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A New lterated Two-Band Diffusion Equation:
Theory and Its Application

Arthur Chun-Chieh Shih, Hong-Yuan Mark LiaBenior Member, IEEEand Chun-Shien Lu

~ Abstract—in this paper, we propose an iterated two-band accomplished simultaneously. However, finding a closed-form
filtering method to solve the selective image smoothing problem. splution of a nonlinear PDE is always a difficult task. Most of the

We prove that a discrete computation step in an iterated nonlinear time, one can only find approximate solutions by using numer-
diffusion-based filtering algorithm is equivalent to a sequence ’

of operations, including decomposition, regularization, and then !cal methods [1], [9]. It |s.un(:!erstandable that different numer-
reconstruction, in the proposed two-band filtering scheme. To ical methods may result in different outcomes. In recent years,
correctly separate the high frequency components from the low many researchers have searched for an appropriate numerical

frequency ones in the decomposition process, we adopt a dyadicmethod to solve the above mentioned nonlinear PDE [1], [2],
wavelet-based approximation scheme. In the regularization [71, [9].

process, we use a diffusivity function as a guide to retain useful Th . bl f i diffusion-b d
data and suppress noises. Finally, the signal of the next stage,. € major probiém of a noniineéar diifision-based process

which is a “smoother” version of the signal at the previous stage, IS that it is difficult to correctly separate the high frequency
can be computed by reconstructing the decomposed low frequency components from the low frequency ones. In other words, if one
component and the regularized high frequency component. Based wishes to deal with the high frequency components only, some
on the proposed scheme, the smoothing operation can be applied;ire|evant low frequency components may also be included.
to the correct targets. Experimental results show that our new - - . -
approach is really efficient in noise removing. There_fore, when one applies nonllr_1ear dlffuspn to smqoth
the high frequency components (which should include noises
and edge data only), it is actually applied to both the high
frequency components and some of the low frequency ones.
In this paper, we propose a new method to solve the selective
|. INTRODUCTION image smoothing problem based on an iterated two-band
HE use of diffusion/conduction equations to guide imagf _te”f?g Process. _In our scheme, Fhe aforemen_tioned nonlinear
processing procedures such as smoothing has recently f{ygon—based filtering process is converf[ed Into a two-ba_nd
tracted a lot of attention [1]-[10]. In the literature [11]-[14], re—fI termg Process. We.sha_ll prove that a discrete computatllon
searchers have reported algorithms which can be used to m jgp In 2 nonlinear Q|ffu5|on process can be decqmpgsed Into
signals convoluted with Gaussians of varying widths so th ree stage;s: combining dgcomp05|t|on, regularization, and
linear diffusion-based smoothing can be executed. The goalr8 o_nstructlon where the first Stage aqd the last stage are
such algorithms is to smooth a target signal isotropically by tri&_qu!valent toa _completely two-band filtering sysjcem.
gering an iterated process. These algorithms repeatedly proce ince we wish to correctly separate the high frgquency
the high-frequency components, including the data and noig@dnponents f_rom the low frequency ones, an efficient and_
of a signal, without any discrimination. Under these circunficcurate tool is needed. Therefore, we propose to use a dyadic
stances, the noises in the target signal can be smoothed out, elet-based approach to perform the decomposition task.

the useful data which are supposed to be retained are smoot e wavelets have good features for approximating function

out as well. Nonlinear diffusion-based smoothing [1] was deve\far'able.s or .operators, they can produce a better result for
parating high frequency components from low frequency

oped to solve the above mentioned problem. The first nonline4t . .

diffusion filter was proposed by Perona and Malik [1]. The bas%r‘g:cg;‘;if;ehdesistg'ﬁ;mtggﬁza,ct;i glrggg:]zl ttf;eacnugrﬁ)r\l; s%:?e
concept behind their work is to replace Gaussian smoothi . . . .

with directional diffusion, which preserves useful data. In the"E}8ency ones by using a dyadic wavelet approximated high-pass

work, a nonlinear diffusion function was embedded in a no ilter and low-pass filter, respectively. In the regularization

linear PDE (Partial Differential Equation), which automaticall rocess, the .h|gh frequen_cy compongnts_ are “re_gulanzed“ _by
eans of a diffusivity function. The objective of this process is

guided the smoothing task. By computing the solution of t
nonlinear PDE, noise reduction and edge enhancement car{;ﬁg

Index Terms—Nonlinear filtering, selective image smoothing,
wavelets.

se the diffusivity function as a guide to retain useful data
suppress noises. Finally, the signal of the next stage can
be computed by reconstructing the decomposed low frequency
. . _ components and the regularized high frequency components.
Manuscript received November 17, 2000; revised October 29, 2002. The gs icall id h . | of th
sociate editor coordinating the review of this manuscript and approving it fi asically, one _Can consider the signal of the next stage as
publication was Prof. Scott T. Acton. _ . a “smoother” signal of the current stage. Therefore, we call
_T_he author_s are with t_he Institute of Informanon Sme_:_nce_, _Academ[ehe proposed iterated two-band filtering process a “modified”
Sinica, Taipei 11529, Taiwan, R.O.C. (e-mail: arthur@iis.sinica.edu.tw; . . . . .
liao@iis.sinica.edu.tw). Honlinear diffusion-based filtering process. We shall prove
Digital Object Identifier 10.1109/TIP.2003.809017 that the proposed iterated system always satisfies the so-called
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maximum-minimum principle [1], [9] no matter what kind ofthen(z) has a dual wavel&t x), by which the signaf (z) can
wavelet basis is used. One may argue that in [15], the authdpg reconstructed as follows:

wavelet shrinkage method was only applied once instead of oo

many times. The reason why we made our approach an iterated f(z) = Z Wy f(2) % Ea5 (2). (4)
one is that it is difficult to find a clear-cut boundary with only PR

one pass. For some complicated images, the boundary between )

high frequency components and low frequency ones is fuz&yom the Fourier transform of (4), we have

Our iterated scheme can proceed in an asymptotic manner such o
that the high frequency components and the low frequency Z P(2Pw)(2w) = 1. (5)
ones can be gradually and accurately separated. Based on our j=—00

scheme, the smoothing operation could then be applied to

the correct targets. Experimental results show that our n&{ ¢(x) denote the s;almg fgqc;;on \;vhosi I;quner transform
approach is really efficient in noise removing. IS an aggregation of(2’w) and¢(2’w) for j > 1, i.e.,

The rest of this paper is organized as follows. In Section II, R o~
some basic definitions and properties of the wavelet theory will lp(w)|? = Z (2 w)E(Pw). (6)
be introduced. In Section Ill, we shall discuss the relationship j=1

between a nonlinear diffusion process and a two-band filteri% direct implication of (6) is

process. Then, a dyadic wavelet-based diffusion equation will

be derived in Section IV. Experimental results obtained using 10(271w)|2 — |d(27w) 2 = (2T w)é(20w). @)

both 1-D synthetic signals and a 2-D real image will be reported

in Section V. Finally, concluding remarks will be made in Sedequation (7) illustrates the relations amongr), (), and

tion VI. &(x) at different scales. If the scaling functig{z) and the
wavelet function)(z) are determined beforehand, based on (7),

Il. SOME BASIC PROPERTIES ORNAVELET THEORY then the corresponding dual wavefét:) can be derived.
Let S,; be the smoothing operator with respect to the scaling

Some notations which will be used throughout the Papgr  ion ¢(x) defined by

will be presented. All the functions considered here are

in L?(R), the space of square—mt.egrable funcnqns over Sos(z) = f(2) * dos (z) . 8)
real numbers. Forf(z) and g(z) in L(R), the inner
product (f(z),g(z)) = [ f(z)g9(z)dz and the convolu- Suppose thatf(z) is defined at the finest resolution, i.e.,
tion f(z) * g(z) = [ f(u)g(x — u)du. The Fourier transform f(z) = S f(z). By using the scaling function(z) and
of f(z) is denoted byf (w) = [ f(z)e™“"d. the wavelet functiony(x), a signal f(z) can be decom-
A wavelet is a function)(z) € L?*(R) satisfying the admis- posed into different componentgS,; f(z)};=1.2.. and
sibility condition [16]-[18] {Wai f(x)}j=1,2,.... S2s f(x) is an approximation view of (z)
) at scale2’ and Wy, f(z) represents the difference between
C. / |1/1(w)|2dw <0 Syi—1 f(x) and Sy, f(x). If ¢(x) and +(z) are considered,
v |w] ' respectively, as the low-pass and high-pass filter, theriz)

) . . is equivalent to the low frequency componentfdf) at scale
Acont_lnuous wavelet transform of a signélr), with wavelet 9; gng W, f(z) is the high frequency component, i.e., the
Y(x), is edge information off (=) at scale2’. Therefore, by using the

1 v information of {So; f(x)}j=1.2,.. and {Wa; f(z)};=1.2, .,
W, f(x) = <f(u)./ —1p ( )> = (f(u), ¥s(z — u)) the original function can be reconstructed. The reconstruction
s s process is a recursive procedure based on (7). Multiplying both

=[ *1hs(z) (1) sides of (7) byf(w) and taking the inverse Fourier transform,
i . we obtain
where (1/s)y(z/s) is denoted by, (z). From the Fourier
transform off(z) is Spi1 f(x) = Sos f() * Pos () + Was f () % Las (x)  (9)
W, f(w) = f(z)d(sw). where ¢(z) = ¢(z)(—x). By (9), Soi1f(x) can be re-
covered fromS,; f(z) and Ws; f(x). Applying the above
The dyadic wavelet transform ¢f(z) is process recursively, the original signglz) = S f(z), can
be reconstructed.
Wai f(x) = [ * thai () (2) Inthe derivation of the desired wavelet, both the quadratic and

cubic spline functions are usually chosen as scaling functions.

for scale parameter= 2 for j € Z. Furthermore, if there exist The scaling functiong(z), in the frequency domain can be as
two strictly positive constant; andgs such that follows [19]:

oo

0< Y W) <o 3) i) = =0 T] Hz-"w) (10)

j=—o0 m=1
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whereH (w) is a2r periodic differentiable function satisfying G(w;) K (w;) + |H(w;)]? = 1, and
2 2 - 1+ |FI(WL)|2
|H(W)|* +|H(w+m)|" <landH(0)=1. (11) L(w;) = — (21)
The parametef) < 3; < 1, is a sampling shift. With the form wherew; is w,. or w,.
in (10), we have In the 2-D discrete wavelet transform, an original discrete
. i . imagef(z,y) can be decomposed infa. f(z, y), Wy, f(z,y),
$(2w) = e” M H(w)(w) - (12) andW2 f(z,y), where
As in [19], we may impose further that the Fourier transform of Soi f(z,y) =(f * HH)(x,y),
the desired wavelet(z) and its dual waveleg(z) are Wi f(w,y) =(f * GD)(,y)
1]’(2“-’) = eiiﬂsz(w)‘i(w) (13) and
and W3 f(z,y) = (f * DG)(z,y). (22)
£(2w) = TP K (w)d(w) (14) A« BC denotes the separable convolution of rows and columns,

o ] respectively, of the imagd with 1-D filters B andC. The 1-D
whereG (w) and K (w) are two2r periodic differentiable func- fiter D is a delta function.
tions, and0 < f, < 1 is another sampling shift. Plugging The inverse 2-D discrete wavelet transform algorithm recon-
(12)—(14) into (7), becausg(x) is symmetric with respect t0 siryctsf (s, y) from So: f(z,y), WL f(z,y) andW2 f(z,y)
0, we have / / ’ /

f(xy) = (Souf + HH)(x) + (Wa f * KL)(z,y)

|H(w)|? + Gw)K (w) = 1. (15) +(W2 f LK)(z,y). (23)
The threer periodic functions! (w), G(w), andK (w) canbe  \1ore details about the dyadic wavelet transform can be found
expanded respectively as follows: in [16] and [19]
H(w) = Z h(n)e™™,  G(w) = Z g(n)e™"™, and Ill. RELATIONSHIP BETWEEN A NONLINEAR DIFFUSION
n=—oo n=—oo PROCESS AND ATWO-BAND FILTERING SYSTEM
K(w) = i f(n)e~ine (16) Nonlinear diffusion PDEs have often been used to perform

selective image smoothing in the past [1]-[9]. In this paper, we
shall point out an interesting finding with regard to the diffu-
where {h(n)}nez, {9(n)}nez, and{k(n)}.cz are the three sjon-based system and a two-band filter bank system. Since we

real sequences satisfying can find a direct mapping between the above two systems, prob-
oo oo lems which can be solved by using a nonlinear diffusion-based
Z |h(n)[? <oo, Z lg(n)|? < oo, and system can also be solved by using a two-band filtering system.
o o In this section, we shall relate the two systems to one another.
) Furthermore, we will point out why the diffusion equation can
Z |k(n)]* <oo. (17) be mapped into the two-band filtering format.
n=—o0 A nonlinear diffusion PDE in the 1-D case can be written as
Based on the discrete wavelet transform, an origi i f?llows [20F
, ginal discrete
signalf(z) can be decomposed infg: f(z) andWa: f(x), that Ofi(z) 0 Ofi(x)
is, at oz [Ct(‘”) oz } (24)

Woi f(x) = (f * G)(z) andSy f(z) = (f x H)(z). (18) Wwhere fi(z) is the status of point at timet andc;(z) is its
corresponding diffusivity. Thus, the status of pointat time
The inverse wavelet transform algorithm can construct thet dt can be derived by

decomposed signdl(z) from Sa: f(x) andWa: f(x)
: feran(@) =fi(w) + 228y
fl@)=(Saf+«H)(z)+ (Waufx*K)(z) (19) ac?t 05.(2)
~ J— — t € .
whereH is the conjugate filter of{. =fulz) + O <Ct<x) o > dt.  (25)
In the 2-D case, the two wavelets (z, y) and+?(z, y) can ) ]
be characterized by the three 1-D discrete fil@rsk, andL. In the discrete casd} is assumed to bPT\t. Usually, we can set
The filters H, G, K, and L satisfy the following relation [19]: At to be 1. Therefore, we have the discrete formula of (25) as
follows:
Cwo) K (@) Lwy) + Gl K () E(ws) fosto) =~ o)+ L (o) 82
=1~ |H(we)]*[H (wy)?, (20) ) ST e Y

(26)
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Without losing generality in a discrete case, we can assume Ao) ———— -A0)
d A.) — 2
fer1(z) = fi(z) + Ir (t( ) fulz )> 27) f, @) +o f ()
i dz " - A ’
, _ > B@) | *Go) | D)
Equation (27) can be written as follows:
d dft P
) = 1—-(1- S
d d
=R+ g ( P > ) = (1)
Efi(r)  d ( )\ (28 | «B(x) | G(x) | *D(x) |4
=10+ =g da:( t(o) ) (28) 100 flla(x)

wherep;(z) = 1 — ¢;(z). Using the Fourier transform, the (b)
response of (28) in the, domain can be written as follows: Fig. 1.

ft+1(ww) = (1 — W, ) ft(w$>

(a) The block diagram showing how (30) operates. (b) The block
diagram showing how (30) operates.

. 1. s . ~
(i) (g ) + Ga o)) ) .- @) . H = 8if— A =+~
Moreover, we can assurg () andAz(r) are two functions
of 2 and their Fourier transforms arg (w,,) and As(w, ), re- G W;If_; — K

spectively, that can maké, (w,)- AQ((UT) = 1—-w?. Besides, let
B(wx) = W, D(wm) = —Jw,, anth(wx) = (1/27)pt(ws)-
So, we could have (29) becomes

Fig. 2. General two-band filter system.

fror(ws) = As(wy) - Ar(wa) - frlwa) in a diffusion equation and to then solve the equation. Using
' . . ' . R the dyadic wavelet-based filters, one can separate the high fre-
+D(wz) - (Gt(“’r) * (B(‘“-r) : ft(wx))) - (30) quency signals (including edges and noises) from the low fre-

The block diagram illustrating how (30) operates is showfUency Ones more accurately.
in Fig. 1(a). We have found an interesting connection among

141(%) 212(%) B( ) andD(wT) ie IV. Dyapic WAVELET-BASED DIFFUSION EQUATION
R . R . In general, a diffusion-based smoothing process repeatedly
Ar(wz) - Ag(wz) + B(we) - D(wz) = 1. (31) decomposes the original signal (or the low-frequency compo-

nent) into a high-frequency component and a low-frequency
one. The high-frequency component generated at each res-
fra1(m) = (fex A1)(x) * Ax(w) +[pe(x) - (fe + B)(z)]* D(x) . olution is then processed by a nonlinear operator which can
(32) decrease the magnitude of the noises and retain that of the
Fig. 1(b) shows the block diagram which indicates how (32) opiseful data. The signal reconstruction process can be achieved
erates. In Fig. 1(b), the input sign#l(z) is decomposed into by adding the processed high-frequency component and the
fE(@) = (f *» Ay)(x) and fH(z) = (f * B)(z) by using nonprocessed low-frequency component at the lowest resolu-
filters A; and B, respectively. Then, the componefff (z) is tion to form the low-frequency component of the second lowest
multiplied byp, () and becomeg () = f (z) - p(z). Fi— resolution. This low-frequency component is then combined
nally, the state of point at timet¢ + 1 can be calculated by con-with the processed high-frequency component at the same
volving fI(z) andffd(x) with A, and D, respectively. From resolution to form the low-frequency part of the resolution
the derivation shown in (30) and (32), one can find that a noone level up. The process is repeated until the original signal
linear diffusion process can be converted into an iterated, filtisr reconstructed. Since the noises are selectively smoothed at
bank-based decomposition and reconstruction process. It iséach resolution, a new signal that contains less noise can be
teresting that one can use a set of filter-based operators to foldtained.
the solution of (27) directly rather than by applying any tradi- A mechanism that can characterize the above mentioned
tional numerical method. It is obvious that the solution obtaingmfocess is a two-band filtering system as shown in Fig. 2.
using the proposed method is dependent on the characterisficevo-band filtering system can decompose a signal into a
of the filter bank @, A5, B, andD). high-frequency componen€(in Fig. 2) and a low-frequency
However, in most conventional approaches, the filters usedmponent H in Fig. 2). Based on the concept described in
in a nonlinear diffusion process are nearly linear so that théye previous paragraph, a nonlinear regularization function can
cannot correctly separate the high frequency components fromapplied to the high-frequency component (&),as shown
the low frequency component ones. In order to improve tlie Fig. 2. Fig. 3 shows the realization of the above mentioned
aforementioned problem, we propose to use a set of dyadancept. The dyadic wavelet transformed high-frequency
wavelet-based filters to approximate the function variables useasimponent, Wd fn, is regularized by a nonlinear function,

Applying the inverse Fourier transform, (30) becomes
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T a
fn H Szlfn H

wif~[-B] - K|

Fig. 3. Regularization module.

oo ‘ . ‘ , . . . . .
P,, before it is used as a component for reconstruction. Tne ? 100 200 300400500 600 700 800 900 1000

nonlinear regularization function used can be any nonlinear Fig. 4. Original test signal.
function with appropriate characteristics, for example, the

nonlinear diffusivity function used in [1]. The objective of
regularization is to retain the values of the high-frequenc
components that correspond to those having larger magnitus .
and to suppress those having smaller magnitudes. Experie ... . . — |
tells us that the high-frequency components always cont: (a)
edges and noises simultaneously. Since the magnitude of '

intensity gradient of edges is usually much larger than that . JL l J \
noises, we shall use the nonlinear diffusivity function adopte | i le'HJ.‘ f .],

: At
in [1] to distinguish between them. The reconstruction Proce w———s—s—s——i—i—smn ot AL 1
will be used to reconstruct a new signal by integrating tr (b)
unprocessed low-frequency component and the regulariz
high-frequency component, iteratively. Mmm '“j“ J ‘ J [, ll i

: ST

A. Wavelet-Based Conduction Equation

In what follows, we shall show how to use the dyadic wavels

transform [19] to realize the mechanism illustrated in Fig. ¢ . ‘ i ’
Let f,(z) € L?(R). At scale 2, the dyadic wavelet transform " l | Ig ]i[ { %I

decomposesg; (z) into S, f(z) andW, f,(x) [19] as follows:

(d)
TR TN
':__J‘”U ﬁH L1

Wik fo(z) = (fs * G) () (34) (e)

Fig. 5. (a) The first columnf, (z), shows the signal shown in Fig. 4 with
whereH andG are the low-pass filter and the high-pass filter atdded white noise and variange= 10. The last column showl/,1 f,.().

scale 2, respectively. The inverse wavelet transform can recog@t;](eggtf)lgg?hw;;g%(ggtﬁ'iteef;}g‘;”i‘;sbgeig\fg;”g our approach after the

struct the original signaf,(z) from S¢, f, andW¢. f, by means
of the procedure shown below

S$h fo(z) = (fo * H)(x) (33)

and

In order to reduce the complexity of compultifig,1(z), a new
. N . dyadic wavelet-based conduction equation is derived. From
fo(@) = (Szlfs * H) (z) + (W3 fs * K) (z) (35) (37), we can further derive the following:
) , - Fapr(@) = (far HxH)(@)+{ [pa(2) - W fu(2)] * K ()}
whereH andH are conjugate at scalé andK is the high-pass (38)

filter used for reconstruction at scalé.2et p(z) be a contin- Taking the Fourier transform of.+1(x), we obtain
uous function depending on the absolute valuddf f, (=) and

0 < p(z) < 1. Similar to the derivation of (32), an approxi- Frsr(wn) =fu(wa) - H(ws) - H(ws) A
mately reconstructed functiofiy z(z) of f.(z) can be defined + F{pn(2) - Wi fu(2)} - K(w,)
as follows: =fa(ws) - [H (@) + Ma(w) - K (w2) (39)
_(gd ¢ 4 i . whereM,, (w,) is the Fourier transform of,, (z) - W f,.(x),
fNR(x) - (Szlfs H) (17) + [p(:l?) W21f5(:lf)] K(SE) that iSMn(wm) — f{pn(x) . W2d1fn($)} Becaus¢ﬁl(2wz)|2 +

(36) A e . .
A new iterated function based on (36) can be written as foIIowg;:Ew“”)K(w”) = 1, (39) can be rewritten as follows:

fnt1(wz) :an(wz)[l - Aé(wr) ) [A((sz)] + ]\:ln(w:r) : k(w)
foi(@) = (S§ fo s H) (@) + [pa(a) - Wik fn(@)] 5 K (@), =Fn(we) + [Mnfwr) = falws) - Glwr)]
37) K(w.). (40)



SHIH et al: NEW ITERATED TWO-BAND DIFFUSION EQUATION THEORY AND ITS APPLICATION 471

100 100 1 100
50 50 50
0 1 0

5 5

1 100
o 106 200 400 ABD 306 KOO 700 8OO 900 1000 1 W00 200 300 400 5000 600 700 8O0 400 1000 0 100 200 300 400 500 600 700 BO0 900 1000

(a) (b) (©)

Fig. 6. (@) Signal shown in Fig. 4 corrupted by white noise with variance 5. (b) Result obtained by applying our approach after 30 iterations. (c) Result
obtained after 120 iterations.
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100 100 4 100
50 50 50
0 0 [

1
o thi 200 A0 400 00 666 70 BOD 800 1000 " 1000 200 360 400 300 GO0 700 BOD 900 1000 0 100200 400 400 500 600 700 BO0 800 1000

(a) (b) (c)

Fig. 7. (a) Signal shown in Fig. 4 corrupted by white noise with variance 10. (b) Result obtained by applying our approach after 30 iterations. (c) Result

obtained after 120 iterations.
100 100
50 Al H
0 [} -”"'J

I 100
0 100 2000 300 400 500 600 700 BOO 400 1000 1 100 200 300 400 500 600 700  BOO 900 1000 0 100 200 300 400 500 600 700 K00 900 1000

(a) (b) (c)

Fig. 8. (a) Signal shown in Fig. 4 corrupted by white noise with varianee 15. (b) Result obtained by applying our approach after 120 iterations. (c) Result
obtained after 300 iterations.

Taking the inverse Fourier transform of (40), we obtain At scale 2, f,,1(z) can be written as
frr1(@) =fn(x) Jasr(@) = (St fasa + 1) (2) + (War fogr + K) (). (45)
+ [pn(@) - Wik () = (fo + G)(2)] % K ()

—fo(r) + {[pn(x) )W fn(x)} - K(2) Because (45) is equal to (37), we have

=fa(@) — {cal@) Wi fol(2)} * K (2) (41) Wa fra(z) = (55’1 1 x H # G) (z)
wherec,, (z) = 1—p, () andc, (z) is the traditional diffusivity + (War frg1 + K % G) (2)
function [1]. =(S51 fo * H % G)(x)

Whenc, (x) is set to 1, (41) becomes

+ [pn(z) - War fn ()]
Fa1(x) = falz) = (Wsi fo * K) (). (42) « K () * G(x). (46)
Again, we take the Fourier transform of (42) and obtain

. . A A A Becausd H * G)(z) = 0, we have
frr1(wz) =fn(we) = fo(we) - Glwz) - K(we)

(Wat fog1 * K x G)(z) = [pn(z) - War fr(2)] * K(z) * G(x).

:fn(wm”ﬁ(wr”z (43) . .
. . . ) Finally, we can derive
Applying the inverse Fourier transform to both sides of (43), we
obtain |W21 fn+1($)| :|pn(x) . W21 fn($)|
~ =pn(x) - [Waor fr(2)| < |(War frox)|. (47)
oia(o) = (S8 fu = 1) ). ) (2) - [War ful@)] < |(Wa fuw)]

Equation (47) shows that the magnitudel®$: f,, 1 (x) is al-
The high-frequency components f(x) can be completely re- ways less than or equal to the magnitudel®f. f,,(x). That
moved in this case becaugkis a low-pass filter. On the otheris, there is no local extrema generatedffyz) when the iter-
hand, ifc,(z) is set to zero, then (41) becomés, (z) = ation increases from ton + 1. As a consequence, (41) satis-
fn(x). In the following, we will prove that (41) satisfies thefies the maximum and minimum principle [1] when an arbitrary
so-called maximum and minimum principle [1]. It should bevavelet-based filter is used. But please note that (47) does not
noted that the discrete maximum-minimum principle is a veive any prediction what kind of the results we could obtain. In
restrictive stability criterion (more restrictive than the von Neusection V-A, we will show that the different results are obtained
mann stability principle) [9]. by using different wavelets. But all the results satisfy (41).
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Fig. 9. (a) SNR values obtained by adding different noise levels with a + Mz(ww,wy) i}(ww) . k(wy)
fixed A (A = 10). (b) SNR values obtained using differektvalues in the A
conductivity function with a noise levep, = 10. =f(wz, wy)
+ (MY (e, wy) = fr(we, wy) - Glwe)]

B. Two-Dimensional Wavelet-Based Conduction Equation K (w,)L(wy)

In a 2-D wavelet transform at scalé, (z, y) can be decom- F [M2(weywy) = fo(wa,wy) - Glw,)]
posed intaSY, (z,y), Wi f(z,y), andW} f(z,y), i.e., K (wy)L(ws). (50)
f(z,y) = (Sglf * FUEI) (z,9) Taking the inverse Fourier transform of (50), we obtain

+ (Wai f + KL) (z,y) + (W5 f LK) (,y) Fat1(2,y) = fal,y)
whereA x (B, C') denotes the separable convolution of rows and + [pn(@,y) - Wai fu(z,y)
columns, respectively, of an imagewith 1-D filters B andC —W211 fn(:my)] * KL(z,y)
[19]. Thus, + [P () - WE fula.y) = Wi fula.)]
+ [pn(2,9) - W3 ful,9)] * K L(z,y) =fn(,9)
1 1
+ [P (2. y) - W3 fu(a,y)] * LK (z,y) (48) = [en(@,9) - War fu(w,y)] « KL(2,y)

2 2
where pl (z,y) and p?(x,y) are continuous functions and = len(@,y) - Wi fulwy)] « LK (z,y)  (52)
are dependent of the absolute values W, f,(z,y) and wherecl(z,y) = 1—pL(z,y) andc?(z,y) = 1—p2(z,y) are
W2 fn(z,y), respectively. Generally, we sét < pl(z,y), the traditional diffusivity functions [1] along the direction
p2(z,y) < 1. Taking the Fourier transform of (48), we obtain and they direction, respectively. We call (51) a 2-D dyadic

. . — —= wavelet-based diffusion equation. Following the same procedure
frt1(we, wy) :[Ji(wm: wy) - HH(wg,wy)] - HH (wg, wy) described in Section IV-A, we can prove that (51) also satisfies

+ MY Wy, wy) - KL(wg, wy) the maximum and minimum principle.

+M?2 We, W LK We, Wy 49
. ( 2 ) ( v) ) (49) V. EXPERIMENTAL RESULTS
1 = ,Y) - d , .

v]\\%ere M (@, wy) Fip? Fip "(I/yv)vz Wl (Lyé}ec:nse In the first group of experiments, our method was used to
(wWay wy) {p"(x’/)\ ) nf(:n,y)}. cau apply the denoising process to a synthetic noisy signal. A set

HH(w,, wy) = H(w,)H(wy), HH(w,,w,) = H(w,)H(wy), of experimental results obtained by using a 1-D synthetic signal

KL(ws,wy) = K(wy)L(wy), and LK(w,.w,) = will be given here. In the second group of experiments, several
L(w,)K(wy) [19]. The relationship among the filtersreal images were used to test the effectiveness of our approach.
H(w;), G(ws), K(wz), and L(wy) is G(w.)K(w,)L(wy) +  Inorder to ensure that all the experiments were conducted under

G(wy)K (wy)L(wy)= 1 — |H(w,)|?|H(wy)|*. Thus, (49) can fair conditions, the diffusivity function used was the one pro-

be rewritten as follows: posed by Weickert [9], where
Frs1 (e wy) =fu(we,wy) - (|H (we) PlH (w,)]?) c(sn) = 1 — 73313/ (50 /N)7, (52)
+ Ml(wzv‘*’y) ' {((‘%) '{’(“’y) S, in (52) is the wavelet transform of, () at scale 2, i.e.,

+ M?*(wy,wy) - L(wy) - K(wy) Wai fn(z), and X is a constant.
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obtained by using the Haar wavelet after 300 iterations (27.59 dB). (d) Result
obtained by using a Villasenor's biorthogonal wavelet (using the function
MakeBSFil-ter('Villasenor’,l) in WavelLab) after 300 iterations (17.00 dB).
(e) Result obtained by using a Daubeehies orthogonal wavelet with parameter
4 (using the function MakeONFilter(Daubechies’,4) in WavelLab) after 300
iterations (21.01 dB). (f) Result obtained by using a Daubechies orthogonal
wavelet with parameter 6 (using the function MakeONFilter('Daubechies’,6)

in WaveLab) after 300 iterations (18.77 dB).
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(c) Result obtained using our approach after 300 iterations (28.83 dB).
(d) Result obtained using a wavelet soft threshold (using the function
Thresh-Wave(noises,’s’,1,10,5,4,MakeONFilter('Haar")) in WavelLab . . . N .
(21.70 dB). (e) Result obtained using a wavelet hard threshold (using tﬁl'(? 13. (@) Original image. (b) Noisy imadéNR = 29 dB). (c) Result

function ThreshWave(noises,h',l, 10, 5, 4, MakeONFilter(Daubechies’,6)) iRPtained by using a spline biorthogonal fiter—CDF(1,1) after 10 iterations
WaveLab) (20.58 dB). (f) Result obtained using a wavelet hard threshold (usigg v = 32-34 dB). (d) Result obtained by using a spline biorthogonal

the function ThreshWave(noises,’',1,9,5,4,MakeONFilter(Symmlet’,4)) iffler—CDF(1,3) after 10 iterationSSNR = 32.17 dB). (e) Result obtained by
WaveLab (19.56 dB). using a Villasenor’s biorthogonal filter—MakeBSFilter('Villasenor',l)—after

10 iterations (SNR = 31.90 dB). (f) Result obtained by using a
Villasenor's biorthogonal filter—MakeBSFilter('Villasenor',2)—after
10 iterations(SNR = 29.06 dB). (g) Result obtained by using the
Haar orthogonal filter—MakeONFilter(Haar')—after 10 iterations
. P c NR = 32.34 dB). (h) Result obtained by using the Beylkin
Fig. 4 shows a 1-D Sy_nthetlc Slgna! which is Composed_ éfithogonal fiter—MakeONFilter('Beylkin’)—after 10 iterationé&SNR =
some step functions of different magnitudes. The white noisgs7s” dB). (i) Result obtained by using a Daubechies orthogonal
with variances = 10 were added to the original signal, and thélter—MakeONFilter(Daubechies',4)—after 10 iterationsSNR =

. . . . . 2.20 dB). (j) Result obtained by using a Daubechies orthogonal
synthesized signal is shown on the left side of Fig. 5(a). Aft@fe,_vakeONFilter(Daubechies’,6)—after 10 iterationSNR =

dyadic wavelet transformation, the high frequency componeiztii dB).

A. Results Obtained Using the Proposed Approach
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(b)

Fig. 14. (a) Original image: Lenna. (b) Noisy image (28.88 dB). (c) Result obtained by using Haar wavelet after 10 iterations (32.94 dB).

at 2' scale was as shown on the right side of Fig. 5(a). From theThe above results were all obtained by using the quadratic
high frequency component shown in Fig. 5(a), it is not difficulspline wavelet. But it is not difficult to find, our approach also
to find that the edges and noises are mixed together, and tbah be implemented by using biorthogonal and orthogonal
a linear approach definitely cannot separate them. The left sidavelet bases. For fair comparison our approach by using
of Fig. 5(b)—(e) show the denoised results obtained by applyiddferent wavelet filters and with the other approach, we used
our algorithm 30, 60, 120, and 300 iterations, respectively. @ime subroutines of the popul’tATLABIlibrary—WavelLal802
the right side of Fig. 5(b)—(e), we show the corresponding lofiattp://www-stat.stanford.edu/ wavelab/) to implement our
frequency components and high frequency components of #ygroach and used their purposed test signal to conduct
denoised results. From the right column of Fig. 5, we find théhe following results. An example program is shown in
the true edges were always preserved, but that the numbeAppendix A. Fig. 11 shows another set of results obtained
noises decreased when the iteration number was increased. Uising different wavelet bases including the Haar wavelet,
worth noting that when the iteration number reached 300, ordy Villasenor's biorthogonal wavelet and the Daubechies
edges were preserved. wavelet with different vanishing moments. Fig. 11(a) shows
Figs. 6(a), 7(a), and 8(a) display the signal shown in Fig.ah original signal (obtained by using the functiorakesignal
after it was corrupted by white noises with variamce- 5, 10, ('Piece-Polynomial’,1024)). Fig. 11(b) shows a noisy version
and 15, respectively. From the results shown in Figs. 6(b) antl (a) which SNRis 14.23 dB. Fig. 11(c)—(f) show the re-
(c), 7(b) and (c) and 8(b) and (c) it is not difficult to find thatsults obtained using the Haar wavelet bases, the Villasenor’s
our approach worked very well in terms of removing noises. biorthogonal wavelet(makeBSFilter ('Villasenor’,1)), the
Fig. 9(a) shows the curves based on results obtained, unt@ar basestakeONFilter(Haar’)) and the Daubechies
different noise levels{ = 5, 10, and 15), folSNRvalues at wavelet basesnfakeONFilter('Daubechies’,6)), respectively,
different iteration numbers. All the curves were obtained witfter 300 iterations. It is apparent that the result obtained by
A = 10 ((52)). It is worth noting that when the noise level wasgising the Haar wavelet bases has the hig@#Rvalue than
increased to- = 15, theSNRvalue still reached 30 dB after 200the other ones.
iterations. Fig. 9(b) shows another set of curves based on results
obtained, under different values § = 5, 10, 15, and 20), for B. Comparison With Other Nonlinear Smoothing Algorithms
SNRvalues at different iteration numbers. All the curves shown In this Section, we shall compare our results with those ob-
in Fig. 9(b) were obtained based on a fixed noise lévek 10).  tained using the well known nonlinear smoothing algorithms
From the four curves, it is obvious that wh&nvas over 10, the based on Donoho-Johnstone’s approach [15] F|g 12(b) the test
SNRvalues gradually decreased after 100 iterations. signal [shown in (a)] corrupted by noise and$slRrelated to
For studying how our approach converges, we define the q#) is 14.30 dB. Fig. 12(c) shows the result obtained by using our
erage difference betweeil,: f,, 1 (x) and Wai f,(x) as fol-  approach after 300 iterations. Fig. 12(d) and (f) show the results
lows: obtained by applying the functiohhreshWave in WAVELAB
. with different parameters. We try to find the best result by using
_ ) — W different sets of parameters and wavelet bases. Eventually, three
I&7 1= #x ; W fra () = War fu(o)] 3) better results are obtained by using three different sets of pa-
rameters. It is obvious that our approach achieve a better result

where#z is the total number of sampling points. Fig. 10 show@ompared to their approach.

the average differencigA f,, || after each iteration within 1000 . _ )

iterations. We can find the values o f,, || almost keep around C- Results Obtained Using Our Approach in the 2-D Case
ones but zeroes after 200 iterations. That means some of the cd=ig. 13(a) shows a real test image: pepper, and Fig. 13(b) is
efficientsWhs. f,,(z) are always modified before reconstructiora noisy version of (a)SNR = 29 dB). By using our approach,

at each iteration. Fig. 13(c)—(j)) show the results obtained by using different
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(a) (b) ©)

Fig. 15. (a) Original image: House. (b) Noisy image (26.76 dB). (c) Result obtained by using Haar wavelet after 10 iterations (32.04 dB).

(a) (b) ()

Fig. 16. (a) Original image: Photoman. (b) Noisy image (24.32 dB). (c) Result obtained by using Haar wavelet after 10 iterations (31.37 dB).

wavelet bases including biorthogonal and orthogonal waveleig, = 1000;

after 10 iterations. The best result is also obtained by using #ig¢yp. = 'Piece-Polynomial’;
Harr wavelet §NR = 32.34 dB). Figs. 14-16 are more realsigh, = 7,

test images, noisy images, and denoised results obtainedsipy,; = MakeSignal(sigtype,sigy);

applying our approach. [sig,,sig,] = NoiseMaker(sig_org, sig_rho);
% Inputs
% y: input noisy 1-D signal

VI. CONCLUSIONS % k: smoothing parameter
In this paper, we have proposed an iterated two-band filterirz{ no: iteration number
method to solve the selective image smoothing problem. OL_JtpUt
have proven that a discrete computation step in an iterated n ?1;”3 hs.igrgsult
-

linear diffusion-based filtering algorithm can be converted intp
a sequence of operations, including decomposition, regulariz%-_:’ 300:
tion, and then reconstruction, in our proposed two-band filterir% '
scheme. To correctly separate the high frequency compone% — [ 1];
from the low frequency ones, we use a dyadic-wavelet basElmf dqmf] _ MakeBSFilter( CDF’,par);
approximation scheme. In the regularization process, we usgia_, . , e
diffusivity function to guide the processes for noise suppressi%n: length(xh);

and retaining useful data. Experimental results show thatourgp- , _"1. o

proach can be used to achieve superb selective image smoothigg, .; — SyMIMjeony (MirrorSymmFilt(dgmf), zh);

results. ind = find(weoef™ = 0);
tmp = (wecoef(ind)./k).%;
¢ = exp(—3.315./tmp);
weoef(ind) = (1 — ¢).xwcoef(ind);
This is an example code of our 1-D approach implemented byh = xh-symm_aconv (MirrorSymm-
MATLAB language. Before running the programNATLAB  Filt(gmf),wcoef);
please download and instalVavelLabroutines (http: //www- end
stat.stanford.edu/~wavelab). toc

N -

APPENDIX
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subplot(3,1,1); plot(sig,); Arthur Chun-Chieh Shih was born in Taipei,
subplot(3,1,2); plot(sig, ); Taiwan, R.O.C., on September 26,'1966'. He received
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