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gradual orthogonalization when starting from a nonorthogonal full Characterization of Signals by the

rank initial value. Parallel implementations with(» ') throughput Ridges of Their Wavelet Transforms

can be obtained straightforwardly, and problem-size independent

throughput can be achieved at the expens® ©f*) additional oper- Reré A. Carmona, Wen L. Hwang, and Brun Tesani

ations. The existence of @(nm) version of the SGA algorithm and

the possibility of aO(1) implementation make the SGA algorithm  Apact_we present a couple of new algorithmic procedures for the

more appealing for applications where low complexity and/or higlfetection of ridges in the modulus of the (continuous) wavelet transform
throughput are necessary. However, a good step size strategy hasdatithe-dimensional (1-D) signals. These detection procedures are shown

to be worked out. This is not an easy issue and should be the subjgche robust to additive white noise. We also derive and test a new

of further work. We hope that the present correspondence can b&

nstruction procedure. The latter uses only information from the
restriction of the wavelet transform to a sample of points from the ridge.

positive incentive for such research. This provides a very efficient way to code the information contained in
the signal.
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For the sake of simplicity, our discussion is restricted to the case
of the wavelet transform, but since our algorithms deal only with
postprocessing of time—frequency transforms, they can be extended to
any time—frequency energetic representations. The case of the Gabor
transform will be considered in the companion paper [4], where still
another stochastic search algorithm, adapted to different situations,
will be introduced.

We close this introduction with a short summary of the contents
of the paper. Section Il is devoted to the statement of the problem
and the definition of the ridges. Section Il presents the main features
of the variational problems we propose and solve to estimate the
ridges. We also give a Bayesian interpretation of this approach, and
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we describe how one can modify the penalization functional in orderinimization of a suitable penalty function. Unlike the methods in
to accommodate the presence of an additive noise in the signal. Tie the penalty function is mainly on the square modulus of the
section ends with a discussion of an example of a bat sound signedvelet transform. The loss of accuracy is weak since the signals
which we embed in noise. Section IV is devoted to a quick accountfafr which the methods are designed are supposed to have slowly
the reconstruction problem, namely, given a set of points in the timearying frequencies. In the first case, the ridge is the graph of a
scale domain, find the signal most likely to have a ridge going throudimction b — ¢(b), whereas it is the graph of a parametric curve
these points. As before, we outline the mathematical derivations, andhe second case. The results of this section can be used beyond
we illustrate the efficiency of the method on a numerical examplethe single component case (the wavelet transform has a single ridge)

when the ridges can be separated by a preprocessing localization

Il. RIDGES procedure and then analyzed separately.

The first goal of this section is to set up an abstract formalism . .
for the mathematical definition of the ridges of functions of twé“ A Direct Search Algorithm
variables. Then, we propose two Monte Carlo algorithms to detectWe first assume that the ridge of the wavelet transform of the
and identify these ridges. Let € L'(R) be such thatd < signal f can be parametrized by a functién— ¢(b) defined for
Cy = fD‘” [ (€)|?dEJE < o, i.e., fulfills the wavelet admissibility all the values ob. For the sake of the present discussion, we denote
condition The corresponding wavelet transform gfz) is given by by ® the space of all the twice differentiable functions with square
1 [ integrable derivatives. We then define the penalty funchipron the
Tr(b, a) = {f, ¥, a)) = g/ f)(£=t) da set® of ridge candidates> by

e A e ey @ B == [Te O as [0S0+ e 0. @)

—oo

Such a penalty function clearly implements the two following fea-

where we have introduced the auxiliary variable= log(a). We are tures: the smoothness of the ridge and the localization in the time-

mostly interested in frequency-modulated signals that can be writfigauency plane (fon = , = 0, minimizing Fy () is equivalent
as the sum of finitely many components of the form to searching maxima off;|* in the a direction). Our estimate of
the unknown ridge of the wavelet transform of the sigialvill

f(z) = A(z) cosg(x) (2)  be the functiony(b), which minimizesF; (). The Euler equation

but for the purpose of the present correspondence, we shall rest%%?om"_’ued W'th th's mln_lnjlzat_lon problem can easily be obtaune(_j and,
nee discretized into a finite difference equations, solved numerically.

ourselves to monocomponent signals. See [4] for a detailed anal . o .
IEigwever, such an approach is efficient only for weak noise. The

of the multicomponent case. It is convenient to use the so-cal fast . t imolies th ist ¢
“progressive wavelets,” i.e., with vanishing negative frequencies. ﬁ{eslenmta oras rona_nﬁlfﬁ corlnpo_rt'}:an 'mplies ¢ f exis gncvt\a/o ma(r;y
¥ (x) is such a wavelet, then the wavelet coefficientsf¢i:) are ocal extrema In which the aigoriinm may get trapped. YWe nee

- _ / _ 1 / . ic @ procedure that can jump over the local extrema to reach the
given by T (b, a) = (f. ¥, 0)) = 3{Z¢. Y5, a)), WhereZy(x) is - o - -

B A R e , Y , 4y global one(s). A natural candidate for this is the simulated annealing

the “analytic signal” off (x) given by Zy (x) = 2P+ [ f(x+y)°}, algorithm [9]
where P denotes principal value integral. It is well-known [1] that 9 ’
a signal of the form (2) withd(z) and ¢'(«) slowly varying gives o
Z(x) & A(x) exp{io(2)}. If we assume that the Fourier transformB- Snake Penalization
(&) is peaked near a particular valge= wo of the frequency, We now consider a ridge as a parametrized curve € [0, 1] —
like for instance the Morlet wavelet given in the Fourier domain by(s) = [p1(s). p2(s)] in the time-scale plane. The ridge then takes
w(€) = exp{— (& — 27m)*/2}, it follows from standard arguments [6] the form of a “snake” (see [8] for a description of the method in

that the wavelet transform may be approximated as an image processing context). We use a cost function that takes into
1 ' - account the modulus of the wavelet transform, as well as additional
Ty (b, a) = 5 A(b) explio(b) }v:(ag' (b)) terms needed in order to ensure the smoothness of the ridge (both in
FO(IA/IAL 166" 1/16' ). (3) the b and « directions). We set

Fir) = = [ 0 o). oo P
From the localization properties of the wavelet in the Fourier . ;2 "o ;s "o
domain, one can see that the moduliig| of the wavelet transform +/ [Map2(s)” + papz ()" + Xop1(s)” + pup1(s)°]ds  (5)
is essentially maximum in the neighborhood of a cutve a, (b) =

_equ(b), which is theridge of the_ wavelet tranfc;(r})r)rrelqted t,o the where A., Ay, 1a, and p; are positive constants. In the “snake
instantaneous frequency of the signaldyd) = ¢* = wo /6'(b). [ o 0oL [8], the second term is the “internal energy” of
In [6], the phase coherence of the wavelet transform was used to " 9y ' ay

- . ) . e snake. Its role is to control the smoothness and the rigidity of
a numerical estimate of the ridge. Since the phase can be somewhat . . W .
- . . L2 . € snake. The first term is the “external energy” of the snake. It
difficult to control in noisy situations, we shall mainly focus here

. : a}ccounts for the interaction of the snake with the wavelet transform
on the localization of the maxima of the modulus of the wavele : : . .
modulus. For the reasons mentioned in the previous section, we turn
transform. . A - ; .
to stochastic optimization techniques (see [8] for a direct solution
of the corresponding Euler equations) for the numerical solution of
lll. RIDGE DETECTION: VARIATIONAL APPROACHES such a minimization problem.
The purpose of this section is to give two examples of ridge Remark: In many applications, the signdl(x) is the sum of a
detection algorithms both derived from variational problems. In botiture componentf;(«) and a noise componeni(x). When some
cases, the ridge is searched in a high-dimensional space of curvefrmation on the noise is available, it may be included into the

and the ridge estimate appears as the graph of the argument ofghealty function (see, e.g., [3]-[5] for more details on this point).
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Fig. 1. (a) Intensity plot of the modulus square of the wavelet transform of the bat signal. The ridge superimposed. (b) Ridge estimate, annealing
method; SNR= -5 dB.
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Fig. 2. (a) Ridge estimate, snake method; SNR—5 dB. (b) Comparison of several ridge estimates for the bat sonar signal. Notice that the scale is
now increasing upward, as opposed to all other plots, where it is increasing downward.

C. Bayesian Interpretation dB. Superimposed are the ridges estimated with the direct search

Both ridge detection procedures have a Bayesian interpretatiBhocedure. Both transforms are coded with gray levels proportional
Let us present it in the case of the direct search. Consid&rtheir modulus square. In Fig. 2, we show the ridge estimated with
the prior probability measure defined formally Byprior (dp) = the snake procedure (notice that the boundaries have been fairly well

Z7 expl{— [ale’ (D)) +Xalg" (b)|?] b} d" and the conditional reproduced), and on the right, a comparison of ridge estimations in

orobabilty r.(df) — Z;lef T, 200 P g which gives the 31OUS situations is given.

probability, conditioned byp, that the signal is in the infinitesimal

“df” in the space of finite energy signals. Then, according to Bayes'  IV. RECONSTRUCTION FROM THESKELETON ON A RIDGE

rule, the conditional probability knowing the signal is given by We present in this section a new algorithmic reconstruction of a
pposterior (A | f) = exp— Fl¢]"d¢" /Z for some constanZ.  signal from the knowledge of sample values of its wavelet transform

Maximizing fipesteriex (d¢ | f) is equivalent to minimizing (4). on the ridges of its modulus. For the sake of simplicity, we restrict

ourselves to the case of a single ridge. See [4] for the analysis (in the
case of the Gabor transform) of the more general case of finitely

. . ) . many arbitrary ridges. Let us focus on ridges given in the form
We included the ridge detection procedures described abovegin, «(b). In practical applications, one only knows sample points

a package th functions made avz_;lilable on the_ Internet [3]. Th%h 1)+ (bn, an), and the smooth function— (b), which we
implementation was done by solving the variational problems Re in jieu of the true (unknown) ridge function, is merely a guess that
simulated annealing (see [9] for background on this combinatorighe constructs from the sample points. We use a smoothing spline
optimization technique). The details are spelled out in [3] and [5]. (bt any other kind of nonlinear regression curve would do as well).

From now on,(b) is a smooth ridge function that is constructed
E. Examples from the n sample data points.

D. Cost Minimization by Simulated Annealing

Numerical experiments have been made on various types of

academic and real signals. We illustrate the method described ab8veStatement of the Problem

with a (real) sonar signal emitted by certain species of bats. The signalWe are concerned with the implementation of the folk belief
is frequency modulated, with approximately hyperbolic instantaneotkst a signal can be characterized by the values of the restriction
frequency. The wavelet transform (w.r.t. Morlet's wavelet) wasef its wavelet transform to its ridgedllustrations can be found in
computed for frequencies ranging from /16 to v,/2, with v,  [6], where it is shown that in the case of signals of the form (2),
the sampling frequency, in geometric progression (i.e., of the forthe restriction of the wavelet transform to its ridge of the wavelet
a = 2ag/2“, n = 0,...59). Fig. 1 shows the wavelet transformtransform behaves ad(x)exp[i¢(x)] (see also [10] for similar

of the signal [Fig. 1(a)] and the wavelet transform of the samemarks for the Gabor transform in the context of speech, yielding
signal with additive Gaussian white noise, with input SNR—5 good quality reconstruction with high compression rate). Such an
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Fig. 3. (a) Bat signal used to illustrate the reconstruction procedure. (b) Result of the reconstruction from the values of the wavelet transform at th
points of the estimate of the ridge.

approach can be used in nonnoisy situations, but it does fail in t8e Solution of the Optimization Problem

presence of a significant noise component. We assume that the valuege constrained minimization problem can be solved using La-

of the wavelet transform, say, are known at sample points;, a; ). grange multipliers. The solution is given by
The set of sample points together with the valugsonstitutes the

wavelet transfornskeletorof the signal to be reconstructed. We look on
for a signal f(x) of finite energy whose wavelet transform has the f(w) = Z,\ijle(w) 9)
graph of the function,-(b) as ridge and satisfies J=1

Ty(bj, a5) =z, G=1....n. ) where( is the operator (matrix after discretization of the problem)

defined in (8), and the functions; are defined byy;(x) =
B. The Penalization Approach a7 '¢((x = bj)/a;). j = 1.....n. The Lagrange multipliers are
We use a strategy that was successfully used by Mallat addtermined by imposing the constraints (6). This gives a system of
Zhong to reconstruct a signal from the extrema of its dyadic wavelgtn) x (2n) linear real equations from which the Lagrange multipliers
transform [2], [11]. In the present setting, we look for a sigfigk) A;’s can be computed.
that satisfies the constraints (6), whereas Fienorm in the scale
variablea of the modulus is kept to a minimum for eathThis may D. Examples

be achieved by minimizin
y g To illustrate the reconstruction procedure, we selected a subset of

. 1 f " d . = . . )
Fi(f) = /db/ —a|Tf(b, i @ " 500 consecutlve_ samples from _the bat signal _[see Fig. 3(a)]. We
|a| used 40 sample points on the estimate of the ridge and the value

. L ¢ = 0.5 to reconstruct the signal. The result of the reconstruction is
(note that when the integration is performed on the whole half-planelven in Fig. 3(b). As may be seen, the reconstruction is of extremel
Fi(f) = |If|I* by the energy conservation formula). Since the codt g . y ' y

function Fy (f) is a quadratic form in the unknown functigfy the good quality. An analysis (which is not presented he_re) of the
o ) - odulus of the wavelet transform of the reconstructed signal shows
solution is easily computed by means of Lagrange multipliers.

. . A I?at because we chose a ridge estimate that ignored the existence of a
solution can be constructed as a linear combination of the wavelets - . - .
- secondary ridge, the latter is not present in the reconstruction. Further

V(bj,ap A the sample paints of the ridge, the coefficients bein sults (see [4] and [5]) confirm the quality of the reconstruction

given by the solution of am x n linear system. This solution is R o S .
. . ethod. This justifiea posteriorithe approximation we made in the
not completely satisfactory, especially when the number of sample

points is small. It ignores the empirical fact that (in most of theeflnltlon of the quadratic penalty function.

practical cases) the restriction of the moduli& (b, «)| to the

ridge, i.e., the functiorb — |T;(b, a-(b))|, is smooth and slowly V. CONCLUSIONS

varying. In order to force the solution of the constrained optimization We presented a new approach to the problem of ridge detection

Qroblem to respect this requirement, we introduce the extra tEI|rrr1n an energetic distribution of a signal. Our approach is based on
E(f) = fbb“‘a* LTy (b, “"(b))HQ db, and consider the minimiza- '

. ~ the minimization of a penalty function on the set of all possible
tion of the cost functionF'(f) = Fi(f) + <Fz(f), where the free (jgge candidates. The penalty function takes into accauptiori
parameters > 0 is chosen to balance the two contributions tgnformation on the signal (namely, the time—frequency representation
the penalty. Unfortunatelyf>(f) is not quadratic inf. In order of the signal that is essentially localized around a curve, this curve
to remedy this problem, we remark that according to the analy$iSsmooth,- -) and possibly on the noise (through arpriori noise

Cap

of [6], b, ar(b)) & F'(b) = wo/ar(b), where {¢(b. ) = model or simulations). The minimization is achieved through Monte-
argTy (b, ). Then, we replacez(f) by a quadratic form, which Carlo type methods. We also proposed a new synthesis procedure
gives a good approximation of it, anfl with that requires only a small number of values of the transform on

5 the ridge and is very robust to noise. We have focused here on the
case where the time—frequency representation is given by the square
modulus of the wavelet transform (the scale variable being interpreted

w2 ) as an inverse frequency variable). Any time—frequency representation

- Wm'(bv @)l )db =(Qf, f)- () can be used as well. The case of the square modulus of the Gabor

transform will be considered in a forthcoming publication [4].

1 fda bana
P(f)= :/db mTf(be a)? -1—5/6

min

d .
(‘@Tf(b., o(0))
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Abstract—Information theory-based techniques for signal or image Proposed some new mapping functions for iterative restoration. In this
restoration and resolution enhancement are now considered a viable alter- correspondence, we discuss in detail a generalized mapping function,
native to other popular techniques. In this correspondence, we present a derived using the MIM, and show that some recently proposed

general iterative mapping derived using an information theoretic criterion optimum algorithms are special cases of the generalized mapping
of optimality. A mathematical structure is defined followed by an analysis functi GMF

of the mapping, based on this structure. The convergence of the mapping unction ( )-
is considered both in the general formulation and for a particular

example. Some popular technigues are shown to be special cases of thi\, Assumptions
general mapping.

A General Formulation for Iterative Restoration Methods

Joseph P. Noonan and Premkumar Natarajan

All signals are assumed to be nonnegative. Thus, the set of feasible
Index Terms— Iterative methods, resolution enhancement, signal go|ytions is limited to{z|]z > 0}. = is a vector of lengthk’
restoration. corresponding tdv' samples. We also assume thais bandlimited.
These characteristics are preserved through the iteration process by
l. INTRODUCTION the use of a projection operatd¥ to ensure consistency witnpriori
. ... information. The effect olN on the convergence of the algorithm is
In any data collection system, e.g., a camera, there is inevitable . .
degradation of the actual data or image. The effect of this degradatlolﬁcussed in Section I-B.
is usually modeled by a distorting function. Typically, this distortin
function is singular; as a result, direct methods, such as inve%eBackground
filtering, tend to yield unstable estimates. In such cases, iterativeThe GMF is obtained by using the stabilizing-functional approach
methods have been effectively used for obtaining a stable solutigvith the MIM as the stabilizing functional. This is achieved by the
constrained minimization of the MIM functional with a mean squared
or constraint based on the noise variance, Minjmize
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