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Sarbazi-Azad, Ould-Khaoua, and Mackenzie proved in 2001 that there exists a 

Hamiltonian cycle in a pyramid network and they also constructed a Hamiltonian path 
between apex and each of 4 frontiers of a pyramid network. The fault tolerance is a cru-
cial matter for parallel computing, especially in a large network. This work improves 
Sarbazi-Azad et al.’s result and considers other relative problems in pyramid networks 
such as the fault tolerant Hamiltonian problem and the Hamiltonian-connected problem. 
The problem of finding Hamiltonian cycles in a pyramid network with one faulty node 
(link) is investigated. Additionally, the Hamiltonian-connectedness of a pyramid network 
can be shown by constructing a Hamiltonian path between any two distinct nodes in it. 
 
Keywords: pyramid networks, Hamiltonian cycle, Hamiltonian-connectedness, fault tol-
erance, interconnection networks   
 
 

1. INTRODUCTION 
 

For the great improvement in the technology of designing and manufacturing of 
semiconductor, the architecture of parallel computing machines can be implemented, and 
lots of different architectures of parallel computing machines have been proposed in lit-
erature [1-3]. The main problem of designing a parallel computing machine lies in how 
to connect the processors in it such that the machine has the most efficiency, and this is 
the problem of interconnection networks. This kind of problem is often viewed and ana-
lyzed in the way of solving a graph theory problem [6, 12, 15]. For this reason, a net-
work is conveniently represented by a graph whose vertices represent the nodes (i.e., 
processors) of the network and whose edges represent the communication links of the 
network. This investigation uses the terms “network” and “graph”; “node” and “vertex”, 
and “link” and “edge”, interchangeably.  

Let G = (V, E) be a connected graph, where V and E represent the vertex set and 
edge set of G, respectively. The degree of a vertex in G is the number of edges incident 
with it. If all vertices have the same degree d, then G is regular or d-regular. The dis-
tance between two vertices u and v, denoted by d(u, v), is the length of the shortest path 
between u and v. The diameter of G is the maximal distance between any two vertices. 
The vertex (edge) connectivity of G is the minimal number of vertices (edges) in G 
whose removal can cause G to be disconnected or trivial [20].  
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The pyramid network (pyramid for short) is one of the important network topolo-
gies as it has been used as both hardware architecture and software structure for parallel 
and network computing [16, 18], image processing [17], and machine vision [22]. In 
parallel and network computing, a lot of parallel algorithms are efficiently implemented 
on pyramid networks. Furthermore, some parallel algorithms are implemented in super-
computers like Cray T3D and T3E and each processor acts as a node in a pyramid net-
work. Some topological properties such as diameter, vertex connectivity, and fault di-
ameter of a pyramid network have been investigated in [6]. Additionally, a pyramid net-
work is Hamiltonian [19] and pancyclic [21]. Their results show that the pyramid net-
work has very good fault-tolerant properties.  

The cycle (ring) and path topologies are used frequently due to their good properties 
such as simplicity, expansibility and easiness of implementation. The Hamiltonian prop-
erty is one of major requirements for designing the topology of a network. The Hamil-
tonicity of a network indicates its capability of embedding cycles (paths) [4, 9]. A cycle 
that contains every node of a network is called a Hamiltonian cycle. A network is 
Hamiltonian if it has a Hamiltonian cycle. An n-node network is Hamiltonian if the net-
work contains a cycle of length n. A network is Hamiltonian-connected if the network 
contains a Hamiltonian path between every two distinct nodes [5, 8]. A Hamiltonian- 
connected network can embed a longest path between every two distinct nodes.  

Linear arrays and rings are suitable for developing simple algorithms with low com-
munication costs. Many efficient algorithms that were designed on linear arrays and 
rings for solving a variety of algebraic problems and graph problems can be found in [9, 
16]. They can also be used as a control/data flow structure for distributed computation in 
arbitrary networks. There is an application of longest paths to a practical problem that 
was encountered in the on-line optimization of a complex Flexible Manufacturing Sys-
tem [11]. These motivate the embedding of paths and cycles in networks. In fact, an 
n-node network containing a Hamiltonian cycle represents that it can embed a ring of 
length n with dilation 1 and congestion 1 [16]. This work concentrates on the problem of 
finding a Hamiltonian cycle in a pyramid and shows that a pyramid with a faulty node or 
a faulty link is also Hamiltonian. This work also demonstrates that a pyramid is Hamilto-
nian-connected by constructing a Hamiltonian path between any two distinct nodes in it. 

The rest of this work is organized as follows. Section 2 formally defines pyramid 
networks in terms of graphs. Section 3 constructs a Hamiltonian cycle in a fault free 
pyramid network and builds a Hamiltonian cycle in a pyramid network with a faulty 
node or a faulty link. Moreover, Hamiltonian-connectedness of a pyramid network is 
also presented. Finally, conclusions are made in section 4. 

2. BACKGROUND AND NOTATIONS 

This section investigates the structure of a pyramid network more deeply, and ex-
plains some of its topological properties. A pyramid, which is constructed similar to a 
rooted tree, has a hierarchical structure. Only one node, the apex, is at layer 0. At layer 1, 
there are four nodes connected as a 2-dimensional mesh and all the four nodes are the 
children of the root (the apex), and each node has four children at layer 2. At layer 2, 
there are sixteen nodes connected as a 2-dimensional mesh and each node also has four 
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children at layer 3, and so on. All nodes at layer k, 1 ≤ k < n, are connected as a 2-dimen-  
sional mesh and each node has four child nodes at layer k + 1. 

Let V(G) denote the node set of network G. A i × j mesh, denoted by M[i, j], is a set 
of nodes V(M[i, j]) = {(x, y) | 1 ≤ x ≤ i, 1 ≤ y ≤ j} and any two nodes are joined by a link 
if and only if |x1 − x2| + |y1 − y2| = 1. A pyramid network is one of hierarchical structures 
based on meshes. An n-layer pyramid network, denoted by PM[n], is a set of nodes 
V(PM[n]) = {(k; x, y) | 0 ≤ k ≤ n, 1 ≤ x, y ≤ 2k}. Node (k; x, y) ∈ V(PM[n]) is a node in 
the mesh of layer k with the coordinate (x, y). All nodes at layer k form a mesh M[2k, 2k] 
and node (k; x, y) is also connected to (k + 1; 2x − 1, 2y − 1), (k + 1; 2x − 1, 2y), (k + 1; 
2x, 2y − 1), and (k + 1; 2x, 2y). Node (k; x, y) is the parent of (k + 1; 2x − 1, 2y − 1), (k + 
1; 2x − 1, 2y), (k + 1; 2x, 2y − 1), and (k + 1; 2x, 2y). Conversely, (k + 1; 2x − 1, 2y − 1), 
(k + 1; 2x − 1, 2y), (k + 1; 2x, 2y − 1), and (k + 1; 2x, 2y) are the four children of (k; x, y). 
Two nodes are adjacent if they are endnodes of a link. In a PM[n], the maximum degree 
is 9 since a node at layer k, 1 ≤ k < n, is connected to its parent at layer k − 1, the four 
children at layer k + 1, and the four adjacent nodes in the mesh M[2k, 2k] the node resides. 
Clearly, the degree of the apex is 4. Excluding a trivial node, the minimum degree of a 
PM[n] is 3, which appears at the four frontiers (n; 1, 1), (n; 1, 2n), (n; 2n, 1), and (n; 2n, 
2n). Fig. 1 shows the structure of a PM[2]. Note that the degrees of nodes (2; x, y) in a 
PM[2] are ranging from 3 to 5, where 1 ≤ x, y ≤ 4. 

 
Fig. 1. The structure of a PM[2]. 

 

For convenience, some notations should be defined as follows in advance. 

Definition 1  The links of a PM[n] are classified into two types: If the endnodes of a 
link belong to different layers, the link is a layer-link, otherwise it is a mesh-link. 

Let (u, v) denote a link of two endnodes u and v in a PM[n]. Then, ((1; 1, 1), (2; 1, 
1)) is a layer-link and ((2; 1, 1), (2; 2, 1)) is a mesh-link. 

Definition 2  A PM[n] can be partitioned into the apex and four (n − 1)-layer subpyra-
mid PM[(n − 1)ij]s by removing the layer-links jointed to the apex and some mesh-links 
not in PM[(n − 1)ij]s, and each node of a PM[(n − 1)ij] can be addressed by (l; x, y)ij, 
where 1 ≤ i, j ≤ 2, 1 ≤ l < n, and 1 ≤ x, y ≤ 2l. 

For example, a PM[2] can be partitioned into the apex (0; 1, 1) and four subpyra-
mids PM[111], PM[112], PM[121], and PM[122]. 

Definition 3  Three kinds of Hamiltonian paths can be constructed in a PM[1] as follows. 
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(1) M-path: (1; 1, 2) → (1; 1, 1) → (0; 1, 1) → (1; 2, 1) → (1; 2, 2); 
(2) N-path: (1; 1, 2) → (1; 1, 1) → (0; 1, 1) → (1; 2, 2) → (1; 2, 1); 
(3) r-path: (0; 1, 1) → (1; 2, 1) → (1; 1, 1) → (1; 1, 2) → (1; 2, 2). 
 

By the definition, as shown in Fig. 2, M-path and N-path contain two layer-links but 
an r-path contains only one layer-link. Thick lines in Fig. 2 represent the links of paths. 
Obviously, a Hamiltonian cycle can be constructed in a PM[1] by joining two endnodes 
of M-path or r-path. 

 
Definition 4  The rotation operation, denoted by ℜt(n, q), rotates a path (cycle) q clock-  
wise in a PM[n], where t is the degree of rotation and t ∈ {90, 180, 270}. 

(1; 1, 1)

(1; 1, 2)

(0; 1, 1)

(1; 2, 1)

(1; 2, 2)

(1; 1, 1)

(1; 1, 2)

(0; 1, 1)

(1; 2, 1)

(1; 2, 2)

(1; 1, 1)

(1; 1, 2)

(0; 1, 1)

(1; 2, 1)

(1; 2, 2)  
(a) M-path.         (b) N-path.        (c) r-path. 

Fig. 2. Hamiltonian paths in a PM[1].  

 
              (a) M-path in a PM[1].              (b) ℜ90(1, M-path). 

Fig. 3. To rotate the M-path in a PM[1] with degree 90°. 

 
Notably, operations ℜ90(n, q), ℜ180(n, q) and ℜ270(n, q) are used to image that nodes 

(k; 2k – y + 1, x), (k; 2k – x + 1, 2k – y + 1) and (k; y, 2k – x + 1), respectively, are node (k; 
x, y) in a PM[n]. Significantly, after executing a rotation operation, a mesh-link (layer- 
link) is still a mesh-link (layer-link). For example, Fig. 3 (a) is the original M-path in a 
PM[1]. After executing the operation ℜ90(1, M-path), the new M-path in a PM[1] is 
shown as Fig. 3 (b). In other words, the coordinates of the original M-path are (1; 1, 2) 
→ (1; 1, 1) → (0; 1, 1) → (1; 2, 1) → (1; 2, 2). After executing ℜ90(1, M-path), the co-
ordinates of the new M-path are (1; 1, 1) → (1; 2, 1) → (0; 1, 1) → (1; 2, 2) → (1; 1, 2). 

M-path, N-path, and r-path in a PM[1] can be rotated 90°, 180°, and 270° and the 
resulting paths are still Hamiltonian paths because a PM[1] is a 4-ary rooted tree and all 
nodes at layer 1 are connected as a 2-dimentional mesh. 

3. HAMILTONICITY 

Sarbazi-Azad et al. proved that there exists a Hamiltonian cycle in a pyramid net-
work and they also constructed a Hamiltonian path between the apex and each of four 
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frontiers [19]. Farahabady et al. attempt to construct a Hamiltonian path between any 
two distinct nodes in a pyramid network [7]. Unfortunately, there are many errors in the 
proofs of Lemmas 2 and 3 in [7] such as the induction bases of these two lemmas are 
missed, Lemma 2 never considers the case that two terminal nodes are in two non-adja-   
cent subpyramids, respectively, and Lemma 3 does not show that a Hamiltonian path 
between any two nodes in a pyramid can contain the desired link ((0; 1, 1), (1; 2, 1)). 
This work improves their results to consider the fault tolerant Hamiltonian problem and 
the Hamiltonian-connected problem in a pyramid network. Sarbazi-Azad et al. graphi-
cally built Hamiltonian paths in a pyramid network case by case. Since a pyramid net-
work is a recursive structure and the expansion of the pyramid network is quite regular, 
this work constructs a Hamiltonian cycle in a PM[n] mathematically. Additionally, a 
Hamiltonian cycle is constructed in a PM[n] with one faulty node or one faulty link. 
Thus, a PM[n] is Hamiltonian even with one node or one link fault. Finally, Hamiltonian- 
connectedness of a PM[n] is shown by constructing a Hamiltonian cycle between any 
two distinct nodes. 
 
3.1 Hamiltonian Cycle 
 

Let HP(k; u, v) (respectively, HP(kij; u, v)), 1 ≤ k < n, denote a Hamiltonian path 
between two distinct nodes u and v in a PM[k] (respectively, PM[kij]). Also let HC(k) 
(respectively, HC(kij)), 1 ≤ k < n, denote a Hamiltonian cycle in a PM[k] (respectively, 
PM[kij]). Because the pyramid is a recursive structure, the following theorem can be 
proved by induction on layer n. 
 
Theorem 1  A PM[n] is Hamiltonian. 
 
Proof: This theorem is proved by induction on layer n. If n = 1, either an M-path or an 
r-path can be constructed in a PM[1] according to Definition 3. Due to the starting node 
and ending node of an M-path or an r-path are adjacent, a link is added to connect them 
to form a Hamiltonian cycle. Clearly, there is one mesh-link unused for constructing the 
Hamiltonian cycle in the PM[1]. By the rotation operation, an unused link can be rotated 
to link ((1; 1, 1), (1; 2, 1)). 

Suppose it is true for n = 1 to k. Then, the PM[n] exists an HC(n) which contains an 
M-path if the four PM[(n − 1)ij], 1 ≤ i, j ≤ 2, are regarded as four supernodes. By induc-
tion hypothesis, there exists an HC(kij) which contains an M-path in each PM[kij], where 
1 ≤ i, j ≤ 2. As mentioned above, the unused mesh-link is rotated to ((1; 1, 1)ij, (1; 2, 1)ij) 
in each PM[kij]. 

To establish an HC(k + 1) in a PM[k + 1], one suitable layer-link is removed from 
each PM[kij] to form a Hamiltonian path. The removed layer-links are ((0; 1, 1)11, (1; 2, 
1)11), ((1; 1, 1)21, (0; 1, 1)21), ((0; 1, 1)22, (1; 1, 1)22), and ((1; 2, 1)12, (0; 1, 1)12). More-
over, the constructed Hamiltonian paths are HP(k11; (0; 1, 1)11, (1; 2, 1)11), HP(k21; (1; 1, 
1)21, (0; 1, 1)21), HP(k22; (0; 1, 1)22, (1; 1, 1)22), and HP(k12; (1; 2, 1)12, (0; 1, 1)12), re-
spectively. Note that two layer-links are connected to (0; 1, 1)ij and the removed 
layer-link in each PM[kij] is one of them. One endnode of the removed layer-link in the 
PM[ki1] (respectively, PM[k1j]) is adjacent to one endnode of the removed layer-link in 
the PM[ki2] (respectively, PM[k2j]). Finally, Hamiltonian cycle HC(k + 1) is constructed 
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as (0; 1, 1) → HP(k11; (0; 1, 1)11, (1; 2, 1)11) → HP(k21; (1; 1, 1)21, (0; 1, 1)21) → HP(k22; 
(0; 1, 1)22, (1; 1, 1)22) → HP(k12; (1; 2, 1)12, (0; 1, 1)12) → (0; 1, 1). Clearly, an M-path 
and 4 r-paths are included in the constructed Hamiltonian cycle.  
 

Taking a PM[2] as an example, the resulting Hamiltonian cycle HC(2), which is es-
tablished according to the proof of Theorem 1, is illustrated in Fig. 4. 

 
Fig. 4. An HC(2) in a PM[2]. 

 
Since node and/or link faults may happen in a practical network and it is practically 

important to consider faulty networks. The node (link) connectivity of a PM[n] is 3 [6]. 
Since node connectivity and link connectivity of cycles is 2, under the worst case, only 
one node (link) can be failure or no Hamiltonian cycle can be constructed in a faulty 
pyramid network. The existence of a Hamiltonian cycle in such a faulty network is proved 
constructively. Recalling the recursive property of a pyramid network, the following 
theorem can be proved by induction again. 
 
Theorem 2  A PM[n] with one faulty link is Hamiltonian. 
 
Proof: This theorem is proved by induction on layer n. If n = 1, there are unused layer- 
links and mesh-links in a PM[1]. Operation ℜt(1, HC(1)) can be applied to ensure that a 
Hamiltonian cycle does not contain the faulty link. 

Suppose it is true for n = 1 to k and assume that ℜt(n, HC(n)) can lead to a Hamilto-
nian cycle without a faulty link in a faulty PM[n]. Now, it is tenable to prove for n = k + 
1. Since ℜt(k + 1, HC(k + 1)) would involve in the computations of ℜt(kij, HC(kij)), ℜt(k 
+ 1, HC(k + 1)) vanishes the faulty link in HC(k + 1) when the fault is one of layer-links 
or mesh-links by which the PM[kij] are connected. There are four layer-links used to con-
nect (0; 1, 1) to four PM[kij]s to form the PM[k + 1]. Two of these layer-links are not in 
HC(k + 1). Fortunately, only one of mesh-links at layer 1 and two of eight mesh-links at 
layer 2 are used in HC(k + 1). Thus, ℜt(k + 1, HC(k + 1)) can be applied to guarantee 
that the resulting Hamiltonian cycle contains no faulty link.  
 

For example, suppose that link ((1; 2, 1), (1; 2, 2)) is failure. After applying ℜ90(2, 
HC(2)) on the HC(2) as shown in Fig. 4, the new HC(2) avoiding the faulty link is illus-
trated in Fig. 5 and the faulty link is marked by the symbol “ ”. 
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(2; 1, 1) (2; 2, 1) (2; 3, 1) (2; 4, 1)

(2; 1, 4) (2; 2, 4) (2; 3, 4) (2; 4, 4)

(2; 1, 3) (2; 2, 3) (2; 3, 3) (2; 4, 3)

(2; 1, 2) (2; 2, 2) (2; 3, 2) (2; 4, 2)

(1; 1, 1) (1; 2, 1)

(1; 1, 2) (1; 2, 2)

 
Fig. 5. A Hamiltonian cycle in a PM[2] with a faulty link. 

 
Theorem 3  A PM[n] with one faulty node is Hamiltonian. 
 
Proof: Three cases are needed to be considered when a node in a PM[n] is faulty. First, 
the faulty node is the apex. Second, the faulty node is (n; x, y), where 1 ≤ x, y ≤ 2n. Third, 
the faulty node is one of the others. Let f denote the faulty node and HC′(n) denote a 
Hamiltonian cycle in the PM[n] in which one node is faulty. This theorem is proved by 
induction on layer n. 

When n = 1, f is either the apex or (1; x, y), where 1 ≤ x, y ≤ 2. If it is the apex, then 
an HC′(1) can be constructed along mesh-link as shown in Fig. 6 (a). Otherwise, f = (1; x, 
y), an HC′(1) is built by using two mesh-links and two layer-links as shown in Fig. 6 (b). 
Thus, there exists a Hamiltonian cycle in a PM[1] with one faulty node. The faulty node f 
in Fig. 6 is marked by symbol “ ” again. 

                       
(a) An HC′(1) without layer-links.            (b) HC′(1)s with layer-links. 

Fig. 6. HC′(1)s in a PM[n] with a faulty node. 

 
For n = 1 to k, suppose that a PM[n] with a faulty node contains an HC′(n). That 

PM[k + 1] with a faulty node contains an HC′(k) is proved as follows. 
 
Case 1: (f = (0; 1, 1)): By Theorem 1, an HC(k + 1) is constructed as (0; 1, 1) → HP(k11; 
(0; 1, 1)11, (1; 2, 1)11) → HP(k21; (1; 1, 1)21, (0; 1, 1)21) → HP(k22; (0; 1, 1)22, (1; 1, 1)22) 
→ HP(k12; (1; 2, 1)12, (0; 1, 1)12) → (0; 1, 1). Let every PM[kij] be regarded as a super-
node, the PM[k + 1] can be regarded as a PM[1] and can construct an HC′(1) in it as de-
scribed above. Since the source of HP(k11; (0; 1, 1)11, (1; 2, 1)11) and the destination of 
HP(k12; (1; 2, 1)12, (0; 1, 1)12) are adjacent, the node (0; 1, 1) is removed from HC(k+1), 
and the source node of HP(k11; (0; 1, 1)11, (1; 2, 1)11) and the destination node of HP(k12; 
(1; 2, 1)12, (0; 1, 1)12) is connected to form HC′(k + 1) as HP(k11; (0; 1, 1)11, (1; 2, 1)11) 
→ HP(k21; (1; 1, 1)21, (0; 1, 1)21) → HP(k22; (0; 1, 1)22, (1; 1, 1)22) → HP(k12; (1; 2, 1)12, 
(0; 1, 1)12) → (0; 1, 1)11. 
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Case 2: (f = (k + 1; x, y), where 1 ≤ x, y ≤ 2n): By induction hypothesis and Fig. 6, there 
exists an HC(kij) which contains two layer-links with the endnode (0; 1, 1)ij in each 
PM[kij], where 1 ≤ i, j ≤ 2. Then, by the proof of Theorem 1 an HC′(k + 1) can be built in 
the PM[k + 1]. 

Without loss of generality, suppose that the faulty node is in the PM[k11]. By induc-
tion hypothesis, there exists an HC′(k11). The HC′(k11) contains a layer-link ((0; 1, 1)11, 
y11) and y11 is either (1; 2, 1)11 or (1; 2, 2)11. After removing the layer-link ((0; 1, 1)11, 
y11), there exists an HP′(k11; y11, (0; 1, 1)11). The HC′(k + 1) can then be built as follows: 

If y11 = (1; 2, 1)11, (0; 1, 1) → HP′(k11; (0; 1, 1)11, y11) → HP(k21; (1; 1, 1)21, (0; 1, 1)21) 
→ HP(k22; (0; 1, 1)22, (1; 1, 1)22) → HP(k12; (1; 2, 1)12, (0; 1, 1)12)→(0; 1, 1). 

If y11 = (1; 2, 2)11, (0; 1, 1) → HP′(k11; (0; 1, 1)11, y11) → HP(k21; (1; 1, 2)21, (0; 1, 1)21) 
→ HP(k22; (0; 1, 1)22, (1; 1, 1)22) → HP(k12; (1; 2, 1)12, (0; 1, 1)12) → (0; 1, 1). 

Case 3: (f = (l; x, y), where 1 ≤ x, y ≤ 2l and 1 ≤ l ≤ k): The faulty node f must belong to 
one PM[(k + 1 − l)ij] in a PM[k + 2 − l]. Without loss of generality, assume that f is in the 
PM[(k + 1 − l)11]. By Case 1, construct an HC′(k + 1 − l) in the PM[(k + 1 − l)11]. More-
over, by Theorem 1, an HC((k + 1 − l)ij) is established in each of the other three PM[(k + 
1 − l)ij]s. Remove four links ((l + 1; 2x − 1, 2y), (l + 1; 2x, 2y)), ((l + 1; 2x + 1, 2y), (l; x + 
1, y)), ((l + 1; 2x + 1, 2y + 1), (l; x + 1, y + 1)), and ((l + 1; 2x − 1, 2y + 1), (l + 1; 2x, 2y 
+ 1)) from the constructed HC′(k + 1 − l) and HC(k + 1 − l)s. Then five links, ((l + 1; 2x 
− 1, 2y), (l + 1; 2x − 1, 2y + 1)), ((l + 1; 2x, 2y), (l + 1; 2x + 1 , 2y)), ((l; x + 1, y), (l − 1; 
⎡x/2⎤, ⎡y/2⎤)), ((l − 1; ⎡x/2⎤, ⎡y/2⎤), (l; x + 1, y + 1)), and ((l + 1; 2x + 1, 2y + 1), (l + 1; 2x, 
2y + 1)), are added to form an HC′(k + 2 − l) in a PM[k + 2 − l] in which the faulty node f 
= (l; x, y) and 1 ≤ l ≤ k. Now, an HC′(k + 1) can be easily constructed in the PM[k + 1] 
with f = (l; x, y) by Case 2 if the PM[k + 2 − l]s are regarded as supernodes.          

For example, by Theorem 3, the constructed HC′(2) in a PM[2] with the faulty node 
(0; 1, 1) is shown in Fig. 7 (a). Fig. 7 (b) shows the constructed HC′(2) in a PM[2] with f 
= (1; 1, 1). 

             
(a)                             (b) 

Fig. 7. An HC′(2) in a PM[2] with one faulty node; the faulty node f is (a) the apex (b) not the apex. 

 
3.2 Hamiltonian-connectedness 
 

A Hamiltonian-connected network is a network which contains at least one Hamil-
tonian path between every two distinct nodes. In the following, the Hamiltonian-con- 
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nectedness property of a pyramid network is revealed. In a PM[k + 1], 1 ≤ k < n, two 
PM[kij]s are adjacent if their apexes are adjacent, otherwise the two PM[kij]s are nonad-
jacent. 
 
Theorem 4  A PM[n] is Hamiltonian-connected, where n ≥ 1. 
 
Proof: To show a PM[n] is Hamiltonian-connected, a path, which traverses every node 
exactly once between any two distinct nodes u and v in the PM[n], is devised. Four cases 
are needed to be considered in this proof. First, both u and v are in the same subpyramid. 
Second, u or v is the apex. Third, u and v are in two adjacent subpyramids. Last, u and v 
are in two nonadjacent subpyramids. This theorem is proved by induction on layer n. 

If n = 1, only three cases are needed to be considered as follows. If u or v is the 
apex in a PM[1], then r-path is applied to construct a Hamiltonian path. Otherwise, 
because nodes u and v are in adjacent/nonadjacent subpyramids, M-path or N-path is 
adopted to achieve a Hamiltonian path. Additionally, these constructed paths all include 
at least one layer-link (x, y) where x is (0; 1, 1) and y is either (1; 2, 1) or (1; 2, 2). 

For n = 1 to k, assume that a PM[n] is Hamiltonian-connected and each Hamiltonian 
path in it includes a layer-link (x, y) where x is (0; 1, 1) and y is either (1; 2, 1) or (1; 2, 2). 

Let xij and yij represent the nodes x and y, respectively, in the PM[kij], 1 ≤ i, j ≤ 2. 
Also let a P→b represent the path P from node a to node b. The Hamiltonian-connected- 
ness of the PM[k + 1] is shown as follows. 
 
Case 1: (u and v are in the same subpyramid): By induction assumption, there exists a 
Hamiltonian path between any two nodes in a PM[kij]. Without loss of generality, sup-
pose u and v are in the PM[k11]. An HP(k11; u, v) is constructed and link (x11, y11) is re-
moved from it such that the path is divided into two subpaths P′ and P′′. Two endnodes 
of P′ (P′′) are u (v) and x11 (y11). In fact, the length of P′ or P′′ may be 0. Because, in 
each of the other three PM[kij]s, there exists a Hamiltonian path between two arbitrary 
nodes uij and vij, the HP(k + 1; u, v) can be formed as follows: 
 
If y11 = (1; 2, 1)11, uP'→x11 → (0; 1, 1) → HP(k12; u12, v12) → HP(k22; u22, v22) → HP(k21; 
u21, v21) → y11

P"→v. 
 
If y11 = (1; 2, 2)11, uP'→x11 → (0; 1, 1) → HP(k21; u21, v21) → HP(k22; u22, v22) → HP(k12; 
u12, v12) → y11

P"→v. 
 
Case 2: (u or v is the apex): Without loss of generality, assume that u is in the PM[k11] 
and v is the apex. An HP(k11; u, y11) is first constructed. If u = x11, apply the scheme of r- 
path in the PM[k11]. Otherwise, apply either the M-path or N-path scheme in the PM[k11]. 
Because, in each of the other three PM[kij]s, there exists a Hamiltonian path between two 
arbitrary nodes uij and vij, the HP(k + 1; u, v) is built as follows: 
 
If v11 = (1; 2, 1)11, HP(k11; u, v11) → HP(k21; u21, v21) → HP(k22; u22, v22) → HP(k12; u12, 
v12) → (0; 1, 1). 
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If v11 = (1; 2, 2)11, HP(k11; u, v11) → HP(k12; u12, v12) → HP(k22; u22, v22) → HP(k21; u21, 
v21) → (0; 1, 1). 
 
Case 3: (u and v are in two adjacent subpyramids): Without loss of generality, assume 
that u is in the PM[k11] and v is in the PM[k21]. An HP(k11; u, v11) first constructed. If u = 
x11, r-path is adopted. Otherwise either M-path or N-path is adopted in the PM[k11]. In 
the PM[k21], an HP(k21; u21, v) is constructed similarly. Because, in each of the other two 
PM[kij]s, there exists a Hamiltonian path between two arbitrary nodes uij and vij, the HP(k 
+ 1; u, v) is built as follows: 

 
HP(k11; u, v11) → HP(k12; u12, v12) → (0; 1, 1) → HP(k22; u22, v22) → HP(k21; u21, v). 

 
Case 4: (u and v are in two nonadjacent subpyramids): Without loss of generality, as-
sume that u is in the PM[k11] and v is in the PM[k22]. An HP(k11; u, v11) is first con-
structed. If u = x11, then r-path is adopted. Otherwise, N-path is adopted in the PM[k11]. 
Similarly, an HP(k22; u11, v) can be constructed in the PM[k22]. Then, the HP(k + 1; u, v) 
is built as follows: 
 

HP(k11; u, v11) → HP(k12; u12, v12) → (0; 1, 1) → HP(k21; u21, v) → HP(k22; u22, v). 
 
Consequently, an HP(k + 1; u, v) can be built in a PM[n] between two arbitrary 

nodes u and v, and the HP(k + 1; u, v) contains the layer-link (x, y). Therefore, a PM[n] is 
Hamiltonian-connected for n ≥ 1.  

4. CONCLUSION 

This work constructs a Hamiltonian cycle in a pyramid network. Since the defection 
of nodes or links might occur in a practical network, it is practically important to con-
sider faulty networks. This work also shows that a pyramid network with one faulty node 
(link) is Hamiltonian. The result is optimal because node connectivity and link connec-
tivity of a pyramid are both 3, and at most one node or one link can be faulty in the worst 
case. In a pyramid network, a Hamiltonian path between any two distinct nodes can be 
constructed. In other words, a pyramid network is Hamiltonian-connected. Conditional 
fault-tolerant properties of a network have been defined and investigated in literature [10, 
13, 14]. Under the assumption that each node has at least two fault-free links, how many 
link faults in a PM[n] can tolerate and still remain a Hamiltonian cycle (path)? Since the 
node degree of a PM[n] ranges from 3 to 9, there are nodes whose degrees are greater 
than 3. Future work will explore the conditional fault-tolerant Hamiltonicity of a PM[n]. 
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