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Abstract. Given a sequence of n real numbers A = a1, az2,...,a, and a
positive integer k, the SUM SELECTION PROBLEM is to find the segment
A(i,j) = as, ait1, ..., a; such that the rank of the sum s(¢,5) = g:i a:
is k over all "("27” segments. We present a deterministic algorithm for
this problem that runs in O(nlogn) time. The previously best known
randomized algorithm for this problem runs in expected O(nlogn) time.
Applying this algorithm we can obtain a deterministic algorithm for the
K MAXIMUM SUMS PROBLEM, i.e., the problem of enumerating the k
largest sum segments, that runs in O(nlogn + k) time. The previously
best known randomized and deterministic algorithms for the K MAXI-
MUM SUMS PROBLEM run respectively in expected O(nlogn + k) and
O(nlog®n + k) time in the worst case.

Keywords: k maximum sums problem, sum selection problem, maxi-
mum sum problem, maximum sum subarray problem.

1 Introduction

Given a sequence of n real numbers A = aq,a9,...,a,, the MAXIMUM SuM
PROBLEM is to find the segment A(4,j) = a;, @it1,- - .,a; whose sum s(i,j) =

i:i a¢ is the maximum among all possible 1 < ¢ < j < n. This problem was
first introduced by Bentley [6l7] and can be easily solved in O(n) time [7UI3].

Given an m x n matrix of real numbers (assuming that m < n), the MAXIMUM
SUM SUBARRAY PROBLEM is is to find the submatrix, the sum of whose entries
is the maximum among all O(m?n?) submatries. The problem can be solved
in O(m?n) time [7JI3J18]. Tamaki and Tokuyama [19] gave the first sub-cubic
time algorithm for this problem and Takaoka [20] later gave a simplified algo-
rithm achieving sub-cubic time as well. Many parallel algorithms under different
parallel models of computation were also obtained [3ITG/TTITS].
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The MAXIMUM SUM PROBLEM can find many applications in pattern recog-
nition, image processing and data mining [I/I2]. A natural generalization of the
above MAXIMUM SUM PROBLEM is the K MAXIMUM SuMS PROBLEM which is
to find the k segments such that their sums are the k largest over all ”(n;l)
segments. Bae and Takaoka [4] presented an O(kn) time algorithm for this prob-
lem. Bengtsson and Chen [5] gave an O(min{k +nlog®n,nk2}) time algorithm,
or O(nlog®n + k) time in the worst case. Cheng et al. [§] recently gave an
O(n + klog(min{n,k})) time algorithm for this problem which is superior to
Bengtsson and Chen’s when k is o(nlogn), but it runs in O(n?logn) time in
the worst case. Lin and Lee [I4] recently gave an expected O(nlogn + k) time
randomized algorithm based on a randomized algorithm which finds in expected
O(nlogn) time the segment whose sum is the k-th smallest, for any given pos-
itive integer 1 < k < "("2_1). The latter problem is referred to as the Sum
SELECTION PROBLEM. In this paper we will give a deterministic O(nlogn + k)
time algorithm for the K MAXIMUM SuUMS PROBLEM based on a deterministic
O(nlogn) time algorithm for the SUM SELECTION PROBLEM as well.

The rest of the paper is organized as follows. Section 2] give a deterministic
algorithm for the SUM SELECTION PROBLEM. Section [ gives a deterministic
algorithm for the kK MAXIMUM SuMS PROBLEM. Section[ gives some conclusion.

2 Algorithm for the Sum Selection Problem

We define the rank r(z, P) of an element x in a set P C R of real numbers to
be the number of elements in P no greater than z, i.e. r(z, P) = |{yly € P,y <
x}|. Given a sequence A of real numbers ay,as,...,a,, and a positive integer
1<k< ”("2’1), the SUM SELECTION PROBLEM is to find the segment A(i*, j*)
over all "("2_1) segments such that the rank of the sum s(i*,j*) = i; ay
in the set of possible subsequence sums is k. That is, we would like to find
s* = s(i*,j*) for some i* < j* such that r(s*,P) = k where P = {s(i,7) |
8<i7j) = Zi:z ap,1 <1<y < n}

We will transform the SUM SELECTION PROBLEM into a problem of arrange-
ments of lines in computational geometry in O(n) time as follows. We first define
the set S = {so, 51, . ., Sn} according to the prefix sums of the sequence A, where
S = 21:1 a;, i =1,2,...,nand sp = 0. We then define two sets of lines H = {h;
| hity=—s;,i=0,1,....n}and V={v; |v; :y=x—s;,¢=0,1,...,n} in
the plane respectively. For any two lines h; € H and v; € V' with ¢ < j, they
intersect at the point p;; = (zi;,y:;) with abscissa x;; = s; — s;. It means that
the abscissa of the intersection point of any two lines h; € H and v; € V' with
i < j is equal to the sum s(i + 1,4) of the segment A(i 4+ 1, 7). We say that an
intersection point of two lines h; € H and v; € V is feasible if ¢ < j. Note that
there are totally n? intersection points in the arrangements of lines A(H U V)
and it contains ”(n;l) feasible intersection points and ") non-feasible in-
tersection points. An example of the arrangements of lines A(H U V) is shown
in Figure [l Let Xy = {xy; | pi; = (2ij,vs5) is a feasible intersection point of
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Fig.1. Given A = ai,a2,as,a4,a5 = 1,-3,4,-3,4, we have S =
{50, 81, 82,83, 84, S5, 86} = {O, 1, —2, 2, —1, 3}, H = {hl | hz LY = —si,i = O, 1, ey 6}
and V ={v; |v; :y =x—s4,1=0,1,...,6} respectively. The intersection points shown

in dark solid dots are the feasible intersection points and others are the non-feasible
intersection points.

A(H UV)}. The SUM SELECTION PROBLEM now is equivalent to the following
problem.

Given a set of lines L = HUV = {hg,vo, h1,v1, ..., hn, v, } in R?, where
hi :y = —s; and vj : y = x — s, find the feasible intersection point
Dixje = (i j=, Yixj+ ) such that r(z; -, Xy¢) = k.

Given a set of n lines in the plane and an integer k, 1 < k < "("2_1)7 the well-
known dual problem of the SLOPE SELECTION ProBLEM] in computational ge-
ometry is to find the intersection point whose x-coordinate is the k-th smallest
among all intersection points of these n lines. Cole et al. [I0] develop an ap-
proximate counting scheme combining the AKS sorting network and parametric
search to obtain an optimal O(nlogn) algorithm for this problem. Brénnimann
and Chazelle [9] modify their approximate counting scheme combining e-net to
obtain another optimal algorithm for this problem. The SUM SELECTION PROB-
LEM can be viewed as a variant of the SLOPE SELECTION PROBLEM. Since we
don’t know how many non-feasible intersection points of A(L) are to the left of

the k-th feasible intersection point, and thus we don’t know the actual rank of

! Given a set of n points in the plane and an integer k, 1 < k < n(n2—1)7 the slope
selection problem is to select the pair of points determining the line with the k-th
smallest slope.
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the k-th feasible intersection point in the set of all intersection points of A(L).
The actual rank of the k-th feasible intersection point may lie between k and
k + "(";1) in the set of all intersection points of A(L). Therefore, we can not
solve the SUM SELECTION PROBLEM by fixing some specific rank and apply-
ing the slope selection algorithms [9UI0] directly. We will give a deterministic
algorithm for this problem that runs in O(nlogn) time based on the ingenious
parametric search technique of Megiddo [I5], AKS sorting network [2] and a
new approximate counting scheme. This new approximate counting scheme is a
generalization of the approximate counting schemes developed by Cole et al. [10]
and Bronnimann and Chazelle [9].

Given a vertical line = s, the number of intersection points of A(L) on it
or to its left is denoted Z(L, s) and the number of feasible intersection points of
A(L) on it or to its left is denoted Z¢(L, s). The vertical order of the lines of L
at x = s defines a permutation w(s) of L at s with m(—00) being the identity
permutation. An example of w(s) = (hs, hs, h1, Vs, ho, v3, ha, V1, ha, Vo, Vg, v2) is
shown in Figure[ll An inversion of a permutation (p1,pz,...,pn) of {1,2,...,n}
is a pair of indices ¢ < j with p; > p;. It is easy to see that the number of
inversions, denoted by I(m(s)), of a permutation m(s) is exactly Z(L,s). We
define the number of feasible inversions, denoted by I(7(s)), of m(s) to be
Z¢(L,s). Therefore, the SUM SELECTION PROBLEM is also equivalent to finding
some s* such that I;(w(s*)) = k.

The problem for finding s* can be viewed as an unusual sorting problem at-
tempting to sort the set of lines L at x = s* without knowing the value of s*, i.e.
to sort ho(s*),vo(s*), h1(s™),v1(s%),..., hn(s*),v,(s") in vertical order without
knowing the value of s*. We know that this sort may be achieved in O(nlogn)
comparisons. In particular, the questions of the forms "h;(s*) < h;(s*)” and
"v;(s*) < v;(s*)” can be solved in O(nlogn) time by any usual optimal sorting
algorithm, since the ordering of h;’s, which is identical to that of v;’s, is inde-
pendent of s*. However, the question, ¢;; of the form "h;(s*) < v;(s*)”, can
be answered by a counting subroutine that given any vertical line x = s it can
quickly compute Zy(L, s), the number of feasible intersection points of A(L) that
lie on it or to its left. There is a simple way to perform this task in O(nlogn)
time by Lemma [[l with s, = —oo and s,, = s. Even though we don’t know s*, we
can answer the question g;; by finding the z;;, the x-coordinate of intersection
point of h; and v; in constant time and call the counting subroutine at z = x;;.
If the return of the subroutine is less than or equal to k, we get h;(s*) < v;(s*).
Otherwise we get h;(s*) > v;(s*). After solving the unusual sorting problem we
can obtain the permutation m(s*) without knowing the value of s*. Then, we
can obtain s* = max{Z(s«)[ijn(s*)[i+1]}-

Lemma 1. ([T]|], Lemma 2) Given a sequence A of n real numbers a1, as, ..., an
and two real numbers sp, Sy with s¢ < s,, it takes O(n) space and O(nlogn) time
to count the total number of segments A(i,j), 1 < i < j <n, among all "("2_1)

segments such that their sums s(i,j) satisfy s¢ < s(i,j) < s,

How can we solve the unusual sorting problem? We will use the parametric
search approach running a sequential simulation of a generic parallel sorting
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algorithm, which attempts to sort the lines along the line z = s*, where s* is
the x-coordinate of the desired k-th leftmost feasible intersection point, without
knowing the value of s*. A naive algorithm is to use a parallel sorting algorithm
of depth O(logn) and O(n) processors developed by Ajtai, Komlés, and Sze-
merédi [2], and at each parallel step we may perform % comparisons between
pairs of lines. Since each comparison can be solved in O(nlogn) time and O(n)
space following Lemma [ it takes O(n?logn) time at each parallel step, and
O(n?log® n) time overall.

However, we can improve it by the following slightly complicated algorithm.
That is, we compute the median x,, of the z-coordinates of all the intersection
points of these 7 pairs of lines in each parallel step, and call the counting sub-
routine at x,,, which can answer half of the questions in O(nlogn) time. For
the i unresolved questions at the same step, we again find the median among
the j z-coordinates and call the counting subroutine at the median, which can
answer half of these } unresolved questions in O(nlogn) time. Repeating the
above binary search process O(logn) times we can answer all i comparisons in
O(nlog?®n) time in each parallel step. We thus obtain an algorithm that runs in
O(nlog®n) time.

We can further improve O(nlog®n) to O(nlog?n) by using a technique due
to Cole [1] as follows. Instead of invoking O(logn) counting subroutine calls at
each parallel step to resolve all comparisons at this step, we call the counting
subroutine only a constant number of times. This of course does not resolve all
comparisons of this parallel step, but it does resolve a large fraction of them.
All the unresolved comparisons at this step will be deferred to the next parallel
step. Suppose that each of the unresolved comparisons can affect only a constant
number of comparisons executed at the next parallel step. Each parallel step is
now a mixture of many parallel steps. Cole shows that if it is implemented
carefully by assigning an appropriate time-dependent weight to each unresolved
comparison and choosing the weighted median at each step of the binary search,
the number of the parallel steps of the algorithm increases only by an additive
O(logn) steps. Since each of these steps uses only a constant number of counting
subroutine calls, the whole running time improves to O(n log? n).

The final step to improve the sum selection algorithm from O(nlog?n) to
O(nlogn) is to develop an approximate counting scheme. Note that the expen-
sive counting subroutine, Lemmall] can be used not only to find Z;(L, s) for each
point s given by the sorting network but also to determine the relative ordering
of s and s* in O(nlogn) time. Instead of invoking the expensive counting sub-
routines O(logn) times, we shall develop an approximate counting scheme, that
counts the number of inversions of desired permutations only approximately,
with an error that gets smaller and smaller as we get closer to the desired s*.
The idea of the approximate counting scheme is to use an approximation algo-
rithm in O(n) time for each point s chosen by the sorting network. If the error
for the approximation algorithm is small enough, then we can decide the relative
ordering of s and s* directly. Otherwise, we will refine the approximation until
we can decide the relative ordering of s and s*. It turns out that an amortized



Efficient Algorithms for the Sum Selection Problem 465

O(nlogn) extra time is sufficient to refine approximations throughout the entire
course of the algorithm.

We first define an m-block left-compatible (resp. right-compatible) permuta-
tion m;(s) (resp. m.(s)) of permutation m(s) such that it satisfies I(m(s)) <
I(m(s)) < I(m(s)) + mn (resp. I(m-(s)) — mn < I(w(s)) < I(m(s))). Let
(0(0),0(1),...,0(n)) denote the permutation of {0,1,...,n} such that h,q,
ho(1)s - -5 ho(n) are in the ascending vertical order, i.e. —s50) < —85(1) < ... <
—S0(n)- Let Go,G1,...,G» be an m-block of H for some fixed size m, where
group G = {ho(iom)s Po(im+1)s - -+ » ho(imm—1) - For any 4, j, we say that v;
is greater than group G; at s, denoted by v;(s) > Gj, if vi(s) = z —s; >
Po(jomtm—1)(8) = —S0(j.mtm—1) Where hg(jmim—1) is the largest element in
group G, and we say that v; is in group G; at s, denoted by v;(s) T Gj, if
Po((j—1)m+m—1)(8) < 0i(8) < Pg(jmsm—1)(5)-

We define a permutation m;(s) (resp. m.(s)) as an m-block left-compatible
(resp. right-compatible) permutation of m(s) as follows: Given hy (), ho(1),- -,
ho(ny sorted in ascending o-order, m;(s) and 7,.(s) will be obtained by inserting
Vg(i), © = 0,1,...,n, one by one in between hy (4, and hy(q,41) for some g; such
that vs(;)’s, @ = 0,1,...,n, are also in ascending o-order. For each v, ;) € V, if
Vo(iy(8) C Gj for some j then we insert v,(;) in between Ay((j—1).mtm—1) and
ho(j.m), where hg((j—1).m+m—1) is the largest element in group G;—1 and hy(j.m)
is the smallest element in group Gj. (resp. For each v,;) € V, if v,;)(s) C Gj
for some j then we insert v,(;) in between hg(j.pmim—1) and hg((j41).m), Where
ho(j.m+m—1) 18 the largest element in group G and hgy((j41).m) is the smallest
element in group G,1.) For example, the 2-block left-compatible permutation
m1(s) = (hs, hs, vs, h1, ho, v3, V1, ha, ha, Vg, V4, v2) and right-compatible permuta-
tion 7, (s) = (hs, hs, h1, ho, Us, ha, ha, U3, V1, Vo, Vg, v2) in Figure [l Therefore, we
have

I(m(s)) < I(n(s)) < I(m(s)) +mn, I;(m(s)) < I(n(s)) < If(m(s)) +mn.
I(mr(s)) —mn < I(n(s)) < I(mr(s)), L1 (mr(s)) —mn < If(n(s)) < I(mr(s)).

Thus, we see that maintaining left-compatible (right-compatible) permuta-
tion with 7(s) gives a good approximation on the number of inversions of the
permutation: the smaller the block size m, the finer the approximation.

We now give an O(nlogn) algorithm for the SUM SELECTION PROBLEM as
follows. We will first sketch the algorithm and then explain and analyze it in
detail in subsequent paragraphs. We assume, for simplicity, that n = 29 for
some integer g and the fractions in this algorithm are integers taken by floor or
ceiling functions. We define sign(s) to be 1 if s is a positive real number, 0 if s is
zero and —1 if s is a negative real number. The algorithm maintains an interval
(s1, sr) containing s*, an m;-block left-compatible permutation m;(s;) at s; and
an m,-block right-compatible permutation 7. (s,) at s, such that they satisfy
invariant conditions (I1) and (I2). An example of an interval (s;, s,) containing
s* is shown in Figure



466 T.-C. Lin and D.T. Lee
(1) Iy (mi(si)) +mun < I(n(s%)) < Ip(mr(sr)) = men.
(I2) If(mr(sr)) — 2men < Ip(mw(s*)) < If(m(s;)) + 2myn.

(I1) means that s* lies within the interval (s;, s,.). Since I (7(s;)) < If(m(s))+
mn < Ip(n(s*)) < Ip(mp(sy)) — men < If(m(sy)), we have s; < s* < s,.. (12)
means that the left-compatible and right-compatible permutations are no finer
than needed.

Iy(mr(sy)) = 2nmy Iy(me(sy)) — nim, Iy (mr(sr))

- / , \
%7 sl\ %7 s* %7 s,,/
Ip(m(s1)) Lp(m(st) +nmy Ip(m(st)) + 2nmy

Y

Fig. 2. The sum selection algorithm maintains an interval (s;, s,) containing s* satis-
fying invariant conditions (/1) and (12)

If ¥ < n, then we can solve the sum selection problem by using the al-
gorithm due to Cheng et al. [8]. Let us assume k > n in the following. To
initialize the algorithm we set m; = Z, s = —00, m(s1) = (Vo(0),Va(1)s-- -5

Vo (n)s Mo (0)s Po(1)s - - ~vh0(n))u I¢(mi(s1)) =0, my = (nll) - 2kn’ sp = 00, mp(sr) =

(hc,(O)JL,,(l)7 ey hg(n)7 UJ(O), Ua(l)7 PN 71)0(”)), If(ﬂ'r(sr)) = n(n2_1) and If(?T(S*))
= k. It is easy to check that this initial condition satisfies (I1) and (I2).

After coming in a new point s from AKS network combining Cole’s technique,
we will decide an interval, called winning interval, which contains s* between
(s1,s) and (s,s,) and maintain invariant conditions (/1) and (I2) for the win-
ning interval. In order to decide the winning interval and maintain (/1) and
(I2), we need the following four subroutines, each costing O(n) time. The left
reblocking subroutine allows us to construct an m;-block left-compatible per-
mutation m;(s) at s when I¢(m(s;)) + 2myn > If(m(s)) holds. We will show
later that if I¢(m(s;)) + 2mun < I¢(m(s)) then (s,s,) can not be the win-
ning interval so we don’t need to construct m;(s). The right reblocking subrou-
tine allows us to construct an m,-block right-compatible permutation ,(s) at
s when If(m,(s)) > If(mr(sr)) — 2m,n holds. We will also show later that if
If(mr(s)) < Ip(my(sr)) — 2m,n then (s;,s) can not be the winning interval so
we don’t need to construct m,.(s). The left halving subroutine is to construct a
"5-block left-compatible permutation m;(s) at s. The right halving subroutine
is to construct a "j"-block right-compatible . (s) at s.

After coming in a new point s, we first do left reblocking m; and right re-
blocking m,. at s to construct m;(s) and 7.(s) respectively. It divides into three
cases: For the case 1: If Iy(m(s;)) + 2myn < Ip(m(s)) then (s;,s) will be the
winning interval. But if the winning interval (s;, s) doesn’t satisfy (/1) and (12),
then we will do the right halving 77, 75, ... until 37 such that (/1) and (12)

hold for (s, s). For the case 2: If I (m,(s)) < I¢(myr(sr)) —2m,n then (s, s,) will
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be the winning interval. But if the winning interval (s, s,) doesn’t satisfy (I1)
and (12), then we will do the left halving 77, 7%, ... until 7} such that (I1)
and (I2) hold for (s, s,). For the case 3: If I¢(m(s;)) + 2myn > Iy(m(s)) and
I¢(mr(s)) > If(mr(sr)) — 2m,n then we can not decide the winning interval yet.
We will do the left halving and the right halving interleavingly 7, 37, ... until
5 ('5¢) such that (I1) and (/2) hold, then (s,s;) ((s;,s)) will be the winning
interval and it satisfies (I1) and (12) automatically.

After deciding the winning interval, we can decide the relative order of s and
s*. Therefore, we can answer the comparison question at s and the relevant
s;’s of which s was the weighted median such that sign(s — s;) = sign(s* — s).
Then another new point will come in and repeat above procedure again. The
algorithm will continue above procedure to make approximations until m; <
10 and m, < 10. When m; < 10 and m, < 10, we know that the winning
interval (s, s,.) will contain s* and O(n) feasible intersection points. Let k be
the total number of feasible intersection points in (—oo, s;] which can be obtained
by the counting subroutine in Lemma [[l Then, we can enumerate all feasible
intersection points in the winning interval (s;, s,) in O(nlogn+n) = O(nlogn)
time by the enumerating subroutine in Lemma [ and select from those feasible
intersection points the (k — k')-th feasible intersection point with sum s* by
using any standard selection algorithm in O(n) time. If after the algorithm ends
we have either m; > 10 or m,. > 10, at this moment we have solved the unusual
sorting problem to obtain 7(s*) without knowing the value of s*. Therefore, we
can obtain s* = max{ajﬂ(s*)[i]ﬂ(s*)[prl]}.

Lemma 2. ([T}, Lemma 1) Given a sequence A of n real numbers ay, ag, ..., an
and two real numbers sy, s, with s¢ < s, it costs O(n) space and O(nlogn + h)
time, where h is the output size, to find all segments A(i, ), 1 < i < j <n, among
all "("2_1) segments such that their sums s(i, j) satisfy s¢ < s(4,7) < 8.

We now develop the left reblocking, right reblocking, left halving and right
halving subroutines and then explain the algorithm and analyze its complex-
ity in detail. We develop left reblocking subroutine as an example since the
right reblocking subroutine can be done similarly. The left reblocking subrou-
tine will either construct an m;-block left-compatible permutation ;(s) when
It (m(s)) — If(m(s;)) < 2myn holds or output ”fail” otherwise. Given an my-
block left-compatible permutation m;(s;), the left reblocking subroutine is to
find the my-block left-compatible permutation 7;(s) at s for some s > s; only
if Ip(m(s)) — Ir(m(si)) < 2myn. At the beginning of the subroutine we just
know s > s;, but we don’t know whether I (m(s)) — I¢(m(s;)) is greater than
2myn or not. But once we found that I¢(m(s)) — If(m(s;)) > 2myn during run-
ning the left reblocking subroutine, we will halt the subroutine immediately and
output "fail”. Assume that we have had an m;-block Gy, Go, ..., GTQ’L of H, an

my-block left-compatible permutation m;(s;) and Iy(m(s;)) and maintained an
array d;[i] = j at s; such that v;(s;) T G, for each ¢, we want to find an m;-block
left-compatible permutation m;(s) and If(m(s)) and maintain an array d;[i] = j
at s such that v;(s) T G; for each 4. Let us process the lines of L one by one
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according the order vy, ho, v1,h1, ..., Un, by to construct m;(s) at s. Initially we
set I(m(s)) to be Ir(m(s;)) and current size c[j] = 0 for each group G;, where
c[j] denotes the total number of lines in G processed so far. While processing v;
we will do the following steps until v;(s) C Gg,;)- If vi(s) = Gg,p, then Iy (m(s))
is increased by c[d;[i]] and d;[i] is increased by 1. While processing h;, if it is in
group G; then the current size c[j] in group G, is increased by 1. A detailed
description of the left reblocking subroutine is shown in the pseudo code. The
whole procedure can be done in O(n) time if Ir(m(s)) — Ir(m(s;)) < 2myn.
This can be easily seen by the fact that the total processing time is proportional
to the number of times each v; steps up the groups. But doing so increases
rank m;, and we know that there are at most 2m;n rank between I(m;(s)) and
I(m(s;)). Therefore, going up the groups cannot happen more than O(n) times.
And once we have found that I;(m(s)) — Iy(m(s;)) > 2myn, we will halt the
subroutine immediately and output ”fail”. Therefore, it also costs O(n) time if
It (m(s)) — I¢(m(s1)) > 2myn. Thus we have Lemma 3l

Lemma 3. (Reblocking) Given an my-block left-compatible permutation m(s;)
with approzimation rank If(m(s;)), we can compute in O(n) time an my-block
left-compatible permutation m(s) with approzimation rank I¢(m(s)) for any s >
s; when If(m(s)) — If(m(s)) < 2myn holds.

Subroutine LeftReblocking(s, s;, my, d;[-]).
Input: An my-block left-compatible permutation ;(s;)
Output: An m;-block left-compatible permutation m;(s)

for i =0 to n do t[i] — d;[il;
I (mi(s)) < Ig(m(s1)); g < 0;
for i =0to ! do c[i] < 0;
for i =0 ton do
while v;(s) = Gy
1y(mi(s)) — Lp(mi(s)) + cltlil)s g = g+ mus 4] — i} + 1
if g > 2myn then return fail;
if h;(s) is in group G; then c[j] «— c[j] + 1;
for i =0 to nzl do insert hy(i.m;)s Po(iomi+1)s - - - s Po(iomi+m,—1) one by one
into list B[i];
10. for i = 0 to n do insert v,(;) into list B[t[i] — 1];
11. Concatenate the lists B[0], B[1],..., B[, | to obtain m(s);
12. for i = 0 to n do dj[i] « t[i]; '
13. return m;(s);

© XN N

We develop the left halving subroutine as an example as follows. Given an m;-
block left-compatible permutation 7;(s), the left halving subroutine is to find an
"5-block left-compatible permutation 7;(s). Assume that we have had an m;-

block G1,Ga, ..., G"?l of H, an m;-block left-compatible permutation m;(s) and
I+(m(s)) and maintained an array d;[i] = j at s such that v;(s) C G; for each i,
we want to find a "}’ -block left-compatible permutation m;(s) and Iy(m(s)) and
maintain the array d;[i] at s for each 1.
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Let G/17 GIQ, ey G, bea "5'-block of H. Let us process the lines of L one by

my

one according the order vg, hg,v1,h1,...,Un, hy to construct an ”;l -block left-
compatible permutation m;(s) at s. It is easy to see that v; is either in the group
Gy (i) OF Gog,[y41- Imitially we set di[i] to be 2dy[i] for each i, and current size
c[j] = 0 for each group G, where c[j| denotes the total number of lines in G
processed so far. While processing v;, if v;(s) > G/dl i)> then Iy (mi(s)) is increased
by c[d;[i]] and d;[i] is increased by 1. While processing h;, if it is in group G;
then the current size c[j] of group G; is increased by 1. A detailed description
of the left halving subroutine is shown in the pseudo code. The whole procedure

can be done in O(n) time since each v; steps up at most one group. Thus we
have Lemma @l

Lemma 4. (Halving) Given an my-block left-compatible permutation m(s) with
approzimation rank Ir(m(s)) for some s, we can compute in O(n) time a "' -
block left-compatible permutation m(s) with approximation rank If(m/(s)).

Subroutine LeftHalving(s, my, d;[-]).
Input: An my-block left-compatible permutation 7;(s)
Output: A "}'-block left-compatible permutation ;(s)

1. m; — o
2. for i =0 to n do d;[i] — 2d[i];
3. fori=0to " do c[i] —0;
4. fori=0ton
5. ifwi(s) = Gy then Ir(m(s)) — Ir(m(s)) + cldifi]]; difi] < dufi] + 1;
6. if h; is in group G; then c[j] < c[j] + 1;
7. for i =0 to TZ, do insert ha(i_mz), ho(i-mZ«H)’ ce hU(i,mHm}l) one by one
into list Bli];
8. for i = 0 to n do insert v,(;) into list B[d;[i] — 1];
9. Concatenate the lists B[0], B[1],..., B[ ™ ] to obtain m(s);
my

10. return m(s);

We now explain the algorithm and analyze its complexity. After coming in a
new point s from sorting network, we first do left reblocking m; and right reblock-
ing m, at s. If left blocking fails, we have Iy (n(s)) > I;(m(s)) > Ip(m(s;)) +
2myn > I(s*). It implies s > s*. Therefore, we can decide (s;, s) to be the win-
ning interval. But m, may not be small enough such that (s, s) satisfies (I1) and
(12). If so, we do right halving at s until both (1) and (I2) hold. Similarly, if
right blocking fails, we have I (7(s)) < If(m(s)) < If(mr(sr)) —2men < Ip(s*).
It implies s < s*. Therefore, we can decide (s, s,) to be the winning interval.
But m; may not be small enough such that (s,s,) satisfies (I1) and (12). If
so, we do left halving at s until both (I1) and (I2) hold. If both left blocking
and right blocking don’t fail then we have I¢(m(s;)) + 2myn > I¢(m(s)) and
It(mr(s)) > If(mr(sr)) — 2men. It means that both m; and m, are not fine
enough to decide the winning interval, so we can not decide the winning interval
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yet. We will do left halving and right halving at s interleavingly 77, 77, ...
until 7 (";) such that both (/1) and (12) hold, then (s, s;) ((s1,5s)) will be the
winning interval and it will satisfy (/1) and (I2) automatically. After deciding
the winning interval, we can decide the relative order of s and s*. Therefore, we
can answer the comparison question at s and the relevant s;’s of which s was
the weighted median such that sign(s — s;) = sign(s* — s). Then another new
point will come in and repeat above procedure again.

Since our sorting network is an AKS sorting network combining Cole’s tech-
nique, the algorithm will invoke O(1) left blocking and right blocking subroutines
at each parallel step to resolve all comparisons at this step, each costing O(n),
it totally costs O(n) time at each step. The sorting network has depth O(logn),
each parallel step requires O(n), so the algorithm totally costs O(nlogn) time
to do left blocking and right blocking. But during the execution of the algorithm
the approximation sometimes is not small enough to distinguish the relative or-
dering of s and s*, we will refine the approximation until we can decide relative
ordering of s and s*. The algorithm will at most invoke O(logn) left halving
and right halving subroutines, each costing O(n). It turns out that an amortized
O(nlogn) extra time will be done to refine approximations throughout the en-
tire course of the algorithm. The correctness of this algorithm follows from the
above discussion. Thus, we conclude with the following theorem.

Theorem 1. The SUM SELECTION PROBLEM can be solved in O(n) space and
O(nlogn) time.

The complete pseudo code of the algorithm follows.

Algorithm Sum Selection Problem.

Input: A set of lines L = HUV = {hg,vo,h1,v1,...,hn,v,} in R? where
hi:y=—s;andvj:y=2x—s;.

Output: The feasible intersection pt. pij« = (Ti+ 5+, Yixj=) s.t. r(zie 5+, X¢) = k.

1. my « Z? S| < —00; 7Tl(8[) — (UU(O)uvo(l)v ) vcf(n)vha(O)v ha(l)u R ha(n))v
2. my — (n4—1) - 2];; Sy 0OQ] 777‘(87‘) — (h0(0)7 h0(1)7 ) ho(n)vvJ(O)a
Vo(1)s -+ Ua(n));
3. for i =0 to n do d;[i] — 0; d,[i] — 0;
4. while m; > 10 or m, > 10
5. get next s from AKS network
6. if sisnotin (s;,s,)
7. then resolve s and the relevant s;’s such that sign(s—s;) = sign(s* —s);
8. else
9. for i =0 to n do t[i] — di[i]; t.[i] — d.[i];
10. m; — my; m; — My
11. mi(s) — LeftBlocking(s, s;, my, ti[-]);
12. 7-(s) — RightBlocking(s, s,, m.., t,[-]);
13. if LeftBlocking subroutine outputs ”fail”

H
-~

then
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15. if (s;, s) doesn’t satisfy (I1) and (12) ,

16. then do 7,(s) «— RightHalving(s, m,., t,[]); m, < "y; until
(I1), (I2) hold

17. if RightBlocking subroutine outputs ”fail”

18. then

19. if (s, s,) doesn’t satisfy (I1) and (12) ,

20. then do 7;(s) « LeftHalving(s, m;, {;[1]); my < "'; until (I1),
(I2) hold

21. if LeftBlocking and RightBlocking subroutines don’t output ”fail”

22. then do ,

23. m(s) — LeftHalving(s, my, t;[1]); m; — jsE

24. 7.(s) — RightHalving(s, m., t,[-]); m, «— "

25. until (s;, s) satisfies (I1) and (12) or (s, s,) satisfies (I1) and (12)

26. if (s, s,-) satisfies (I1) and (12)

27. then s; «— s; m; < m;; di[-] < #[-]; resolve s and the relevant s;’s
such that sign(s — s;) = sign(s* — s)

28. else s, — s; m, —m,; d,[] < t.[]; resolve s and the relevant s;’s
such that sign(s — s;) = sign(s* — s)

29. if m; <10 and m, <10

30. then

31. k" — total number of feasible points in (=00, 1] by Lemma [I]

32. S «— the set of all feasible points in (s, s,) by Lemma

33. return s* «— (k —k')-th element in S by any optimal selection alg.

34. return s* — max{ T (s*)[ijr(s*)[i+1] }

3 Algorithm for k Maximum Sums Problem

After obtaining the algorithm for the SUM SELECTION PROBLEM, we can use it
to obtain the algorithm for K MAXIMUM SUMS PROBLEM directly. We have the
following result.

Theorem 2. The K MAXIMUM SUMS PROBLEM can be solved in O(n) space
and O(nlogn + k) time.

Proof. Let £ = n(”;l) —k+1andr = n(”;l). We can run the algorithm of
the SUM SELECTION PROBLEM to obtain the /-th smallest segment s, and r-th
smallest segment s, respectively in O(nlogn) time and then we can enumer-
ate them by the enumerating subroutine Lemma [2 in the interval [sy, s,] in
O(nlogn + k) time.

4 Conclusion

In the paper we have presented an algorithm for the SUM SELECTION PROBLEM
that runs in O(nlogn) time. We then use it to give a more efficient algorithm
for the Kk MAXIMUM SUMS PROBLEM that runs in O(nlogn + k) time. It is
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better than the previously best known result for the problem, but whether or
not one can prove a {2(nlogn) lower bound for the SUM SELECTION PROBLEM
is of great interest.
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