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The Internet motivated video streaming systems are largely complicated by issues
such as a high degree of network resource sharing amongst many flows, which potentially
leads to deadlocks. Using concepts of siphons along with their corresponding dangerous
markings, we derive an algebraically necessary and sufficient characterization for such a
much undesirable situation. The target system is assumed to be described in a Petri net
formalism, whose markings provide the information on the current interactions among
related network operations and resources. The theoretic materials allow us to introduce
the control laws iteratively. At each iteration step, we produce a generalized mutual ex-
clusion constraint which contains only markings for which liveness can be enforced.
Since the explicit enumeration of all siphons is avoided, the proposed method can greatly
reduce the complexity of off-line computation for the on-line restriction policy. Further-
more, a generalized elementary siphon control investigation is involved such that the fi-
nal supervisor can be structurally simplified. Examples are demonstrated in this paper to
validate the effectiveness and efficiency of the proposed approach.

Keywords: liveness enforcing supervision, Petri nets, deadlock prevention, video stream
systems, siphon

1. INTRODUCTION

On the Internet, one of the most important media for communications and enter-
tainment is video [1-7]. The digitization of video together with the advent of large scale
digital integrated circuits and computers facilitates the compression of video and thus its
transmission among various geographically distributed network nodes. Moreover, recent
growth and popularity of wide bandwidth communication and high-speed network tech-
nologies make the real-time video streaming systems over Internet feasible [4, 5]. How-
ever, only best-effort services are available over the current Internet, which can be much
complicated by additional issues such as reasonable sharing of network resources during
data delivery in a streaming session and excellent performance of peer-to-peer commu-
nication for special content [4, 5].

Basically, a video stream is spitted into a set of frames, which are formally fixed-
size packets that must be transmitted from the sender to the receiver [1, 2, 4, 5]. In a
connection oriented service, a virtual circuit subnet is constructed before the delivery of
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the whole video. All packets of the same virtual circuit follow the same preconfigured
path and arrive in the order by which they are sent. In a congested network, additional
queuing delays can be experienced at busy intermediate network nodes. In addition, all
involved nodes are dedicated to the circuit so that their capacities are somewhat wasted.
In order to maximize the network resource utilization ration while reduce the transmis-
sion delay, the resource allocation policy must be improved. Consequently, the path of
each packet is determined independently and dynamically. The number of intermediate
nodes along the path of each packet may be totally different so that the packet can be
forwarded along an optimal route with least congestion and delay. Moreover, once a
packet is transmitted from one node to another, the required resource must be released
and can be reacquired by the following packets. Obviously, the new transmission control
protocol promises a high degree of resource sharing since each resource can accept and
manage a higher amount of concurrent streams thus minimizing resource idling. How-
ever, when the resources are inappropriately allocated, the whole network can stumble at
a deadlock condition, which is a most unfavorable situation since some of the packets
will be idle due to their indefinite waiting for the release of other resources.

Informally speaking, a video streaming system falls into the same framework of a
resource allocation system (RAS) since it allows the construction of system models bi-
partitioned into processes and resources [8-34]. Abundant literatures show that Petri nets
are a powerful mathematical tool for modelling, analysis, and synthesis of RAS, with an
accent in automated production systems [17, 20, 22]. In particular, siphons are a special
structure object tightly related to deadlock occurrence in a Petri net. Thus, the funda-
mental idea motivating the development of deadlock control is to prevent the reachability
of a marking under which at least one siphon is insufficiently marked [12-14, 17, 19-22,
26-28, 30, 31]. Obviously, this method can be easily implemented via a set of linear ine-
qualities whose basic elements represent markings associated with operation places in
siphons in the Petri net model of a video streaming system. Solutions and transforma-
tions of these inequalities lead to a set of nearly optimal control places (monitors) for the
plant Petri net. In this paper, an iterative approach to automatically generate all the con-
trol places without the complete enumeration of all siphons is proposed. The method
introduced in this paper is based on the solution of a set of mixed integer programming
(MIP) formulations, and implemented by a set of invariant-imposing control places im-
posed upon the original or plant Petri net so as to prevent the target system from entering
into either the deadlock zone or the livelock zone of a reachability graph (RG). Specifi-
cally, an additional control place behaves as a “virtual” resource imposing some general-
ized mutual exclusion constraints defined on a set of critical operation places.

The remainder of this paper is organized as follows. Section 2 reviews the basic
definitions and notations of Petri nets used throughout this paper. Also, a well-known
class of Petri nets, namely S*PR, on which the experiment of our method is conducted, is
introduced. Section 3 is devoted to the description of a mathematical programming
methodology for the efficient derivation of insufficiently marked siphons. Also, an alge-
braic method to control these siphons is discussed. Section 4 investigates a generalized
technique of elementary siphons, through which the structure of the expected supervisor
can be greatly reduced. An explanatory example is illustrated in section 5. Section 6 con-
cludes the paper and suggests directions for future research.
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2. PRELIMINARIES
2.1 Petri Nets

A Petri net is a four-tuple N = (P, T, F, W) where P and T are finite, nonempty, and
disjoint sets. Specifically, P is the set of places and T is the set of transitions. F < (P x T)
U (T x P) is called the flow relation or the set of directed arcs. W: (P xT) U (TxP) > N
is the weight function, where N is the set of non-negative integers. Ordinary nets are
those where W: (P x T) U (T x P) — {0, 1} while general nets are those where W: (P x T)
U (T x P) — N. If the restriction of W to (P x T) maps on {0, 1}, the Petri net is said to
be PT-ordinary. Unless otherwise stated, when talking about a net, we refer to a general
one. The preset of anode x € P U T is defined as *x = {y € P U T|(y, X) € F}. The post-
setofanode x e PuU Tisdefinedas x"={y e PUT|(X,y) € F}. The preset (postset) of
a set is defined as the union of the presets (postsets) of their elements. An ordinary net N
= (P, T, F, W) is a state machine iff |'t| = |t°| = 1. The input and output incidence matrices
[N]” ={a;} and [N]"= {a;; } of the Petri net N are defined as a; = W(p;, tj) and a; = W(g,
pi). The incidence matrix [N] = {a;} of the Petri net N is defined as [N] = [N ] - [N]. [N]
([Ngj], [N;j 1) is the jth row of [N] ([N], [N"]). [Ne}] ([Nt‘j],[ij]) is the jth column
of [N] (IN'], [N"]).

A marking of N is a mapping M: P — N. (N, M) is called a net system or a marked
net, where Mo means the initial marking or state. A transition t; is fireable iff Vp € °t,
M(p) = W(p, t). This is denoted as M[t;). A marking M is reachable from another one M’
iff there exists a firing sequence o = <tit,...t,> so that M[t;)My[t,)M,... M 1[t.)M’. This
fact is also denoted by M[o)M’. The length of o, which is denoted by |ai, is defined by
the number of transitions in it. The firing sequence vector of o is a |T|-dimensional vector,
namely y, whose each component, i.e., y(t), t € T, states the number of appearance of
transition t in o. The set of all markings reachable from a marking My, in symbol R(N,
Mo), is the smallest set in which M e R(N, Mg) and M" € R(N, M) if both M € R(N, Mg)
and M[t)M’ hold.

Let (N, Mg) be a net systemand N = (P, T, F, W). Atransition t € T is live under M,
iff YM e R(N, M), M’ € R(N, M), M'[t) holds. (N, M) is deadlock-free iff VM e R(N,
Mo), 3t € T, M[t). (N, M) is livelock iff it is deadlock-free and M € R(N, M), It e T, t
is dead at M. (N, M) is live iff vt € T, tis live under Mo. A marking M e R(N, M) is
deadlock or total deadlock iff vt € T, tis dead. A marked net is quasilive iff vt € T, IM e
R(N, Mg), M[t). (N, My) is bounded iff 3k € N, VM e R(N, My), Vp € P, M(p) < k, where
N"=N\{0}. (N, M) is pure iff V(x, y) € (P x T) U (T x P), W(x, y) > 0 = W(y, x) = 0.

A P-vector (place vector) is a column vector I: P — Z indexed by P while a T-vector
(transition vector) is a column vector J: T — Z indexed by T, where Z is the set of inte-
gers. We denote a column vector where every entry equals 0(1) by 0(1). I" and [N]" are the
transposed versions of vector | and matrix [N], respectively. | is a P-invariant (place in-
variant) iff 1 #0and I" - [N] = 0" hold. J is a T-invariant (transition invariant) iff J = 0 and
[N]-J=0hold. ||l] ={p € P|I(p) = 0}(J|| = {t € T|JI(t) = 0}) is called the support of
1(J), where ||I|['={p € P|1(p) > O}(|J||" = {t € T|I(t) > 0}) is called the positive support
while |[l]7 ={p € P|I(p) < O}(J|I” = {t € T|JI(t) < 0}) is called the negative support. A
P-invariant (T-invariant) is minimal iff it contain no P-invariant (T-invariant) as a proper
subset. P-invariant (T-invariant) is said to be a P-semiflow (T-semiflow) iff no component
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of | is negative. For economy of space, ZpEpM(p) - p is used to denote vector M without

confusion. Similarly, zpepl(p) -p (ZthJ(t) - 1) is used to denote vector | (J). In a struc-
turally bounded net system, SB(p) means the maximal number of tokens which is defined
as SB(p) = max{M(p)|M = My + [N] -y, M > 0, y > 0}, where y is the firing sequence
vector.

Astring xg, X, ..., X, is called a path of N iff Vi € {1, 2, ..., n — 1}, Xjs1 € X". Asim-
ple path is a path whose nodes are all different (except for, perhaps, x; and x,). A path
X1, ---, Xy IS called a circuit iff it is a simple path and x; = x, [17].

Definition 1 [17] Let N, be a strongly connected state machine, ¢ be a circuit of N;.
The set of nodes in c is denoted by {c} and the length of circuit c is defined as length(c)
= |{c}. Let x, y be two nodes in c, and A — (P x T) be a set of nodes in c. x is said to be
previous to y in ¢, which is formally denoted by x < .y, iff there exists a path in ¢ from x
to y whose length is greater than 1 and does not pass over p,. X is said to be previous to y

in N_I which is formally denoted by x < -y, iff there exists a circuit ¢ in WI so that x

<gy. X< A iff there existsanode y € A 50 that x < N Y- A< N X iff there exists a node

nodey e Aso thaty < - x.

A nonempty set S < P (Q < P) is a siphon (trap) iff °S = S* (Q° < *Q) holds. A si-
phon (trap) is minimal iff there is no siphon (trap) contained in S (Q) as a proper subset.
A minimal siphon (trap) not containing the support of any P-invariant is called a strict
minimal siphon (trap). M(p) indicates the number of tokens in p under M. p is marked by
M iff M(p) > 0. Asubset S < P (Q < P) is marked by M iff at least one place is marked
by M. The sum of tokens in all places in S (Q) is denoted by M(S) (M(Q)), where M(S)

= ZpesM(p) (M(Q) = ZpeQM(p)). A siphon (trap) S (Q) is said to be empty at marking
M iff M(S) = 0 (M(Q) = 0). In the sequel, the set of all the strict minimal siphons (trap) in
a net is denoted by IT (Q0). S or Q is said to be max-marked (min-marked) at a marking M
iff 3p € S or 3p € Q such that M(p) > max,» M(p) = mings), where maxge = MaXcpe(W(p,
) (Ming: = minep+(W(p, 1)).

Let S be a subset of places of N = (P, T, F, W). A5 is called the characteristic
P-vector of S iff Vp e S, As(p) = 1; otherwise, As(p) = 0. Furthermore, 75 is called the
characteristic T-vector of S iff 75 = Ag - [N].

2.2 S*PR Nets

To design an RAS with shared resources, many methodologies are proposed. Among
them, a special class of Petri nets, namely systems of simple sequential process with
shared resources or S*PR for simplicity, are the most general ones. They are proposed in
[28] and cited in this section so as to make this paper self-contained. Its related proper-
ties are also illustrated such that a clear presentation can be provided. For more details on
these topics, the reader is referred to [25]. Specifically, we remark that the systems of
simple processes with general resource requirement (S*PGR?) proposed in [25] and the
systems of sequential systems with shared resources (S'R) proposed in [11] model the
same class of resource acquisition behavior as the S*PR net structure originally proposed
in [28].
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Definition 2 [27] An S*PR is a connected generalized self-loop free Petri net N = (P U
Ps U Pg, F, T, W) where: (1) P = Py U Ps U Pg is a partition such that: (a) Ps = U\cx+Ps,
where for each i € N, Ps # ¢, and for each i, j € N, i # j, Ps N Ps, = 0. (b) Po = Uicy+
{po}. (€) Pr={ry, ray ..., 1}, n > 0. (2) T = Uiey+Ti, where for each i € N¥, T; = ¢,
and for each i, j e N, i #j, Ty T; # 0. (3) For each i € N", the subnet N; = N|({po} v
Ps, Ti) is a strongly connected state machine such that every cycle contains po. (4) For
each r e Pg, there exists a unique minimal P-invariant Y, = N" such that {r} = ||| n
Pr, Pon Y =0, Ps N [Yi| # 0, and Yi(r) = 1. (5) Ps = Urep (IIY/I\{r3).

In Definition 2, Py is the set of resource places (in short, resources). The initial
marking of a place in Py denotes the capacity of a considered resource. Ps is the set of
operation places. The marking of a place in P5 denotes the activity of an operation. Py is
the set of idle places, whose initial marking indicates the maximum number of products
that are allowed to be concurrently manufactured in the corresponding working process.

Definition 3 [27] Let (N, Mg), N = (Py U Ps U PR, T, F, W), be an initially marked
S*PR. Marking M is said to be an acceptable initial marking for N iff (1) Mo(p) > 1, ¥p
€ Po; (2) My(p) =0, Vp € Ps; and (3) Mo(r) > max{Y.(p)}, Vr € Pg, Vp € Ps.

Given an arbitrary marking M e R(N, M), a transition t is M-process-enabled iff Ip
€ ‘'t m P such that M(p) > 0. Correspondingly, a transition t is M-resource-enabled iff 3r
€ *t m Pg such that M(r) = W(r, t) [27].

Definition 4 [27] Let (N, Mg), N = (Po U Ps U Pg, T, F, W), be an acceptably marked
S*PR. Let r e Pg, the set of holders of r is the support of a minimal P-invariant Y, with-
out place r, i.e., H(r) = ||[Y(N|\{r}.

Definition 5 [27] Let (N, Mg), N = (Po U Ps U Pg, T, F, W), be an acceptably marked
S*PR. Let S be an emptiable siphon, Th(S) = Hs.\S is called the thieves of S, where Sg =

Pr S, and Hs, = X H(r).

Proposition 1 [27] Let (N, Mo) be an acceptably marked S*PR. The system is not live
iff there exists a marking M € R(N, M) such that the set of M-process-enabled transi-
tions is non-empty and each of them is M-resource-disabled.

Proposition 2 [27] Let (N, Mo) be an acceptably marked S*PR. The system is not live
iff there exists a marking M € R(N, M) and a siphon S e IT such that (1) Vr e Sg, M(r)
<W(r, t). (2) Vp € Th(S), M(p) > 0. (3) Vp € Sp, M(p) = 0.

Propositions 1 and 2 attribute the nonliveness of an S*PR net to the presence of an
insufficiently marked siphon and the occurrence of a corresponding marking. This is
specially useful since we can detect and forbid these siphons instead of enumerating and
controlling all the strict minimal siphons, whose number is, in theory, proved to be ex-
ponential with the size of a Petri net model.

The net system depicted in Fig. 2 is an example of S*PR. It models a video stream-
ing system in Fig. 1 consisting of three networks resource types Rj, R,, and Rs with
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Fig. 1. A small video streaming system.
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%,
Fig. 2. An example S*PR net.

capacities C(R,) = C(R,) = C(NRs) = 4. The resources support two job types, i.e., Job 1
and Job 2, and are denoted by pi1, P12, and pys, respectively. The flow of process type for
Job 1 is defined by a set of places {p1, P2, Ps, P4, Ps} Which are strictly ordered through
the flow relations. Specifically, a process of Job 1 can take the route defined by the se-
quences of places <pi, p2, Pa, P4, Ps>. The resource requirements for the operation places
are defined as follows: a,, = [1, 0, 0], a,, = [1, 2, 0], &, = [0, 3, 1]", and &,, = [0, 0, 1]",
where a,(j) indicates the required number of resource ; to support the execution of op-
eration p;. The flow of process type for Job 2 is defined by a set of places {pe, p+, Ps: Po,
P10} Which are strictly ordered through the flow relations. Specifically, a process of Job 2
can take the route defined by the sequences of places <ps, p7, Ps; Ps, P10>. The resource
requirements for the operation places are defined as follows: a,, = [0, 0, 1], ap, = [0, 2,
11", a,, = [1, 3, 01", &,, = [1, 0, 0]". It should be noticed that, throughout this paper, the
bandwidth between any two nodes are assumed unlimited, which is practically reasonable
due to the widely used optical fiber transmission system. Finally, assuming that places are
ordered in the incidence matrix according to the sequence <ps, P2, Pa, P4 Ps, Pe: P7: Ps, Po,
P10, P11, P12, P13>, We have Mo = 4p; + 4pg + 4py1 + 4ps, + 4pas. In addition, Mp, = 2p, +
2ps + 4p7, Mp, = 3p, + p3 + 3p; + pg, and Mp, = 4p, + 2p; + 2ps are reachable states under
which no transitions are enabled. Therefore, the net is not live.

3. SIPHONS AND THEIR RESPECTIVE BAD MARKINGS

The RG of the Petri net model of an RAS can be distinguished by the live zone,
livelock zone, and deadlock zone [29]. The deadlock zone contains states that are dead-
lock or that inevitably lead to deadlock states, which constitute the most undesirable be-
havior in a system. The livelock zone contains states that are livelock or that inevitably
lead to livelock states, which constitute a set of partially deadlock behavior in a system.
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At a livelock or deadlock state, the initial state is unreachable. The live zone contains
states that are live, which constitute the optimal behavior of a system. Normally, the live
states are also called good ones, while the all the other states are called bad ones, among
which the states that inevitably lead to livelock or deadlock states are called the danger-
ous ones.

Siphons and their respective bad markings are widely exploited in various deadlock
prevention methods. In this section, we investigate them in an integrity fashion, which
can facilitate the derivation of a potentially insufficiently marked siphon along with its
corresponding bad marking using a set of mathematical programming formulations.

3.1 Computation of Siphons and their Respective Bad Markings

As mentioned above, a bad marking, i.e., M e R(N, M), in S*PR implies that there
exists at least one transition, i.e., t € T, which is either M-resource-disabled or M-proc-
ess-disabled [27]. Therefore, in [27], the algorithm to identify an insufficiently marked
siphon together with its respective bad markings can be realized using an MIP approach
with four binary variables introduced, which are v, ey, ey, and e, Several attributes
should be properly assigned to them. v, = 0 iff p € S, ey = 1 iff t is M-process-enabled
while e = 1 iff t is M-resource-enabled, e, = 1 iff t is both M-process-enabled and M-
resource-enabled [27]. The properties of these four variables together with the fact that S
is an insufficiently marked siphon lead to

Vo2 D) V- |'tl+L VpeP, Vte ', (1)
ge’t
M (p) .
>——= VteT,V tNPs, 2
P =B(p) € pe INks (2)
e <M(p), Vte T, Vp € 't N P, 3)
€t = Vp, YW(p, t) > 0, (4)
- M(r)-W(r, 1) +1 ,VrePg, Vter®, (5)
Mg (r)-W(r, t)+1
M (r .
ertZW(,:er,WEPR:WE" : (6)
&> Y ey+ > e— ['t+L VteT, (7)
pe‘tnP; re’tnPy
Vp > &, YW(t, p) >0, (8)
e € {0, 1}, vVt e T, (9)
e € {0,1}, Vr e P, Vter’. (10)

For clarification, we re-address some comments in [27] on the variables involved in
the above IP formulations since they are helpful for understanding of the whole formal-
ism and this paper.
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Eq. (1) indicates that a siphon is a set of places the values of whose respective vari-
ables vp’s in presented inequalities are 0’s. The formulation of these inequalities is
straightforward from the well established algebraic trap characterization in [31].

The value of ey is determined by Egs. (2)-(4), which indicates whether or not a tran-
sition t is M-process-enabled. In case that t is M-process-enabled, M(p) > 1 and 0 < M(p)/
SB(p) < 1. Since M(p)/SB(p) < ey < M(p), ey must be 1 due to its binary property. In case
that t is M-process-disabled, M(p) = 0 and M(p)/SB(p) = 0. Since M(p)/SB(p) < e, < M(p),
e, must be 0. Furthermore, in case YW(p, t) > 0, v, = 1, e, must be 1 due to the fact that
AScTlsuchthatp € S.

The value of ey is determined by Egs. (5) and (6), which indicates whether or not a
transition t is M-resource-enabled by a resource r. In case that t is M-resource-enabled,
M()/W(r, t) > 1, (M(r) — W(r, t) + 1)/(My(r) — W(r, t) + 1) > 0. Since (M(r) — W(r, t) + 1)/
(Mo(r) = W(r, t) + 1) < ey < M(r)/W(r, t), e must be 1 due to its binary property. In case
that t is M-resource-disabled by a resource r, 0 < M(r)/W(r, t) < 1, (M(r) — W(r, t) + 1)/
(Mg(r) = W(r, t) + 1) < 0. e,y must be 0.

The value of e, is determined by Eq. (7), which indicates whether or not a transition
tis firable. In case that Vt € *t n Ps, e = 1, and Vt € *t N Pg, e« = 1, e, must be 1, which
means that t is potentially firable. In case that 3t € “t " Ps, e, =0, or 3t € "t N P, ex =0,
e; must be 0, which means that t is dead at marking M e R(N, My).

Theorem 1 [27] Let (N, M) be an acceptably marked S*PR, N = (P, U Ps U Pg, T, F,
W), P = Py U Ps U Pg. Then, given a marking M e R(N, M), an insufficiently marked
siphon (not necessarily minimal) is determined by S = {p € P|v, = 0}, where v,, p € P,
is determined by the following MIP formulations:

G(M) = maxz Vp
subject to (1)-(10).

Definition 6 [27] Let (N, Mo) be an acceptably marked S*PR, N = (Po U Ps U Pg, T, F,
W), P = Py U Ps U Pg, S be an insufficiently marked siphon at certain marking M € R(N,
Mg). Md™ e R(N, M) is called a critical marking with respect to S such that

MJ™(Sg) =max > M(r)

reSg

subject to constraints (1)-(10).

In practice, an insufficiently marked siphon S may correspond to many bad mark-
ings, among which the one, namely MJ™, with the maximum quantity of Ms™(Sg) is not
only of theoretical interest but also very expensive in practical application, since such a
marking is evidently the first met marking at which S is insufficiently marked. Mathe-
matically, an intuitive method to obtain Ms™ is to introduce another objective function
that is Q(M) = maxZ(l —Vp) - M(p) according to optimization theory. Many experimen-
tal results show that S along with M¢™* can be derived from such a multiobjective pro-
gramming model efficiently. If there are no multiobjective software package available,
such a mathematical programming model can be converted to a singleobjective MIP
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model by introducing a Lagrangian coefficient « (0 < a < 1). Consequently, the objective
function for such a single objective programming model can be constituted by « - G(M)
- (1 - @) - Q(M). Specifically, « is much greater than 1 — «, which means the fitness
function G(M) is of a higher priority. Thereby, an immediate implication is that the bad
marking M with maximum quantity of M{™(Sg) such that S is insufficiently marked can
be determined by the following integer programming problem iff there exists a solution

S(M) = max{a - G(M) - (1 - ) - Q(M)}

subject to (1)-(10).
For simplicity and without confusion, we also denote the M{™(Sg) by M™ in the
sequel.

Corollary 1  Let (N, Mo) be an acceptably marked S*PR, N = (P, U Ps U Pg, T, F, W), P
=Py U Ps U Pg. (N, My) is live if the following integer programming (IP) formulations
have no solutions.

S(M) = max{e - G(M) - (1 - a) - Q(M)}
subject to constraints (1)-(10), and
M=My+[N]-y,M>0,y>0. (11)

Proof: By contradiction, suppose that (N, My) is live whereas an integer solution is found
such that 3p € P, v, = 0. As indicated by Eq. (8), 3t € °p, e, = 0, which means that t is
dead at a marking M e R(N, My). That contradicts the liveness of (N, My). d

Since siphons obtained from an MIP algorithm may be neither strict nor minimal, an
algorithm to generate their corresponding strict minimal ones is well investigated and can
be accomplished in polynomial time [20]. According to this research, an iterative method
is exploited to remove places, whose absence has no effect on the other places, so that
the remaining places form a strict minimal siphon.

Different from many traditional deadlock prevention or avoidance policies, the pro-
posed MIP-based algorithm evolves iteratively, which means that an insufficiently marked
siphon is controlled immediately once it is detected. Furthermore, the process to derive
the deadlock marking is accompanied by an algorithm to detect the liveness of the Petri
net model, which means the absence of an integer solution can be used as the termination
condition for such an iterative process. This phenomenon claims that the whole policy
can be terminated without necessarily deriving all the siphons. Since the number of dead-
lock markings is bounded by the size of RG of a Petri net, the iteration counts in theory
do not exceed the number of reachable nodes due to the boundedness of S*PR. Obviously,
such a conclusion ensures the convergence of the iterative procedure suggested in our
approach.

Another important question is the way in which the detected insufficiently marked
siphons and their respective bad markings are controlled. In this work, we conduct such
an approach from an algebraic perspective, which tries to obtain a maximally permissive
supervisor.
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3.2 Control of Siphons Using Algebraic Method

This section is devoted to the synthesis of a liveness enforcing supervisor. A set of
new places, namely control places (monitors), are iteratively introduced such that the
behavior of the system are restricted within the limits of the legal behavior. In fact, any
liveness enforcing policy can be represented by a supervisor implemented as control
places connected to the transitions of a plant Petri net. A supervisor synthesis approach
aims to control all the minimal siphons which are potentially insufficiently marked. An
insufficiently marked siphon is controlled if an additional specification in the paradigm
of a set of inequalities initially proposed in [27] is properly associated to the plant Petri
net. Previous literatures [11, 27] show that such a set of specifications can be easily
translated to the constraints in terms of the Petri net, which defines the supervisor for
liveness enforcement. In the sequel, Definitions 7-9 are somewhat a summation from [11,
271 which facilitates the establish of our innovative technique in the section 4.

Definition 7 Let (N, M), N = (Pg U Ps U Pg, T, F, W), be an acceptably marked S*PR,
S be an insufficiently marked siphon at a marking M e R(N, Mo), (N*, My, N* = (P U
PsuPruU{p}, T, F,, W) is called the augmented net with respect to (N, M) through
the addition of a control place p, such that F* = F U ({pc} x pe) U (°pe % {pc}), Vp € Po
U Ps U Pg, Mo(p) = Mo(p).

Definition 8 Let (N, M), N = (Pg U Ps U Pg, T, F, W), be an acceptably marked S*PR,
S be an insufficiently marked siphon at a marking M € R(N, Mo), (N, My) is the aug-
mented net. | is called a monitor P-vector of S such that

I(p) = {zresR ZpeTh(s) Y (p), YpeTh(S) |

0, otherwise
In addition, &= [I" 1]" is called a monitor P-invariant in N".

Definition 9  Let (N, M), N = (Po U Ps U Pg, T, F, W), be an acceptably marked S*PR,
S be an insufficiently marked siphon at a marking M e R(N, M), &'is called a siphon-

resource P-invariant of S such that 6= ZresRY,.

Since a siphon in N remains a siphon in N, its respective siphon-resource P-invariant
remains a P-invariant although the dimension is increased by one. For simplicity, we do
not distinguish them in denotation and suppose the readers can identify their difference
from their context.

Definition 10 Let (N, M) be an acceptably marked S*PR, N = (P U Ps U Pg, T, F, W),
P =Py u Ps u Pr. Asiphon S is said to be critically controlled by P-invariant | iff VM e
R(N, Mp), I" - M > Md™ and I(p) < 0 for Vp e P\S hold, or equivalently, VM € R(N, My),
I"- M >M3g™, and {p € P|I(p) > 0}. Such a siphon is called also called a critically con-
trolled siphon.
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Lemmal Let (N, Mo), N = (P, U PsuU Pg, T, F, W), be an acceptably marked S*PR, S
be an insufficiently marked siphon at a marking M € R(N, My), and | be the monitor
P-vector of S. A monitor P-invariant &= [I" 1]" can be introduced in N by the associated
place, namely p., defined in terms of the addition of the incidence matrix row [N, ] = — "

-[N].
Proof: [I" 11" - [N"[N,. = 1" - [N] = [N,] = O". Thus, [I" 1]" is a newly introduced P-in-
variant in N. d

Lemma2 Let (N, Mo), N = (P, U PsuU Pg, T, F, W), be an acceptably marked S*PR, S
an insufficiently marked siphon at a marking M e R(N, M), (N*, My) the augmented net,
@and & be the monitor and siphon-resource P-invariant of S in N, respectively, | = 5— 6.
S is invariant controlled if 1T - My > Mg™*.

Proof: Several remarks must be argued before a formal proof. Since 6= Z,eSRYr = z,eSR
ZpePsuPRYr(p) and 6= ZreSRZpeTh(S)Yr(p), it is obvious that

=Y, Yr(P) VPeSiSy

1(p) = 5(p)-6(p) { =+ VP €S
=-1 vp = Pe
=0, otherwise

Thus, we have ||l < Sand Zp € S |I|I".
Unfolding the expression I” - My > M¢™*(Sg) (remember the fact that Vies,M(r) >0V
M(Pe) > 0 VpesLipa! (P) = 1), we have Mo(Sr) — Mo(pe) > Ms™, which is equivalent to M(Sg)

+ [Mo(Sg) — M(S8)] — Mo(pe) > M&™:. Owing to Mo(Sg) = & - M = M(Sg) + Dpesp.P) -

M(p) + ZpeTh(S)&p) - M(p), we have Mo(Sg) — M(Sg) = Zpeswsé(p) - M(p) + ZpeTh(S)&p)
- M(p), which consequently leads to M(Sg) + 2 pesp.(P) - M(P) + 2perngXP) - M(p) -
Mo(pe). By Vp e Th(S), I(p) = &p) is true. Furthermore, &= [I" 1] is a P-invariant whose

support is composed of all p’s in Th(S) and p.. Thereby, ngh(s)é(p) - M(p) — Mo(pc) =

— M(p.). As a result, we have M(Sg) + ZpESmpsé(p) - M(p) — M(pc) > Ms™, which evi-
dently leads to | - M > M¢™. a

4. SIMPLIFICATION OF SUPERVISOR STRUCTURE

It should be noticed that on the base of the aforementioned approach, each siphon
introduces one additional places. This can lead to a much complex controlled Petri net.
In this section, we explore ways to minimize the addition of new places so that a much
simpler supervisor is expected, while achieving the same control purpose. In the sequel,
strict minimal siphons are distinguished by elementary and dependent ones in a Petri net.
I and ITp are the sets of elementary and dependent ones, respectively. The concept of
elementary siphons is initially proposed in [22]. However, we redefine them in a more
general form, which can facilitate the supervisor synthesis process.
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Definition 11  Let (N, Mg), N = (Po U Ps U Pg, T, F, W), be an acceptably marked S*PR,
S an insufficiently marked siphon at a marking M € R(N, My), | and & be the monitor P-
vector and siphon-resource P-invariant of S in N, respectively. $ is called the control P-
vector iff $=0- 1.

Lemma3 Let (N, Mg), N = (P, U Ps U Pg, T, F, W), be an acceptably marked S*PR, S
an insufficiently marked siphon at a marking M e R(N, M), |, 6, and % be the control P-
vector, siphon-resource P-invariant and monitor P-vector of S in N, respectively. We
have 9" - [N] =— 1" [N].

Proof: The definition of control P-vector leads to 9" + 1" = §". Multiplying both sides by
the incidence matrix [N], we have 9" - [N] +1"- [N] = &' - [N]. Since &is a P-invariant in
N, we have 9" - [N] + 1" - [N] = O". Therefore, 9" - [N] = — 1" - [N] holds trivially. a

Definition 12 Let (N, Mg), N = (Po U Ps U Pg, T, F, W), be an acceptably marked S*PR,
S an insufficiently marked siphon at a marking M € R(N, M), and ¢ a control P-vector
of S. yis called the control T-vector of S iff 5 = 9" - [N].

Definition 13 Let S;, Sy, ..., and S, be the siphons in an S*PR net N. Their control T-
vectors %, %, ..., and y, form a vector space. The base of the vector space is denoted by
7%= {7‘851' Yo, -on 7’SBk}' where k is the rank of the vector space. Then Sg, Sg,, ... , and

Sg, are called elementary siphons in net N.

Definition 14 Let S e IT\[g be a siphon in an S*PRnetNand Sy, S, ..., S, € Ie. S is
strongly dependent on Sy, S,, ..., and S,, if % = Zinzl a 75, holds, where ay, ay, ..., and
a,>0.

Definition 15 Let S e II\[I be a siphon of an S'PR net N and Sy, Sy, ..., Sn, Snit,
Speoy .oy @Nd Spim € TIe (n 2 1, m > 1). S is weakly dependent on elementary siphons S;,
Sz, - S Snets Snezs oy AN S if 26 = D7 @y g —Z?jn“+l a;-7s, holds, where Vi, j
€ {l, 2,...,n+ m}, a; >0, ajZO.

If S is dependent on Sg, Sg,, ..., and Sg,, we say that Sg , Sg,, ..., and Sg,_are the ele-
mentary siphons of S. Next results show the conditions under which dependent siphons
are controlled when their corresponding elementary ones are critically controlled. In the
sequel, the initial net system is denoted by (No, M) and the net system with additional
places is denoted by (N, My).

Theorem 2 Let (No, M) be a net system and siphon S be strongly dependent on ele-
mentary siphons Sy, S, ..., and S,. If S, S,, ..., and S, are critically controlled by the
addition of control places p,, pe, ..., and pc,, and Mo(S) > Zinzl a; - M(pc) + Mg™ holds,
S is critically controlled.

Proof: Suppose that | = [, —ay, — &y, ..., — an]', (1) is the control P(T)-vector of S;,
where i = {1, 2, ..., n}, and (N1, My) is the new net with additional places p, pc,, ..., and
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pe. It is trivial that [No] = [No'| 75,175, --- | 517, 76 = 9s - [N], where i € {1, 2, ..., n}.

Therefore, we have I" - [N] = [J', — ay, — @, ..., —ay] - [N] = [9, —as, — @y, ..., — a,] -
INo'I 76,0 7, - 1767 = S~ [No] — @1 - %6, — @2+ J6,— ... —@n - 36, = 36 — Zin=1 875,
=0". Clearly, | =[9', — a1, — @y, ..., — a&,]" is a P-invariant.

Next, we prove that S is critically controlled under I. According to the definition of
control P-vector, we know that |[I]|* = S. The fact that Ap < ||l ~n Sand Vp e (|| N S)

makes max, = 1 implicitly hold. I" - M; = [&', — a3, — @y, ..., — @] - [Mo|M(pc,) | M(pc,)
... |M(pcn)] = 198T' My —ay - M(pcl) —az- M(pcz) — ... —an- M(pcn) = Mq(S) - Zin=1 q -
M(pc) > Ms™. Therefore, S is critically controlled. Qa

Theorem 3 Let (Ng, Mg) be a net system and siphon S be weakly dependent on ele-
mentary siphons Sy, Sy, ..., Sp, Sne1s Sne2s -+, @Nd Spum. 1FS1, Sy, -y Sy Spet, Spe2y ---, and
Sn+m are controlled by the addition of control places pc,, pc,, ---, Pc,» Pe,., Pe,,pr --- @Nd P,

and M(S) > Zinzl a; - M(p;) + Mg™ holds, S is controlled.
Proof: Omitted due to its similarity with the proof of Theorem 2. d

Theorem 4 [22] LetN= (P, T, F, W) be a Petri net and w be the number of elementary
siphons of N. We have w < min(|P|, |T)).

The reader familiar with [22] can notice that the definition of elementary siphons
herein possesses many difference. We must point out that the previous one, although
correct mathematically, cannot be directly deployed to synthesize the liveness enforcing
supervisor algebraically, which makes it less powerful. Also, we should notice that for a
subclass of S*PR nets, known as S®PR nets, the control P-vector (control T-vector) coin-
cides with the characteristic P-vector (characteristic T-vector), thus the two kinds of
definition is equivalent. We leave the relevant proof to the reader.

As a conclusion, the synthesis method for obtaining the control elements of a speci-
fied video streaming system can be characterized by the following steps:

(1) Leti=0,j=0,andES =@. Design the plant or uncontrolled Petri net model which is
denoted by (No, Mo) with n places and m transitions.

(2) Design and solve the corresponding integer programming model. Check whether an
insufficiently siphon exists. If yes, go to step 3. If no, go to step 7. R

(3) The obtained insufficiently marked siphon (if available) is denoted by S; whose
respective strict minimal one is S;.

(4) Establish the monitor P-vector I, and the siphon-resource P-vector &, so that the
monitor P-invariant & = [Is' 11", Is, = &, — 6, and the control P-vector Js = & — Is.

(5) Check whether S; is a dependent siphon with respect to ES,, ES,, ..., ES;. Do as fol-
lows.
(5.1) In the case “yes”, make reassignment of the markings M(pc,), M(pc,), ..., M(pc)

such that Mi(S) - 3"} - M(p;) > Md™ and M; = [Md' M(pc) M(pc) ..

M(po)1"
(5.2) In the case “no”, j = j + 1, ES = ES U {S;}. Control S; with p, (or py, for clear
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presentation) such that [Npcj] = &' [Njl, M(pe) = Mj4(S) — (Ms™ + 1). Fur-
thermore, establish a new net model (N;, M;) such that [N;] = [[N;-1]"| [N, 1T’
and M; = [Miy M(p)]"- :

(6) Leti=i+1.Gotostep?2.

(7) The resultant net system is live.

(8) Exit.

Theorem 5 Let (N, Mo), N = (Pg U Ps U Pg, T, F, W), be an acceptably marked S*PR,
(N1, My), (N2, My), ..., and (Ny, My) be k augmented nets with elementary siphons ES;,
ES,, ..., and ESy iteratively controlled by pc, pc, ..., and pe, where only (N, M), Ny =

(Po u Ps U P Usa{pe}, Ti Fi, Wi) is live. We have k < [T].

Proof: Considering (Ny, My), we have |T,| = |T| since no additional transitions are intro-
duced during the iteration. Furthermore, the fact that ES;, ES,, ..., and ESy are elemen-
tary siphons in Ny leads to k < min{|Py|, [T«} < [Tl- By |Til = |T|, we have k < [T]|. d

Now, an example is illustrated to demonstrate the feedback control of a Petri net
model using inequality constraints. Consider the Petri net model shown in Fig. 2, whose
incidence matrix [No] is as follows:

-1 0 0 0 1 0 0 O O O
1 120 0 0 0 0 0 0 O
0 1 -1 0 0 0 O O O O
0o 01 -1 0 0 O O O O
0o 0o 01 1 0 O O O O
0o 0 0o 0 0 1 0 0 0 1

[Ng]J=fO 0 0 O 0 1 -1 0 0 O
0o 0 0o o 0 01 -1 0 O
0o 0 0o o 0 0 01 -1 O
0o 0 0 0 0 0 0 01 1

-1 0 1 0 0 0 O -1 0 1
0O 2 -13 0 0 -2 -1 3 O
o 0 -1 0 1 -1 0 1 0 O

Since this system is small in size, the supervisor simplification operation is ignored
during our demonstration. At the first step, it has be verified that there exists an insuffi-

ciently siphon §0 =So = {pa, Ps, P12} With Ms™ = 0. Then, the augmented net N, is built
by adding a control place p., associated with So. 9, = 3ps + 3pg + py2 is the control P-
vector with respect to Sy. The product SSTO~ [Ng] =[0-22000 - 220 0] determines
that pe = {t., t}, .pcl = {ts, tg}, and W(pcly t2) = W(ts, pcl) = W(pcly t7) = W(ts, pcl) =2.1n
addition, we obtain M(pc,) = Mo(So) — (Ms,™ + 1) = 3. The control subnet enforcing such

a constraint is shown in Fig. 3 (a). .
At the second step, it has be verified that there exists an insufficiently siphon S; =
{P4, Ps, Pe, Ps, Po, P10, P13, P14}, Whose corresponding strict minimal one is {ps, Ps, Ps, P1s,
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Fig. 3. The control places for Petri net shown in Fig. 2.

p1a} with Ms™ = 1. Then, the augmented net N, is built by adding a control place p.,
associated with S;. 9, = ps + Ps + 3pg + P13 + P14 is the control P-vector with respect to
S;. The product SslT- [Ni] = — 2t, + 2t; — ts + t; determines that ps, = {t,, te}, *Pc, = {ts,
t;}, and W(pe,, t2) = W(ts, pe,) = 2, W(pc, ts) = W(t7, p,) = 1. In addition, we obtain M(pc,)
= My(S1) — (Ms™ + 1) = 5. The control subnet enforcing such a constraint is shown in
Fig. 3 (b).

At the third step, it has be verified that there exists an insufficiently siphon 82 {p1,
P3, Pas Ps, Poy P10, P11, P14}, Whose corresponding strict minimal one is S, = {ps, Po, P10s P11
p1a} with Ms™ = 1. Then, the augmented net N3 is built by adding a control place p.,
associated with S,. s, = 2p3 + pg + Pao + P11 + P14 is the control P-vector with respect to
Ss. The product ,95;- [No] = -ty + t3 — 2t; + 2tg determines that p¢, = {t., t7}, *pc, = {ts,
ts}, and W(pe,, t1) = W(ts, pe,) = 1, W(pc,, t7) = W(ts, pc,) = 2. In addition, we obtain M(pc,)
= My(S;) — (Ms™ + 1) = 5. The control subnet enforcing such a constraint is shown in
Fig. 3 (c).

At the fourth step, it has be verified that there exists an insufficiently siphon 83
{p1, Pz, P4 Ps, Ps: P7: Par Pay P10 P15, P1s}, Whose corresponding strict minimal one is Sz =
{ps, Ps, P15, P1s} With Ms™ = 2. Then, the augmented net N, is built by adding a control
place p, associated with S;. &, = 3ps + 2pg + p1s + Pss is the control P-vector with re-
spect to S;. The product SSJ- [N3] = =ty + t, — tg + t; determines that p¢, = {t1, t}, “pc, =
{t;, tz}, and W(pe,, t1) = W(t, pc,) = W(pc, ts) = W(tz, p;,) = 1. In addition, we obtain
M(pe,) = Ms(S3) — (Ms,™ + 1) = 7. The control subnet enforcing such a constraint is
shown in Fig. 3 (d).

At the last iteration, when (N4, My) is analyzed with its MIP model, no solutions can
be found. This means that the whole net system is live. Furthermore, RG analysis shows
the resultant net is composed of 537 states. It can be seen that only 87 bad states are
eliminated and 100% (537/537) good states are preserved in during the iteration.

5. AN ILLUSTRATIVE EXAMPLE

In this section, we investigate a video streaming system where four video streams,
i.e., streams 1, 2, 3, and 4, can be simultaneously transmitted inside a pool of video serv-
ers, to demonstrate the methodologies proposed throughout this paper. Then, some ex-
perimental studies are conducted to show the computational efficiency and control per-
formance (behavior permissiveness and supervisor structure) of the proposed methods.

Consider the system shown in Fig. 4. It is a video system consisting of three servers
&1, 6,, and G3 with capacities C(6;) = C(&3) = 1, and C(&,) = 2. These servers are con-
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nected by two router nodes, i.e., R; and R, with capacities C(R,) = 2 and C(R,) = 1.
These resources support the video transmission between G; and &,, &, and &s. Fig. 5
shows its Petri net model resulting from the four transmission processes for the videos in
Fig. 4. The net model is an S*PR in which resource types R, &1, S,, R,, and S; are
denoted by pig, P20, P21, P22, and Paos, respectively.

— —— o

— Stream | /

— Smream 2

— Stream 3

=|s,
8
— Sueam 4 K

Fig. 4. The layout of a video streaming system.

Fig. 5. The Petri net modeling the system in Fig. 4.

The transmission process for video 1 from &, to &, is defined by a set of places {pu,
P2, P3, P4, Ps} Which is strictly ordered through the transmission relations. Specifically, a
transmission process of video 1 can take the route defined by the sequence of places <py,
P2, P3, P4, Ps>. The transmission process for video 2 from &, to &, is defined by a set of
places {ps, P7, Ps; P10, P12} Which is strictly ordered through the transmission relations.
Specifically, a transmission process of Job 2 can take the route defined by the sequence of
places <ps, Pz, Ps: P10, P12>. The transmission process for video 3 from &, to G; is defined
by a set of places {pe, p7, Po, P11, P13} Which is strictly ordered through the transmission
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relations. Specifically, a transmission process of video 3 can take the route defined by the
sequence of places <ps, p7, P9, P11, P13>. The transmission process for video 4 from &5 to
&, is defined by a set of places {p4, P15, P1s; P17, P1s} Which is strictly ordered through
the transmission relations. A transmission process of video 4 can take the route defined
by the sequence of places <pis, P15, P16, P17, P18>. The resource requirements for the op-
eration places are defined as follows: a,, = &1, ay, = &1 + Ry, &y, = N1 + Sy, ay, = &y, @y,
=G, ap, = S, + 2Ry, ap, = G,y + Ry, ap, = 2R, + &, ap, = R, + G, ap,, = Gy, ap, = Gs,
A, = B3, ap, = 63+ Ny, 8y, = Ry + Gy, and a,,, = S,. In deed, the establishment of a
virtual circuit and the data delivery between two network nodes are denoted as an opera-
tion place by which two resources are shared. Finally, assuming that all the places are
ordered in the incidence matrix according to the sequence <ps, P2, Pa, P4 Ps, Pe: P7: Ps, Po,
P10, P11, P12, P13, P14 P1s, P16 P17, Pas, P1os P20, P21, P22, P23™>, We have the initial marking
Mg = 6py + 6pg + 6P1s + 2P1g + P2o + 2P21 + P22 + Pas. Trivially, this net system is dead-
lock susceptible due to the circular-wait that occurs among relative operations and re-
sources.

To control deadlocks, our policy, which is based on the insufficiently marked si-
phons and their integer programming derivation approach, is used to generate the si-
phons and control the elementary ones.

First, we obtain a siphon Sy = {ps, P4, Ps, P7, P10, P11s P12, P13, Pass P17y P1ss Pros Pao,
P21, P22, P23} Which leads to a strict minimal siphon Sy = {pa, P4, P10, P12, P19, P20} SO that
95, = 3p3 + Pa + 3P1o + Pr2 + Prg + Pao, and Ms™ = 0. Consequently, we have [Ny, ] = 9"
- [No] = = t1 + t; — 2t7 + 2to. M(p;) = Mo(Sp) — Ms™ — 1 = 2. As a result, a new net (N,
M) with [N;] = [[No]'| [Npcl]T]T and M; = [Mo' M(p,)]" is resulted.

Second, we obtain a siphon S; = {p2, P4, Ps, Ps, P10, P11, P12 P1as P1es P17, Piss Pag,s P2o,
P21, P22, P2} which leads to a strict minimal siphon S; = {p4, Ps, Ps, P10, P11, P13, P17, Pis,
P19, P21, P23} SO that Js = 2py + ps + 3Pg + 2P0 + P11 + P13 + 2P17 + 2P1g + Pag + P21 + Pas,
and Mg™ = 1. Consequently, we have [N,, ] =9 [Nl =—th+t3—to+t7 + tyo— tys + t17.
M(pcz) =My(S) —-Ms™ —-1=2 Asa result, a new net (N, My) with [N] = [[N:]" |
[Npcz] " and M, = [M, M(pcz)] is resulted.

Third, we obtain a siphon S, = {ps, P4, P, Ps, P10+ P11, P12, P13, P16s P17y P1ss P22y P2s,
P25} which leads to a strict minimal siphon S, = {p11, P13, P1s: P17, P22, P23}t so that %, =
2p1 + P1s + 216 + P17 + P2z + Pas, Ms, ™ = 0. Consequently, we have [N, ] = [Nz] =
—tg + typ — ti5 + 5 and M(pcs) =My(S;) - Ms™ — 1 =1. As a result, a new net (N3, M3)
with [N3] = [[No] |[Npc] " and M3 =M, M(pcs)] is resulted.

Fourth, we obtain a siphon S3 = {ps, P4, Ps, Ps: Po, P10, P11 P12, P13, Piss Pazs Pasy Pau,
P22, P24, P2s} which leads to a strict minimal siphon S = {pa, Ps, Ps, Ps, P11, P17, P1s, Pa1, Pa2,
P24, P25} SO that S5, = Pa + Ps + 3pg + 3pg + Pu + 3p17 + 2P1g + Por + Paz + Pas + Pas, Ms,
=2.[Np 1= s, [Ns] = —ts + 15— 2t + 2t7 + 25 — tss — s + ta7, M(pc,) = Ms(Ss) — Mg,™
—-1=4.Asa result, a new net (N4, My) with [N4] = [[N3]" |[Npc4] " and M, = [M3' M(pca)]T
is resulted. )

Fifth, we obtain a siphon S, = {ps, P4, Ps, Po, P10, P11, P12, P13, P16y P17, Pass P2as Pos,
P26, P27} Which leads to a strict minimal siphon S, = {ps, Ps, P, P1s: P24» P25, P26: P27} SO
that 3, = 2ps + 2pg + Po + 3P1s + Pas + P25 + Pas + P2z, Ms,™ = 1. Consequently, we have
[Np. ] = 9" - [Ng] = = 2t; + 2t, — 3ts + 3ty + 2tg + tip — 3tss — 3tss. M(Pe,) = Ma(Ss) — Ms™
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—1=7. Asaresult, a new net (N5, Ms) with [Ns] = [[N.]"| [NpCS]T]T and Ms = [My' M(po)T"
is resulted.

After p, is added, no insufficiently marked siphons can be found. Thus, the result-
ing net is live with 91% (260/286) good states reserved. At each iteration step, it can be
verified that the currently obtained siphon is independent of the previous ones in terms
of their control T-vectors. Thus, the rearrangement of their initial markings is not neces-
sary. Further analysis can show that such net system (Ns, Ms) contains twenty-two strict
minimal siphons, among which eight ones are siphons contained in (No, Mg) while the
others are induced due to the introduction of control places during the iteration. All the
other eighteen siphons distinguished from S, Sy, ..., S, are implicitly controlled by p,
pCZ! R pCS-

Take a siphon S = {ps, ps, Ps, Po, P10, P11, P17, P1s, Pro, P21, P22} for example. It is
verified that Ms™ = 0, |s = ps + p7 + P1g, and & = ps + 2p4 + Ps + P7 + 3ps + 2Pg + 2P0 +
P11 + P16 + 2P17 + 2P1g + P1g + P21 + P22 SO that G = & — Is = & = 2p4 + ps + 3pg + 2pg +
2P10 + Pua + 2P17 + 2Pig + Pro+ P+ Przand = I8 [Ns] =~ +ts—te+ t7 + tg — tyg +
t17, which leads to » = 5, — 55, Therefore, S is a dependent siphon with respect to S,
S1, ..., Sa. Since Ms(S) — Ms(p.,) =5 — 2 = 3 > 0. Consequently, S is critically controlled
with no additional places introduced. In the same way, we can further verify that all the
other dependent siphons are implicitly controlled. As a consequence, we can conclude
that our approach can synthesize a much simpler supervisor which promises a as more
permissive as possible resultant system.

Considering the statement in Theorems 4 and 5, we evidently anticipate that the su-
pervisor structure can be greatly simplified when the considered Petri net is more com-
plex. Fig. 6 shows the respective control places p,’s introduced at each iteration step. As
shown by the two small examples in this paper, our method and the one in [27] may lead
to the similar result if no dependent siphons are found during the iteration. Nevertheless,
our method is advantageous for more complex models, where the dependent siphons out-
number the elementary ones greatly. We leave the confirmation on this point to the reader
thanks to its triviality.

I3 17 Iy 7 f 7 Iy Mo e

(d) )

Fig. 6. The control places for Petri net shown in Fig. 5.
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6. CONCLUSION

The liveness enforcing supervisor synthesis problem is studied for a class of video

system, that allows multiple resource acquisitions and flexible routings. The effective
characterization of liveness for the S*PR nets, appropriately modeling the considered
video system, through the notion of insufficiently marked siphons, allows the algebraic
synthesis of liveness enforcing supervisor, which mathematically can be represented as a
set of inequalities. Moreover, the investigation of generalized elementary siphon tech-
nique can simplify the supervisor structure on any specified video system. Future works
aim at the extension of the derived results system with more general behavioral fea-
tures, such as packet assembly/disassembly operations and uncontrollable/unobservable
resource acquisition.
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