Input: 

String S with alphabets as 
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Output:
A minima tree 
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ALGOTITHM

Add a stop alphabet ‘$’ at the end of S. It is assigned with a very large negative value.

Let T be a stack (LIFO) for storing some minima trees.

Give a node 
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 for the first alphabet 
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 of S, push it to T as the first minima tree.

i = 2 at the initial.

Repeat the following steps until all alphabets are read.


Read a alphabet 
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 from S.

Give a node 
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for it. (The weighting of 
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 alphabetic order)

Pop a minima tree 
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t

 from the stack. Then, there are two cases:

Case 1
If the root node 
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 of 
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 is smaller than the current node 
[image: image12.wmf]i

c

, then we let 
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 be the root 
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 of a new minima tree 
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. Push 
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 to T.

Case 2

Otherwise, pop some minima trees 
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 from T until the root 
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 of 
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 is smaller than 
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 or T is empty. We combine these trees. Let the right child of 
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, where j = q-1, q-2 … 2, and the left child of  
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[image: image25.wmf]1

-

q

r

.

The new combined minima tree will be as figure 1.


Push 
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 to T.

i = i + 1.
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Figure 1. The new combined minima tree 
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, where 
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 maybe empty.
(Cont’) 
After all the alphabets are read from S. There is only one minima tree left in T. Pop this tree, remove its root which representing the stop alphabet ‘$’. Output the remaining tree 
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 as output.
CORRECTNESS
Claim: After we have read l alphabets from S, all trees in T must be minima trees.
Proof: 

Let l = 2. After we read the second alphabet 
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 from S, if 
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, then only one minima tree will be stored in T (as figure 2). Otherwise, two minima trees (as figure 3) will be stored in T.
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Figure 2



      Figure 3
Assume our claim is true for l = k.
Let l = k + 1.

If case 1 is induced, then a new minima tree which only contains the current node 
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 as its root will be pushed to T. For this case, l = k + 1 is also true trivially.
If case 2 is induced, then we will get a new tree 
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 as figure 1. 
According to our algorithm, 
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 and all of these roots have no right child before combination. So, 
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 is well defined and every parent node in 
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 must be smaller than its child nodes. (base on the assumption that l = k is true)
Last but not the least, we need to show, for each child node 
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 to the left (right) of its own parent node 
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 in 
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, the corresponding 
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 should be to the left (right) of 
[image: image45.wmf]j

s

 in S.
Before we construct a minima tree 
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 as figure 1, we have some minima trees 
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 in T, where 
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 is the first tree pushed to T and 
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 is the last one. WLOG, we focus on a minima tree 
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 with root 
[image: image52.wmf]j

c

, where 
[image: image53.wmf]1

1

-

£

£

q

x

. For all 
[image: image54.wmf]i

c

 that 
[image: image55.wmf]j

i

s

s

>

 and 
[image: image56.wmf]i

s

 is to the left of 
[image: image57.wmf]j

s

 in S, it should be contained in one of the minima trees 
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. Therefore, it is impossible for 
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 to be a descendant of 
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 from right hand side. On the other hand, for all 
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 in S, it should be contained in one of the minima trees 
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. Again, it is impossible for 
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 to be a descendant of 
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 from left hand side.
TIME COMPLEXITY
There are n iterations.
Only one comparison is needed for the case that the root node of a minima tree in T is smaller than the current node 
[image: image68.wmf]i
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 at each iteration.

For the number of comparisons that the root nodes of minima trees in T are larger than the current node 
[image: image69.wmf]i
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, it is exactly equal to the number of minima trees combined in all iterations. Since each new combined minima tree need a different node 
[image: image70.wmf]j
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 as its root, this number does not exceed n.
Lastly, the number of “pointer actions” is constantly proportional to the number of comparisons. As a result, the overall time complexity is O(n).

PS. We don’t really store any minima tree in T. In fact, we only need to store some pointers to point out these trees.[image: image71.emf] 
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