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The study of various dominating set problems is an important area within graph
theory. In applications, a dominating set in a system can be considered as an ideal place
for allocating resources. And, a minimal dominating set allows allocating a smaller num-
ber of resources. Distance-versions of the concept of minimal dominating sets are more
applicable to modeling real-world problems, such as placing a smaller number of objects
within acceptable distances of a given population. However, due to the main restriction
that any processor in a distributed system can only access the data of its direct neighbors,
a self-stabilizing algorithm for finding a minimal distance-k (with k& > 2) dominating set
is hard to get, and its correctness is hard to verify. In this paper, a self-stabilizing algo-
rithm for finding a minimal distance-2 dominating set is proposed. The algorithm can be
applied to any distributed system that operates under the central demon model. The cor-
rectness of the algorithm is verified.

Keywords: minimal distance-2 dominating set, self-stabilizing algorithm, Dijkstra’s cen-
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1. INTRODUCTION

A distributed system consists of a set of loosely connected processors that do not
share a common or global memory. Each processor has one or more shared registers and
possibly some non-shared local variables, used to specify the local state of the processor.
Local states of all processors in the system at a certain time constitute the global con-
figuration (or, simply, configuration) of the system at that time. The main restriction of a
distributed system is that each processor in the system can only access the data (i.e., read
the shared data) of its neighbors. Since a distributed algorithm is an algorithm that works
in a distributed system, it must abide by this main restriction. Depending on the purpose
of a distributed system, a global criterion for the global configuration is defined. Those
global configurations satisfying the criterion are called legitimate configurations, whereas
other global configurations are called illegitimate configurations. When the system is in a
legitimate configuration, the purpose of the system is fulfilled.
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1.1 Dijkstra’s Central Demon Model

Dijkstra’s central demon model of computations [1-3] of an algorithm in a distrib-
uted system has the following features:

(a) The algorithm running on each processor consists of one or more rules. Each rule is
of the form

condition part — action part.

The condition part (or guard) is a Boolean function over the states of the processor
and its neighbors; the action part is an assignment of values to some of the proces-
sor’s shared registers. If the condition part of a rule in a processor is evaluated as true,
we say that the processor is privileged to execute the action part (or to make a move).

(b) At the initial configuration, if none of the processors is privileged, then the system is
deadlocked. Otherwise, if a privileged processor exists, the central demon in the sys-
tem will randomly select exactly one among all the privileged processors to make a
move, in a single atomic step. The local state of the selected processor thus is changed
and in the meantime results in the change of the global configuration of the system.
The system will then repeat the above process to change global configurations as
long as it does not encounter any deadlock situation. Thus, the behavior of the system
under the action of the algorithm can be described by executions. An infinite or finite
sequence of configurations I' = ()1, 7, ...) of the system is called an execution (of the
algorithm in the system) if for any i > 1, ., is obtained from p after exactly one
processor in the system makes the i move 5 — 7.1, and in the case that I is finite, it
is further required that no node is privileged in the last configuration.

Under this central demon model, Dijkstra introduced the notion of self-stabilization of a
distributed system in his classic paper [1] in 1974 [2, 3]. Following Dijkstra’s idea, in
this paper we define an algorithm to be self-stabilizing if every execution of the algo-
rithm has a suffix in which all configurations are legitimate. Note that although this defi-
nition of self-stabilizing algorithms is not sufficient for some cases such as self-stabili-
zation with respect to the mutual exclusion problem, it does suffice for most cases, in-
cluding self-stabilization with respect to the minimal distance-2 dominating set problem
to be discussed in this paper.

1.2 Main Result

Let G = (V, E) be a simple connected undirected graph that models a distributed
system, with each node i € V representing a processor in the system and each edge {7, j}
representing the bidirectional link connecting processors i and j. A subset D of V'is called
a dominating set in G if every node outside D has a neighbor in D. A dominating set D in
G is minimal if no proper subset of D is a dominating set in G. Based on these basic defi-
nitions, variants of dominating sets can be defined. Self-stabilizing algorithms for various
dominating set problems have been proposed and studied in the past [4-12]. The domi-
nating set problems dealt with in all these works are of distance-1 type.
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In this paper, we focus on finding a minimal distance-2 dominating set in G. A sub-
set D of V' is called a distance-2 dominating set in G if for any node x in V, there is a
node y in D such that the distance between x and y is not greater than two. A distance-2
dominating set D in G is minimal if no proper subset of D is a distance-2 dominating set
in G. Since, by definition, the requirement for a distance-2 dominating set is less strict
than that for a distance-1 dominating set, a minimal distance-2 dominating set can be
expected to be smaller and thus be able to further reduce the resources needed for alloca-
tion. However, due to the main restriction that any processor in a distributed system can
only access the data of its direct (distance-1) neighbors, a self-stabilizing algorithm for
finding a minimal distance-2 dominating set is harder to get, and its correctness is harder
to verify. In this paper, a self-stabilizing algorithm for finding a minimal distance-2 domi-
nating set is proposed. The algorithm can be applied to any distributed system that oper-
ates under the central demon model. A rigorous correctness proof for the algorithm is
also provided.

1.3 Organization of the Paper

The rest of this paper is organized as follows: In section 2, we propose our algo-
rithm and show that in any legitimate configuration a minimal distance-2 dominating set
can be identified. An example is given to illustrate the execution of the algorithm in sec-
tion 3. The correctness proof of the algorithm is provided in section 4, and finally in sec-
tion 5 some remarks conclude the discussion in this paper.

2. THE ALGORITHM AND THE LEGITIMATE CONFIGURATIONS

We assume that the system in consideration is modeled by a simple connected undi-
rected graph G = (V, E). Each processor has a unique identifier, and we will use the
unique identifier to represent the processor. Moreover, each processor x in the system
maintains a shared register d, whose value is 0, 1 or 2, and a shared register p, whose
value is the identifier of a neighbor of x. In all the following, N(x) = {y € V| {x, y} € E},
No(x) = {y € N(x) | d, =0}, Ni(x) = {y € N(x) | d, =1}, and Ne(x)={y € V|d(x,y)=2
and d, = 0}, where d(x, y) is the distance between nodes x and y.

Algorithm 1

{For any node x}

R1: No(x) =0 AN,(x)=0"d,#0—>d, =0

R2: Ny(x) #0 A d, # 1 = d, = 1; p,:= min Ny(x), where min Ny(x) is the smallest element
in the set Ny(x)

R3: No(x) =0 ANi(x) 20 A [dr =1V (d:=0 ATy € Ni(x) s.t. p, #x)] > d, =2

R4:d, =1 A Ny(x) #0 A py & No(x) = p, := min Ny(x)

The legitimate configurations are defined to be all those configurations in which no
node in the system is privileged.

Lemma 1 In any legitimate configuration, the set D = {x € V| d, = 0} is a distance-2
dominating set in G.
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Proof: Suppose that the system is in a legitimate configuration. Then no node in the sys-
tem is privileged. Let u be any node in V' — D. Then d,, # 0.

Case 1: Ny(u) #0. Then No(u) U Ni(u) #0.

Case 2: Ny(u) =0. Then since d, # 0 and u is not privileged by R1, N;(u) #0. Let v be any

node in N;(u). Then d, = 1. Since v is not privileged by R1, the condition Ny(v) =0 A Ny(v)
=0 1is false. Similarly, since v is not privileged by R3, the condition Ny(v) =0 A Ni(v)

#0 is false. It follows that Ny(v) #0. Since v € N(u) and d, # 0, No(v) < No(u) U No(u).

Hence No(u) U Ng(u) #0.

In both cases, we get that Ny(u) U N;(u) #0. Thus there is a node y in D such that the
distance between u and y is not greater than two. Therefore the set D is a distance-2
dominating set in G. [

Theorem 1 In any legitimate configuration, the set D = {x € V| d, = 0} is a minimal
distance-2 dominating set in G.

Proof: Suppose that the system is in a legitimate configuration. Then no node in the sys-
tem is privileged. Let x be any node in D. Then d, = 0. Since x is not privileged by R2,
No(x) =0. Let y be any node in N(x). Then, since d, = 0, Nyo(y) #0. Since y is not privi-
leged by R2, d, = 1. Hence N,(x) #0. This, together with the fact that d, = 0, Ny(x) =0

and x is not privileged by R3, implies that for every u € N\(x), p, = x. In particular, p, = x.
Let z be any node in N(y) — {x}. Then since d, = 1, y € Ni(z) and N,(z) #0.

Case 1: Ny(z) #0. Then, since z is not privileged by R2, d, = 1.
Case 2: Ny(z) =0. Then, since N,(z) #0,y € Ni(z), p, = x # z and z is not privileged by R3,
we have that d, = 2.

From all the above, we see that for every y € N(x), d, = 1 and for every z € N(y) -
{x}, d. # 0. Thus No(x) U Ng(x) =0. It follows that the distance between x and any node
in D — {x} is greater than two. Therefore D — {x} is not a distance-2 dominating set. This,
together with Lemma 1, implies that D is a minimal distance-2 dominating set in G. U

3. AN ILLUSTRATION

The example in Fig. 1 illustrates the execution of Algorithm 1. Note that in each
configuration in Fig. 1, the shaded nodes represent the privileged nodes, whereas the
shaded node with a bold circle represents the privileged node selected by the central de-
mon to make a move.

4. CORRECTNESS PROOF

In this section we give a rigorous proof for the self-stabilization of Algorithm 1. For
presentation’s sake, for i = 1, 2, 3, 4, we say that a move 7, = %+ 1S an Ri-move made
by a node x, if x executes rule Ri in the move %, = ¥+
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Node 7 is privileged by R1,
node 8 is privileged by R2,
nodes 1, 2 and 3 are privileged
by R3 and node 5 is privileged
by R4.

Central demon picks node 5 -
to make a move.

Node 7 is privileged by R1,
node 8 is privileged by R2,
and nodes 2 and 3 are
privileged by R3.

Central demon picks node 2 "
to make a move.

Node 7 is privileged by R1 and
node 3 is privileged by R3.

Central demon picks node 7 o
to make a move.

Node 6 is privileged by R2 and
node 3 is privileged by R3.

Central demon picks node 6 o
to make a move.

Node 3 is privileged by R3.

Central demon picks node 3
to make a move.

Thisis a
legitimate configuration.

d=1 d=2 di=2 d=0
pa=1 Ps=3 =8 p7=6

Fig. 1. An example to illustrate an execution of Algorithm 1. (In the last configuration, which is a
legitimate configuration, a minimal distance 2-dominating set D = {1, 7} can be identified.)

Lemma 2 Suppose x is a node in the system and I = (#, %, ...) is an execution of Al-
gorithm 1. If %, = %,41 and y, — 7,1 are two consecutive R1-moves in I' made by x, then
the first move made by x after y,,; must be an R3-move.
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Proof: Since y, —> y,+1 and y;, —> y,+ are R1-moves made by x, d, = 0 in y,+; and d, # 0 in
7, Thus there must be a move made by x in the segment (3,1, ..., %) and let 3, — y.1 be
the first such move. Then d, = 0 in (%41, ..., %). Since dy # 1 in ¥, % — %+ cannot be an
R4-move.

Now, we prove that 3 — ¥+ cannot be an R2-move. Since y, —> %+ is an R1-move
made by x, Ny(x) = Ni(x) =0 in y,+,. Hence for any y € N(x), we have d, =2 in ;. Since
x € Ny)and d, = 0in ()p+1, .., %), No(¥) 0 in ()41, ..., %5). Thus y cannot execute R1 in
(%+15 ---» %)- This, together with the fact that d,, = 2 in y,1,, implies that d, # 0 in y;,. Hence
No(x) =0 in y,. It follows that the move y, — 5. cannot be an R2-move.

Since y, = %+ and y, — y,+1 are two consecutive R1-moves made by x, the move y
— %+ cannot be an R1-move. Therefore 3, — 5.+ is an R3-move. a

For any node x € V and for any configuration y, we define M(x) = {y € V| d(x,y) =
2,y<xandd,=01in y}.

Lemma 3 Suppose x is a node in the system and I' = (#, %, ...) is an execution of Al-
gorithm 1 in which there is no R1-move made by any node y <x. If 3, = %+ and y, —
Y4+1 are two consecutive R1-moves in I' made by x, then [M, (x)| > [M,, (x)|.

Proof: Let y;, — .+ be the first move made by x after y,+,. Then d, = 0 in ()41, ..., %)-
By Lemma 2, 3, — %+ is an R3-move. This, together with the fact that d, = 0 in y, im-
plies that there exists a # € N(x) such that d, =1 and p, # x in . Since x executes R1 in
the move ¥, = %41, No(x) = Ni(x) =0 in y,+1. Thus d, = 2 in y,+,. Since d, = 1 in %, u must
make an R2-move in ()p+1, ..., %). Let % — %41 be the last such move. Then d, = 1, p, =
min Ny(u) in 7+ and u cannot make any R2-move in (J+1, ---, %)-

Case 1: u never makes any R4-move in (%1, ..., %). Then p, can never change in (¥4, ...,
%). Since p, # x in %, p, # X in Y.

Case 2: u makes an R4-move in ()1, ..., %)- Let % — 3.+ be the first such move. Then
DPu € No(u) in % and u never makes any R4-move in (%41, ..., ;). Since dy = 0 in ()41, ...,
%), X € No(u) in . Hence p, # x in . Since u never makes any R2- or R4-move in
(%=1, ---» %), py never changes in ()1, ..., ). Thus p, # x in yq.

In both cases, we get that p, # x in y.;. Since p, = min Ny(u) in y+1, min Ny(u) # x in p4q.
Since d, = 0 in %1, x € Ny(u) in 1. Hence min Ny(u) < x in %41.

Let w =min Ny(u) in y41. Then p, =w <x and d,, = 0 in y4,. Since d, = 0 in (Y11, ...,
%), for any v € N(x), we have that Ny(v) # 0 in (}+1, ..., %). Hence v cannot execute R1 in
(Hp+15 -+ > ). Since Ny(x) = Ni(x) =0 in y,11, d, = 2 in p,41. Thus d, # 0 in y4,. However, d,,
=01in y1. So w ¢ N(x). This, together with the fact that w € N(u) and u € N(x), implies
that d(x, w) = 2. Thus w e M, _(x).

Since x executes R1 in the move y, = y,+1, No(x) = Ni(x) =0 in y,. Hence d,, = 2 in y,.
Since d, = 1 in %, u must make an R3-move ; — %+ in (J%, ..., %). Thus No(u) =0 in pj;.
It follows that d,, # 0 in .. Since w < x, w never makes an R1-move in I'. In particular,
w never makes an R1-move in (}1, ..., %). Hence d,, # 0 in y,. This implies that w ¢
M, (x).

Consequently, w € M, (x) and w ¢ M, (x). On the other hand, since for any node y
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< x, y cannot make any Rl-move in I', and any move in I" cannot produce any new
0-node (i.e., node with 0 d-value) of which the identifier is smaller than x. It follows that
M,(x)2 M, (x) 2 2 M,(x) 2 M, (x) 2 2 M,(x). Thus M, _(x) 2 M,(x) and thus
M, (x) 2 M, (x). Therefore [M, (x)| > [M, (x)| and the lemma is proved. d

Lemma 4 Suppose x is a node in the system and I" is an execution of Algorithm 1. If
for every node y <x, I' contains a finite number of R1-moves made by y, then I" contains
a finite number of R1-moves made by x.

Proof: Suppose that for any node y < x, I contains only a finite number of R1-moves
made by y. Then there exists a suffix I'" of I such that for any y <x, y does not make any
Rl-move in I"". Let y,, = ¥p,+15 ¥py => Vpytis ---, Where py <p, < ---, be all the R1-moves
made by x in I"". Then, by Lemma 3, we have |Myp](x)| > [Mypz(x)| > ..., a decreasing se-
quence of nonnegative integers. Therefore '’ contains a finite number of R1-moves made
by x, and thus I" contains a finite number of R1-moves made by x. a

Lemma S Every execution I" of Algorithm 1 is finite.

Proof: Let V= {xy, x, ..., x,,} such that x; <x,< .- <x,. By applying the above lemma n
times to xy, X, ..., X, in the order of (x, x,, ..., x,,), we get that I contains a finite number
of R1-moves. Hence there exists a suffix I of I" such that no node in the system makes
any R1-move in I'". If a node x ever executes R3 in the move y — j in I, then d, =2
and Ny(x) =0 in ;. Since no node makes any R1-move in I'', Ny(x) =0 from p.; on.
Hence x never executes R2 (or R1 of course) after the move 3 — .. Thus d, remains to
be 2, and hence can not execute R3 after the move y — .. This shows that each node in
the system can execute R3 at most once in I"". Therefore, there exists a suffix I'"" of I’
such that in I'”", no node executes R1 or R3. Hence, by the similar argument to that for R3
above, in I'"' each node in the system can execute R2 at most once. Therefore, there exists
a suffix I'""" of I'" such that in I'""’, no node executes R1, R2 or R3. Thus, no node
changes its d-value in I'""" and hence in I'""’, each node in the system can execute R4 at
most once. It follows from all the above that I is a finite execution. a

Theorem 2 Algorithm 1 is self-stabilizing under the central demon model and solves
the minimal distance-2 dominating set problem.

Proof: By Lemma 5, every execution of Algorithm 1 is finite. By the definition of a finite
execution, no node is privileged in the last configuration of every finite execution. Hence
the last configuration of every execution of Algorithm 1 is a legitimate configuration. It
follows that Algorithm 1 is self-stabilizing. From this and Theorem 1, it follows that the
minimal distance-2 dominating set problem is solved. d

5. CONCLUDING REMARKS

We have proposed a self-stabilizing algorithm for finding a minimal distance-2
dominating set in a general network in which the central demon model is assumed. We
have also provided the correctness proof. Due to the main restriction that any processor
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in a distributed system can only access the data of its direct (distance-1) neighbors, and
due to that the distance-2 dominating set problem requires a processor to know the in-
formation from beyond its direct neighbors, it is not easy to design and verify the cor-
rectness of a self-stabilizing algorithm for the minimal distance-2 dominating set prob-
lem. Moreover, the worst-case stabilization time of such an algorithm is even harder to
compute. Although we think that the worst-case stabilization time of such an algorithm is
O(n") for some constant i, we cannot prove it.
There are several directions for further research:

1. To generalize the results in this paper from the minimal distance-2 dominating set
problem to the minimal distance-k dominating set problem (k is an arbitrary positive
integer).

2. To generalize the results in this paper from the central demon model to the distributed
demon model.

3. To prove that the worst-case stabilization time of the proposed algorithm in this paper
is O(n") for some constant i, where  is the number of processors in the system.
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