U p(M2)\CD
Siy {p2, 3, s} Sg = S17 U p(M2)\CD
S’ {p2, 3, s} §’s = S17 U p(M2)\CD

M4 Sio {p1s, p1o} S7 =810 U p(M4)\CD
Sig {P1s, P2} Sia = Sis U p(M4)\CD
Sty {p1s, p1o} Si2 = 817V p(M4)\CD
So {Pis, P2} S = Sy U p(M4)\CD
Ss {P1s, P2} Ss = Ss U p(M4)\CD

R3 Sie {p13, pro} Sis=Sis U p(R3)ICD
Sia {pis, Do} Si3= 814 U p(R3)\CD
Si» {p13, pro} S =S U p(R3)\CD
S6 {p13, 1o} S; =S¢ U p(R3)\CD
Ss {p13, 1o} S, =S5 U p(R3)\CD
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In Table 3 we merge M4 to create Sj¢ containing R2 and M4. We can then generate
S5-S7, S12, S14 from Sg-Si, S17, Sis respectively by adding the minimal siphon that contains
M4, p(M4) and deleting the set of places Py = {p1», pi1s} — no need to find TT- and
PT-paths in step 4 of Algorithm 1 again.

Note that all Sg-Sio, S17, S1g contain R2 which is a nearby of M4; hence, all / of the
union of p(M4) and Sg-Sy0, S17, Sis share the same TT-handle [tz p1, #] and PT-handle
[M4 ti6 pi1s ti7].

We call M4 a seed (SD), Sg the Companion S (CP), and P, the Common Deletion
(CD). New S (= p(SD) W CP\CD) formed in this fashion are listed in Table 3. We explain
below how to find CD for compound siphons.

Upon adding a new r, if there is a new circuit ¢ containing the new » and an old #’,
we form a new SMS containing » and »* — called 2-composite since it contains only two
r — by adding p(r’) to p(r) and deleting CD which is the set of places inside all the non-
virtual PT-handles to c. New compound siphons may be formed by deleting CD from the
union of existing SMS and p(r).

Three or more siphons can also composite a new interesting SMS as follows. It can
be formed in a gradual fashion using the beginning 2-composites. For instance, we first
create a 2-composite. After adding a new r, we may create a 3-composite by deleting CD
from the union of the 2-composite with p(r). After adding another new »°, we may create
a 4-composite by deleting CD from the union of the 3-composite with p(’). Continue
this process, we can create n-composite, where n =5, 6, 7, etc.

5. COMPARISON WITH OTHER APPROACHES

Chu and Xie [14] proposed a linear programming approach to decide the deadlock-
freeness of a Petri net that requires the examination of all minimal siphons. Unfortu-
nately, it is well known that the total number of minimal siphons grows exponentially in
the number of nodes.

One way to reduce the complexity of the linear programming approach is to find ef-
ficient algorithms for generating minimal siphons that do not contain traps without gen-
erating other siphons. All deadlock prevention approaches [7-9] consider only siphons
containing resource places. References [6, 15] presented algorithms for generating all
basis siphons. However, it is more efficient to employ minimal siphons (the number is
usually less) to analyze liveness.

Reference [15] employed the sign incidence matrix in [6] to compute the set of
minimal siphons containing a given resource place. However the siphons found may also
be traps and the time complexity was not derived. If a minimal siphon contains a marked
trap — no indication as how to check this condition in [6, 15] — then it will never be-
come empty of tokens. The total number of traps grows exponentially with the size of the
net. Hence it takes exponential amount of time to find whether every minimal siphon
contains a trap, while step 5 in Algorithm I checks it in linear time.

We search only SMS. In addition, many SMS can be derived from existing ones in
terms of formulas; thus the search time may be reduced much.

In summary, our contribution posts the following seven distinct features:
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. Novel — we propose a new model S?CPR.
. Synthetic — SMS can be synthesized by adding handles upon a circuit. This allows

manual searching of SMS for paper-sized sample nets.

. Coordinated — upon a new c¢,, we build not only a new basic siphon, but also a set of

new compound siphons in a coordinated fashion. This saves time much compared
with the random approach since both the number and the size of a compound siphon
may be much larger than that of basic siphons for medium to large net models.

. Graphic — we, unlike others, show that SMS corresponds to graphic objects of all

sub-SCC of the resource subnet N,

. Efficient — we search only N, rather the whole net as in the traditional global approach

where all nodes and arcs in the net must be traced.

. Incremental — we construct SMS in an incremental fashion rather than the traditional

global and random approach. Instead of finding all circuits following by SMS con-
struction, we start from a ¢, and build a basic siphon. Next we find a handle — the
traced net remains strongly connected — to the ¢, and find all new ¢’;, S;, all ¢, con-
taining part of ¢’;, and the associated S,. Repeat this process until no more handles can
be added. This process is similar to the synthesis of SNC using the knitting technique
[16] based on the S-Matrix, which records structural relationships among subproc-
esses or handles. The approach has the advantage of adopting this S-Matrix to help us
find new ¢, and keep track of handles.

. Strict — we search strict minimal siphons; the number of which is smaller than that of

minimal (including strict and non-strict) siphons searched by most approaches.

6. CONCLUSION

We have proposed a new technique to extract SMS for SNC-based FMS which en-

hances the S*PR by replacing the state machine with synchronized choice nets. Only a
subset of all SMS needs to be searched; from which, we can then derive the rest of SMS.

Finally, it is very interesting that both nets and siphons can be synthesized by

constructing handles upon a circuit!

9]
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APPENDIX 1: PROOFS

Proof of Lemma 1: (1) I(p(r)) is a set of PP-circuits of the form [r ¢ p ¢’ r]. Let A and B
be the sets of all such ¢ and ¢’ respectively. or = B, re = A, e H(r) = A, H(r)® = B. Thus,
we have ep(r) = or U ®H(r) = A U B = p(r)e =re U H(r)e. (2) & (3) Obvious. (4) It
holds due to the requirement that each state uses only one resource. (]

Proof of Lemma 3: (1) (—) Assume contrary and H must be non-virtual PT- or
TT-handles. All places in H can be deleted from the siphon while the rest places still
form a siphon violating the fact that .S is minimal. («—) There is a circuit ¢ in I§’ since it is
strongly connected. P(NV’) is a siphon "."Vp € P(\V’), ep € T(N’) since ®p is in ¢ or in a
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PP- or TP-handle to N’. For the same reason, V¢ € T(N’), t € P(N")e; i.e., T(N’)
P(N)e. (Note that pe may not be in 7(N’) if pe is in a PT-handle to N’.) Thus e P(N’) <
P(N)e. It is minimal since if we remove a p in any TP- or PP-handle, then it is not a si-
phon. (2) (—) Assume contrary. Vp € S, V¢t € pe, itisin Iyand Ip’ € S, t € op’. S'is not
an SMS - contradiction. («-) Let ¢# be an output transition of n, of the nonvirtual
PT-handle. ¢ € Se, ¢ ¢ ®S. Hence S is an SMS. a

Proof of Lemma 4: Suppose there are state places in ¢, then 3¢ € ¢, 7 € ¢, and r € ot
since the resource used in a state must be released when moving to the next state (Con-
straint (4-a) in Def. 5). Thus there is a virtual PT-handle [r 7] and the S is not minimal
because it contains another minimal bad siphon as a proper subset. a

Proof of Lemma 5: Assume contrary and the ng(n,) of H (recall Def. 9) has two output
(input) resource places against the fact that any state place can use and release only one
resource. d

Proof of Corollary 1: Lemma 5 indicates that all resource handles to a ¢, must be
PP-handles. ¢, plus these PP-handles is a state machine (SM). d

Proof of Lemma 6: Obvious based on the definition of siphons. d
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