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Abstract

How do we test if a weather forecaster actually knows something about whether it will rain or
not? Can we distinguish a “charlatan” from a true expert? Can we evaluate whether a scientific
theory actually predicts some physical phenomenon?

Intuitively, a “good” forecast test should be complete—namely, a forecaster knowing the distri-
bution of Nature should be able to pass the test with high probability, and sound—an uninformed
forecaster should only be able to pass the test with small probability.

We provide a comprehensive cryptographic study of the feasibility of sound and complete forecast
testing, introducing various notions of both completeness and soundness, inspired by the literature
on interactive proofs. Our main technical result is an incompleteness theorem for our most ba-
sic notion of computationally sound and complete forecast testing: If Nature is implemented by
a polynomial-time algorithm, then every complete polynomial-time test can be passed by a com-
pletely uninformed polynomial-time forecaster (i.e., a computationally-bounded charlatan) with
high probability. We additionally study alternative notions of soundness and completeness and
present both positive and negative results for these notions.
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1 Introduction

Forecasting plays an important role in many parts of society and in many fields such as economics
and the sciences. One example is weather forecasting, where many weather forecasters try to predict
the outcome of weather generated by Nature each day (e.g., a weather forecaster may predict that
the next day is sunny with 80% probability and rainy with 20% probability). Forecasting is also used
by many firms, investors, and governments to make decisions based on the forecasts of variables such
as demand, stock prices, unemployment rates, and energy consumption. Entire industries, such as
management consulting and financial advising, are dedicated to the business of supplying forecasts. In
the sciences, theories and models also supply forecasts (i.e., predictions) of the outcome of experiments
and natural processes. In general, how should we evaluate forecasts, and which forecasters should we
trust? Can we distinguish true experts from charlatans? Can we evaluate whether a scientific theory
actually predicts some physical phenomenon?

One way of evaluating forecasts is the use of a scoring rule, which assigns a numerical score to a
(probabilistic) forecast based on the forecast and the observed outcome (e.g., see [Bri50, Bic07, GR07]),
and the score of a sequence of forecasts is typically the average score of the forecasts. Strictly proper
scoring rules (see [Bic07, GR07]) can also incentivize forecasters to report forecasts equal to their
personal beliefs (instead of gaming the system). Another way of evaluating forecasts is seeing how
well “calibrated” the forecasts are; roughly speaking, the forecasts are well calibrated if when we
consider the periods where the forecasts predict an outcome o with probability close to p, we have
that the empirical frequency of outcome o during these periods is close to p (e.g., see [Daw82]). For
example, if we consider the days where a weather forecaster predicts something close to “30% rainy”
and compute the proportion of these days that were actually rainy, then the proportion should be
close to 30%.

For concreteness, let us consider weather forecasting specifically, and suppose Nature generates
weather sequences according to some distribution. Can we use scoring rules, calibration, or some
other method to determine whether a forecaster has relevant knowledge about Nature’s distribution
(for generating weather)? In general, can one design a forecasting test that passes good forecasters
that have accurate knowledge about Nature’s distribution, but fails ignorant forecasters that have no
knowledge about Nature’s distribution? A natural form of such a test is an algorithm that takes a
sequence of n forecasts and n outcomes generated by a forecaster and Nature (respectively) over n
days, and either passes or fails the forecasting; the forecasts made by the forecaster are distributions
over outcomes (e.g., 80% sunny and 20% rainy).

A good test should at least be passable (with high probability) by an informed forecaster that
knows Nature’s distribution and forecasts the correct conditional probabilities each day (otherwise,
the test is not very useful, since it does not distinguish good forecasters from bad/ignorant forecasters).
We call such a property completeness.

Definition 1 (Completeness of a test (Informal)). A test is said to be complete if an informed
forecaster that knows Nature’s distribution can pass the test with high probability.

A good test should at the very least also fail (with decent probability) every ignorant forecaster
(i.e., a “charlatan”) that has no knowledge about Nature’s distribution. We call such a property
soundness.

Definition 2 (Soundness of a test (Informal)). A test is said to be sound if for every forecaster
P that has no (a priori) knowledge of Nature’s distribution, P fails the test with decent probability.

One of the central contributions of this paper is to provide formal definitions of completeness and
soundness for forecast testing (inspired by the literature on interactive proofs (initiated by Goldwasser,
Micali and Rackoff [GMR89] and Babai and Moran [BM88]) and to study the feasibility of such tests.
But before turning to our own treatment, let us briefly review the intriguing literature on this topic.
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In [San03], Sandroni showed a surprising incompleteness theorem: Any test that is complete (in
a particular well-defined way) cannot even satisfy very weak notions of soundness. That is, for any
test that passes an informed forecaster that forecasts the correct conditional probabilities each day,
there exists an ignorant cheating forecaster that passes the test with the same probability as the
informed forecaster (who knows Nature’s distribution). (See [DF06, OS09, OS06, FV98, Leh01, VS03]
for related work.) Let us briefly review the proof of this elegant result (which follows a proof technique
by Hart). Sandroni’s proof uses the minimax theorem and roughly works as follows. Consider a two-
player zero-sum game between a forecaster and Nature. The forecaster chooses a forecasting scheme,
while Nature chooses a weather generating distribution. The forecaster’s payoff is the probability
that the test passes the chosen forecasting scheme. Since the test is complete, if the forecaster knows
Nature’s distribution, then the forecaster can choose a forecasting scheme that has high payoff. Thus,
for every mixed strategy of Nature, there exists a forecaster strategy that yields high payoff. By the
minimax theorem, there exists a mixed forecaster strategy that yields high payoff no matter what
strategy Nature uses; that is, the forecaster passes the test with high probability no matter what
Nature’s distribution is. Thus, a completely ignorant forecaster (i.e., a charlatan) can pass the test
with high probability.

Forecast testing with computational restrictions. Even though Sandroni’s proof ([San03])
exhibits an ignorant cheating forecaster that can pass the test, it is not clear whether the cheating
forecaster can be found efficiently. Since the game is exponentially large in the sense that both the
forecaster and Nature have (at least) exponentially many pure strategies, there is little hope in finding
the cheating forecaster efficiently. This leads to the question of whether computational restrictions
on the forecaster can help us design a test that is both complete and sound for reasonable notions of
completeness and soundness.

Some initial positive results along these lines appear in the work of Fortnow and Vohra [FV09]: it
shows the existence of a particular (polynomial-time computable) test and a particular polynomial-
time algorithm for Nature such that a forecaster that forecasts the correct conditional probabilities will
pass the test, but an uninformed efficient (i.e, polynomial-time) forecaster can only pass the test with
negligible probability. This result thus suggests that at the very least, Sandroni’s universal cheating
strategy does not hold for every Nature distribution, as long as we restrict to computationally bounded
forecasters. The idea is as follows: the algorithm for Nature generates large random primes p and q
and outputs one bit of (pq, p, q) per day. Assuming that one cannot factor the product of two large
random primes efficiently, it follows that an efficient forecaster cannot make decent forecasts and thus
cannot pass the test with decent probability.

1.1 Our Treatment of Forecast Testing

The result of Fortnow and Vohra gives some hope that meaningful forecast testing may actually be
possible. However, observe that an efficient forecaster that knows the algorithm for Nature cannot
even pass the test of Fortnow and Vohra. This is because their algorithm for Nature keeps hidden
state in the sense that after generating p and q, the algorithm remembers p and q for use in future
days. A forecaster that knows the algorithm for Nature would still not know the hidden state (p, q),
so the forecaster would be unable to efficiently make good forecasts. Thus, the test of Fortnow and
Vohra does not satisfy completeness with respect to informed efficient forecasters. If we aim to
provide a computational treatment of forecast testing, it is imperative that the test satisfies a notion
of completeness also with respect to efficient forecasters (knowing Nature); towards this, we thus
consider Natures with publicly observable state.

Natures with publicly observable state. In general, if Nature’s algorithm keeps hidden state,
then even if a forecaster knows Nature’s algorithm, it might be computationally intractable for the
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forecaster to learn Nature’s distribution for the next day. Thus, to ensure that an informed forecaster
who knows Nature’s algorithm can efficiently pass the test, we consider algorithms for Nature as
efficient Turing machines that keep no hidden state, and on input a history of outcomes, outputs a
distribution over outcomes for the next day. Note that in this model, an informed forecaster can simply
run Nature’s algorithm to learn the next day’s distribution. (One can also consider a slightly more
complicated model where we allow Nature to also output state information that is publicly observable
and of polynomial length; our results still hold in this model, but for simplicity, we will mainly work
with the simpler model.)

1.1.1 A Computational Incompleteness Theorem for Forecast Testing

One of our main results is to restore the strong impossibility result of Sandroni ([San03]) in the
computationally-bounded setting; that is, we show the following:

Theorem 3 (Informal). Any efficient test that is complete cannot even satisfy very weak notions of
soundness with respect to efficient forecasters. That is, for any efficient test that is complete, and for
any polynomial bound t(·), there exists a universal uniform efficient cheating forecaster that passes the
test with high probability for every uniform Nature algorithm that runs in time t(·).

Recall that Sandroni ([San03]) used the minimax theorem to show the existence of a (possibly
inefficient) universal cheating forecaster in the corresponding zero-sum game. A natural approach to
showing the above theorem is to show that such a universal cheating forecaster is actually efficient and
that we can find it efficiently. Note that when Nature algorithms are polynomial-time Turing machines,
by a standard enumeration argument, it suffices to consider polynomially many such machines as pure
strategies of Nature in the game.1

Thus, it seems that the game is now of polynomial size, and one can find a universal mixed strategy
for the forecaster efficiently using linear programming. However, Nature still has exponentially many
mixed strategies, each of which may have a different “good response”, resulting in super-polynomially
many strategies for the forecaster. Thus, the linear programming approach may yield a complex mixed
strategy over super-polynomially many pure strategies, and so the universal cheating forecaster may
not be efficient.

Another possible strategy is for the forecaster to run an experts algorithm that roughly guarantees
that the forecaster’s payoff is almost as good as the payoff of the best forecaster. However, these
algorithms and results consider a scenario where on each day, the forecaster receives some payoff, and
it is only guaranteed that the forecaster’s payoff on average (over the days) is almost as good as that
of the best forecaster. This does not fit our scenario where we consider general tests that may not
necessarily assign some payoff/score to the forecaster on each day; in particular, the test may fail the
forecaster if the forecaster does not do well near the beginning. One can also consider forecasters
that try to learn Nature’s algorithm over time; however, it may take many days to learn Nature’s
algorithm, and by then, the forecaster may have already failed the test.

Our approach. In general, our result does not follow from a straight-forward application of known
results on experts/learning algorithms. However, we do use a multiplicative weights algorithm, which
can be used to approximately find the minimax strategies of two-player zero-sum games (e.g., see
[FS99]). Unlike the linear programming approach, a multiplicative weights algorithm can efficiently
yield an approximate minimax strategy for the row player that only has polynomial support. The
multiplicative weights algorithm roughly works as follows. A zero-sum game between a row player
and a column player is played for a certain number of rounds. In the first round, the column player

1Recall that a polynomial-time Turing machine M is a single (fixed-sized, independent of the input length) Turing
machine, that on inputs of length n takes poly(n) computational steps. Thus if we on enumarate the n first Turing
machines, M will always be in the list as long as n is sufficiently large.

3



chooses the uniform mixed strategy, and then the row player chooses a “good response” (a pure
strategy) that yields high payoff. In the next round, the column player updates it’s mixed strategy
using a multiplicative update rule that depends on the row player’s strategy in the previous round.
The row player again chooses a good response that yields high payoff. By repeating this procedure for
polynomially many rounds, the row player obtains a sequence of good responses such that the uniform
distribution over the multiset of good responses yields high payoff no matter what strategy the column
player chooses. In our setting, the row player is the forecaster and the column player is Nature.

There are some issues that need to be resolved. Firstly, finding a good response for the forecaster
involves running Nature’s mixed strategy, but Nature’s mixed strategy depends on the forecaster’s
strategy in the previous round. This recursion may potentially lead to a blow up in the algorithm’s
running time. However, using the fact that Nature only has polynomially many strategies, we can
approximate Nature’s current mixed strategy by just keeping track of the weights for each of the
possible Turing machines. This guarantees that the time complexity needed to implement any mixture
over Nature strategies is always a priori bounded, which prevents a blow-up in running time. Another
issue is that the forecaster needs to efficiently find a good response to Nature’s mixed strategy. This is
done by using the informed forecaster P from the completeness property of the test; however, P only
needs to work for Nature algorithms that have no hidden state, but a mixture over Nature strategies
is normally implemented as a Nature algorithm that keeps hidden state. We overcome this problem
by considering a non-uniform stateless Nature algorithm that uses Bayesian updating to essentially
simulate Nature’s mixed strategy, and we then use the informed forecaster P for this stateless algorithm
instead. After resolving these issues, we get a universal uniform efficient cheating forecaster.

Let us also point out that it is crucial for our proof that Nature is modeled as a uniform polynomial-
time algorithm, as opposed to a non-uniform algorithm. Our technique easily extends to the case where
Nature is a polynomial-time machine with log n bits of advice, but as we show in Appendix G, the
proof of Fortnow and Vohra [FV09] can be adapted to show the existence of a complete test for
polynomial time Natures with polylog n bits of advice that no universal cheater can pass (except with
negligible probability).

1.2 Restricted Natures

In light of our computational incompleteness theorem for forecast testing, we investigate other alter-
native approaches (other than computational restrictions) to get complete and sound forecast testing.
A crucial component of both Sandroni’s and our impossibility result is that the strategy set of Nature
is convex. Thus, a natural approach to circumvent these results would be to only require complete-
ness with respect to a non-convex subclass of Nature distributions. Towards this, we consider Nature
distributions that are slightly “biased”, in the sense that for at least e.g., 10% of days, the weather
is > 60% likely to be rainy or > 60% likely to be sunny, and completeness only needs to hold with
respect to biased Nature distributions. In this setting, we are able to design a simple complete test
that satisfies the following notion of soundness2 (inspired by the classic notion of soundness of an
interactive proof [GMR89, BM88]):

Definition 4 (Soundness of a test (Informal)). A test is said to be sound (resp., computationally
sound) with respect to a classN of Nature algorithms if every uninformed forecaster (resp., uninformed
efficient forecaster) will fail the test with high probability over a uniformly random Nature algorithm
in N .

We show the following:

2As far as we can tell, this notion of soundness is significantly stronger than previous notions of soundness considered in
the literature on forecast testing; there, the typical notion of soundness only requires that for each uninformed forecaster,
there exists some Nature for which the test will fail the forecaster with high probability.
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Theorem 5 (Informal). There exists a linear-time computable test that is complete with respect to
biased Nature algorithms and is sound with respect to a class of biased polynomial-size Nature algo-
rithms.

Our notion of a “biased” Nature, as well as the above theorem, are closely related to a recent
result by Olszewski and Sandroni [OS09].3 The main differences are that our test is simpler and more
efficient, our notion of soundness is stronger, and our analysis is significantly simpler and can provide
a concrete bound on the soundness error as a function of the number of days. Our test T computes
a score si for each day i with forecast pi as follows: if the outcome is 1, si = pi − 1/2; otherwise,
si = 1/2−pi. The test T accepts if the total score is greater than a certain threshold. We show that T
satisfies the restricted completeness and soundness by a martingale analysis using Azuma’s inequality.

1.3 Towards Stronger Notions of Soundness

In our opinion, the above notion of soundness is still relatively weak. Ideally, we would want a notion
of soundness similar to the cryptographic notion of a proof of knowledge [FS89, BG92, MP07]: roughly
speaking, we only want a forecaster to be able to pass the test if its predictions are close to the actual
distribution of Nature, on average over the days. We refer to this notion of soundness as strong
soundness.

Definition 6 (Strong soundness of a test (Informal)). A test is said to be strongly sound (resp.,
computationally strongly sound) with respect to a class N of Nature algorithms if for every Nature
N ∈ N , with high probability, if a forecaster (resp., efficient forecaster) manages to pass the test, then
the forecasts made by the forecaster are close to the Nature N ’s actual distribution, on average over
the days.

Unfortunately, we demonstrate that achieving this strong notion of soundness cannot be done, even
in the setting of computationally-bounded forecasters, and even when only requiring completeness to
hold for biased computationally-efficient Natures.

Theorem 7 (Informal). Any test that is complete with respect to biased Nature algorithms is not
computationally strongly sound with respect to some class of biased polynomial-time Nature algorithms
with n bits of non-uniform advice. If additionally assuming the existence of a problem in the complexity
class E with exponential circuit complexity4, the same holds even if the Nature algorithm is uniform
and efficient.

The idea behind Theorem 7 is quite straight-forward. Consider a Nature that outputs rain with
probability 0.8 on each day independently. By completeness, a forecaster outputting 0.8 on each
day should pass with high probability. This means that if we select a “deterministic” Nature (that
on each day either outputs rain with probability 1, or sun with probability 1) at random such that
the probability of rain on each day is 0.8 independently, then the same forecaster will still pass,
although it outputs an incorrect prediction on every day. The Nature considered in the above argument
requires n bits of non-uniform advice (namely, the rain/sun sequence). Nevertheless, by relying on
derandomization techniques, these n bits can be generated using an appropriate Nisan-Wigderson type
pseudorandom generator ([NW94]) using only O(log n) bits of random seed. By enumerating over all
polynomially many possible seeds, we can make Nature uniform and efficient.

The above argument has other implications. Consider the following commonly used method for
checking the accuracy of a theory of some physical phenomenon. The theory outputs a single prediction
and next this prediction is evaluated on multiple supposedly independent samples (using e.g., some

3At the time of writing the first version of this paper, we were unaware of this result. We thank Lance Fortnow for
pointing us to it.

4This is a standard complexity-theoretic assumption from the literature on derandomization (e.g., see [IW97]).
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statistical test such as t-test or χ2-test). For example, a theory may predict the movement of a particle,
and we can evaluate the prediction on multiple supposedly independent samples. When the samples
are indeed independent, the soundness of the evaluation/test follows from elementary statistical theory.
However, when independence cannot be safely assumed, in order for this method to be actually sound,
we need to check that the samples are actually independent5. It is not hard to see that the above
argument shows that checking independence is impossible.

This above discussion motivates our last relaxation of the problem of forecast testing. We further
restrict both the completeness and the soundness conditions to only hold with respect to Natures
that already satisfy some notion of independence over each consecutive (non-overlapping) segment
of k days. More specifically, for each segment i, conditioned on the outcomes before segment i, the
outcomes in segment i are pairwise independent and have the same marginal distribution. We refer
to such Natures as k-segment natures. These Natures can capture the testing of scientific theories,
where predictions are evaluated on multiple independent or pairwise independent trials/samples. In
this setting, we present a simple test that achieves both completeness and strong soundness.

Theorem 8 (Informal). There exists a linear-time computable test that is both complete and strongly
sound with respect to k-segment Natures.

The test is straight-forward: On each segment of k days, compute the distance between the em-
pirical probability of outcome 1 and the forecaster’s prediction on the first day of the segment. If the
average distance (over the segments) is sufficiently small, the test accepts; otherwise, the test rejects.
To analyze the test, we use Chebyshev’s inequality to analyze the distance in each segment, and then
we use Azuma’s inequality to analyze the average distance over the segments.

1.4 Outline of Our Results

Our model for forecast testing can be found in Section 2. Our computational incompleteness theorem
(Theorem 3) can be found in Section 3. All of our other results can be found in the appendix: Our
definitions of soundness can be found in Appendix A; our feasibility result for biased Natures (Theorem
5) can be found in Appendix B; our computational strong soundness impossibility result for biased
Natures (Theorem 7) can be found in Appendix C; lastly, our strong soundness feasibility result for
k-segment Natures (Theorem 8) can be found in Appendix D.

2 Preliminaries and Definitions

Let O be any finite set representing possible outcomes, and let ∆(O) be the set of probability dis-
tributions over O. A forecast is a distribution over O, i.e., an element of ∆(O). Given a vector
~v = (v1, . . . , vn) and a positive integer i ≤ n+ 1, let ~v<i be the vector (v1, . . . , vi−1).

A nature is a deterministic Turing machine N that, on input 1n and a history ~o<i of outcomes for
days 1 through i − 1, outputs a distribution over O representing the likelihood of each outcome for
day i. For generality, we allow natures to be non-uniform and take an advice string as auxiliary input.
A class of natures N = {Nn}n∈N is a sequence of set of natures Nn; we often omit the index n when
the context is clear. A forecaster is a probabilistic interactive Turing machine P such that on input a
history ~o<i of outcomes for days 1 through i− 1, P outputs a forecast for day i.

Given a forecaster P , a nature N , and a positive integer n, let (P,N)(1n) be the output of the
following experiment: For i = 1, . . . n do: pi ← P (1n, ~o<i); Oi ← N(1n, ~o<i); oi ← Oi; End for;
Output ((p1, . . . , pn), (o1, . . . , on)). The forecaster P can be stateful throughout the experiment; in
particular, P can keep track of the forecasts that it has made so far. Nature is always given the
history of outcomes as well as any advice it had at the beginning of the experiment, but nature is

5There are various method used in practice, such as permuting the data, using sliding windows, etc.
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not allowed to keep any hidden (unobservable) state for use in future days. (P,N)(1n) represents an
n-day experiment where the forecaster P tries to make good forecasts of the outcomes generated by
the nature N .

We can also consider an alternative model where nature can keep track of state, but the state is
publicly observable (since otherwise even a good forecaster that knows the algorithm of nature would
not be able to make good forecasts). In Appendix F, we describe such a model where nature also
outputs state information on each day, and a history now includes the outcome as well as the state
for each day in the past. We refer to this alternative model as “the model of Nature with publicly
observable state”, and we refer to the earlier simpler model as “the simple Nature model”. In this
paper, we will mainly work with the simple Nature model for simplicity. However, all of our technical
results still hold in the other model.

A (forecast) test is a (possibly probabilistic) Turing machine T that, on input (~p, ~o) ∈ (∆(O))n×On
representing a sequence of forecasts and outcomes, outputs a bit in {0, 1} to indicate whether the test
accepts or rejects, with 1 being accept. A test is only meaningful if it passes (with high probability) a
forecaster that knows the distribution of nature (otherwise, the test is not very useful, since it does not
distinguish good forecasters from bad/ignorant forecasters). Borrowing terminology from interactive
proofs [GMR89, BM88], we call this property completeness.

Our definition of completeness considers a “canonical forecaster” that knows the nature algorithm.
Given a nature N , the canonical forecaster for N is the forecaster PN that, on input (1n, ~o<i), runs
N on input (1n, ~o<i) to get a distribution Oi, and then outputs Oi as its forecast. Given a nature N ,
we will use PN to denote the canonical forecaster for N . We now formally define what it means for a
test T to be complete.

Definition 9 (Completeness of a test T ). A test T is said to be complete with completeness error
ε(·) if for every nature N and every n ∈ N, we have

Pr[T ((PN , N)(1n)) = 1] ≥ 1− ε(n),

where PN is the canonical forecaster for N , and the probability is over the random coins of T and the
experiment (PN , N)(1n).

Our definitions of soundness can be found in Appendix A.

3 An Efficient Universal Cheating Forecaster

In this section, we formalize and prove our computational incompleteness theorem (Theorem 3) for
forecast testing: For any efficient complete test, there exists a universal uniform efficient cheating
forecaster that passes the test without any knowledge of nature’s distribution.

Theorem 10. Let t(·) be any polynomial, and let N be the collection of all uniform natures whose
running time is bounded by t. Let p(·) be any positive polynomial.

Let T be any efficient (PPT) test that is complete with completeness error ε(·). Then, there exists
a universal uniform efficient cheating forecaster C for T that runs in time poly(n, t(n), p(n)) such that
for every N ∈ N and every sufficiently large n ∈ N, we have

Pr[T ((C,N)(1n)) = 1] ≥ 1− ε(n)− 1

p(n)
,

where the probability is over the random coins of T and the experiment (C,N)(1n).

We now prove Theorem 10. We will construct a uniform forecaster C running in time poly(n, t(n), p(n))
such that for every uniform nature N running in time t(n), we have that for sufficiently large n ∈ N,

Pr[T ((C,N)(1n)) = 1] ≥ 1− ε(n)−O
(

1

p(n)

)
.
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Since p(·) is an arbitrary positive polynomial, this is sufficient for proving Theorem 10. Let M1,M2, . . .
be any enumeration of the set of all uniform natures, and let M ′1,M

′
2, . . . be the corresponding sequence

where M ′i is the same as Mi except that after t(n) steps, M ′i stops and deterministically outputs any
fixed distribution over O.

High-level description of the universal cheating forecaster C: At a high level, the forecaster
C finds a “good set” of forecasting machines {P1, . . . , PL} using a multiplicative weights algorithm
([FS99]), and then chooses one of them uniformly at random and uses the chosen machine to make
forecasts in the interactive game for all n days.

In the multiplicative weights algorithm of the forecaster C, C simulates L rounds (repetitions)
of a zero-sum game between a forecaster F and “Nature”, where the payoff for the forecaster is the
probability that the forecaster passes the test T . In each round i, Nature chooses a mixed strategy N (i)

over its pure strategies (nature machines) {M ′1, . . . ,M ′n}, and then F chooses a forecasting machine
Pi := Pi(N

(i)) that hopefully “does well” against Nature’s mixed strategy N (i), i.e., F ’s expected
payoff E[Pr[T ((Pi, N

(i))(1n)) = 1]] is high. In the first round, Nature chooses the uniform distribution
N (1) over {M ′1, . . . ,M ′n}, and after each round i, Nature updates its mixed strategy to get N (i+1) in
a manner similar to the multiplicative weights algorithm described in [FS99].

We later show that by using an analysis similar to that in [FS99], we can show that the forecaster
C does well against all nature machines in {M ′1, . . . ,M ′n} if in every round i, the chosen forecasting
machine Pi does well against Nature’s mixed strategy N (i). To achieve the latter condition, the
forecaster C makes use of the completeness of the test T , which guarantees that the canonical forecaster
PN for a nature N does well against N . However, the forecaster C cannot simply choose Pi to be
the canonical forecaster PN(i) for N (i), since N (i) is a mixture of nature machines, not a single nature
machine N . (A mixture of nature machines may be captured by a single nature machine that keeps
hidden state, but nature machines are stateless by definition and the completeness of T only holds for
stateless nature machines.)

The forecaster C overcomes this problem by letting Pi be the canonical forecaster PB(N(i)) for

B(N (i)), where B(N (i)) is essentially a “stateless version” of N (i) that uses Bayesian updating. Using
the fact that completeness holds for all natures6, we have that Pi = PB(N(i)) does well against the nature

B(N (i)). We show that the output distribution of the nature B(N (i)) and the mixed-strategy nature
N (i) are essentially the same in the (single-round) forecasting experiment, so Pi also does well against
the mixed-strategy nature N (i), as required. (Due to the fact that B(N (i)) uses Bayesian updating,
B(N (i)) might actually only be an approximation of the mixed-strategy nature N (i); however, by
making the error polynomially small, the result still holds.)

The universal cheating forecaster C: On input 1n, C proceeds as follows:

1. Let L = Θ(p(n)2 log n) and β = 1

1+
√

(2 lnn)/L
.

2. Multiplicative weights algorithm:

Let N (1) be the uniform distribution over {M ′1, . . . ,M ′n}.
For i = 1, . . . , L do:

(a) Choosing a forecaster Pi that does well against N (i):

Let Pi = PB(N(i)) be the canonical forecaster for the nature B(N (i)), where B is the (non-

uniform) nature that takes a distribution N (i) over {M ′1, . . . ,M ′n} as advice and, on input
a history ~o<k, updates the distribution N (i) using Bayesian updating, samples a nature

6In fact, it suffices for completeness to hold for non-uniform polynomial-time natures.
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M ′j from the updated distribution, and then outputs M ′j(1
n, ~o<k). See Algorithm 1 in the

appendix for a formal description of B(N (i)).

(b) Weight update:

Let N (i+1)(M ′j) ∼ β
µ̂(Pi,M

′
j) ·N (i)(M ′j), where µ̂(Pi,M

′
j) is an approximation of

µ(Pi,M
′
j) := Pr[T ((Pi,M

′
j)(1

n)) = 1] = E[T ((Pi,M
′
j)(1

n))]

by taking the average of p(n)2 ln(Lp(n)) samples of T ((Pi,M
′
j)(1

n)).

End for

3. Choose i← {1, . . . , L} uniformly at random.

4. Use the machine Pi to make forecasts in the interactive game for all n days.

We now continue with the formal proof of Theorem 10. It can be easily verified that C runs in
time poly(n, t(n), p(n)) = poly(n, t(n)). Let N be any uniform nature with running time bounded by
t(n).

Claim 11. For every sufficiently large n ∈ N, we have

Pr[T ((C,N)(1n)) = 1] ≥ 1− ε(n)−O
(

1

p(n)

)
.

To prove the theorem, it suffices to prove the above claim. Fix a sufficiently large integer n such
that the nature N appears in {M1, . . . ,Mn}. We note that the nature N also appears in {M ′1, . . . ,M ′n},
since the running time of N is bounded by t(n). Given a forecaster F and a nature M , let µ(F,M)
be defined by

µ(F,M) = Pr[T ((F,M)(1n)) = 1].

Given a forecaster F and a distribution N (i) over natures, let

µ(F,N (i)) := EM∼N(i) [µ(F,M)] =
∑

M∈Supp(N(i))

N (i)(M) · µ(F,M).

We note that µ̂(Pi,M
′
j) in the algorithm C(1n) is an approximation of µ(Pi,M

′
j). Let µ̂(Pi, N

(i)) =∑n
k=1N

(i)(M ′k) · µ̂(Pi,M
′
k). Then, µ̂(Pi, N

(i)) is an approximation of µ(Pi, N
(i)). We first prove a

lemma that gives a lower bound on 1
L

∑L
i=1 µ̂(Pi,M

′
j) for a fixed nature M ′j in {M ′1, . . . ,M ′n}.

Lemma 12. For every nature M ′j ∈ {M ′1, . . . ,M ′n}, if we run the forecaster C(1n), then (with proba-
bility 1) we have

1

L

L∑
i=1

µ̂(Pi,M
′
j) ≥

1

L

L∑
i=1

µ̂(Pi, N
(i))−O

(
1

p(n)

)
The proof of Lemma 12 is very similar to the analysis of the multiplicative weights algorithm

found in [FS99]. In [FS99], the multiplicative weights algorithm updates the weights in N (i) using
the exact value of µ(Pi,M

′
j); here, we only have an approximation µ̂(Pi,M

′
j) of µ(Pi,M

′
j), but with

minor changes, the analysis in [FS99] can still be used to show Lemma 12. For completeness, we
provide a proof of Lemma 12 in Appendix E. We now prove a lemma that gives a lower bound on
1
L

∑L
i=1 µ(Pi,M

′
j) for every nature M ′j in {M ′1, . . . ,M ′n}.

9



Lemma 13. For every nature M ′j ∈ {M ′1, . . . ,M ′n}, if we run the forecaster C(1n), then with probability

1−O( 1
p(n)) over the random coins of C, C(1n) internally generates N (1), . . . , N (L) and P1, . . . , PL such

that

1

L

L∑
i=1

µ(Pi,M
′
j) ≥

1

L

L∑
i=1

µ(Pi, N
(i))−O

(
1

p(n)

)
.

See Appendix E for the proof of Lemma 13, which follows from Lemma 12, the Chernoff bound,
and a union bound. We will now show that µ(C,N) = Pr[T ((C,N)(1n)) = 1] ≥ 1 − ε(n) − O( 1

p(n)).

Since N ∈ {M ′1, . . . ,M ′n}, we have by Lemma 13 that with probability 1 − O( 1
p(n)) over the random

coins of C, C(1n) internally generates N (1), . . . , N (L) and P1, . . . , PL such that 1
L

∑L
i=1 µ(Pi, N) ≥

1
L

∑L
i=1 µ(Pi, N

(i))−O( 1
p(n)). Since C chooses a machine in {P1, . . . , PL} uniformly at random to use

in the n-day experiment, to show that Pr[T ((C,N)(1n)) = 1] ≥ 1− ε(n)−O( 1
p(n)), it suffices to show

that we always have µ(Pi, N
(i)) ≥ 1− ε(n)−O( 1

p(n)) for every i ∈ [L].

Fix i ∈ [L]. Let B be the (non-uniform) nature described in Step 2a of the description of C: B takes
a distribution X over {M ′1, . . . ,M ′n} as advice and, on input a history ~o<k, updates the distribution
X using Bayesian updating, samples a nature M ′j from the updated distribution, and then outputs
M ′j(~o<k). We note that Pi = PB(N(i)) by definition, so it suffices to show

µ(PB(N(i)), N
(i)) ≥ 1− ε(n)−O

(
1

p(n)

)
. (1)

By definition of completeness of T , we have

µ(PB(N(i)), B(N (i))) ≥ 1− ε(n). (2)

Let us first assume for simplicity that B(N (i)) can do the Bayesian updating exactly without any
precision error. Then, we have µ(PB(N(i)), N

(i)) = µ(PB(N(i)), B(N (i))). To see this, we first view the

“nature” N (i) in µ(PB(N(i)), N
(i)) as a stateful nature that first chooses a machine M ′j according to the

distribution N (i), and then uses M ′j to generate (distributions over) outcomes for all n days. Then,

we note that for the first day, the output distribution of B(N (i)) is the same as that of N (i). It is
easy to verify by induction that after i days, the output distribution of B(N (i)) for the first i days is
the same as that of N (i). This shows that µ(PB(N(i)), N

(i)) = µ(PB(N(i)), B(N (i))), so by (2) we have

µ(PB(N(i)), N
(i)) = µ(PB(N(i)), B(N (i))) ≥ 1− ε(n). Thus, (1) holds, as required.

Let us finally show that even if B(N (i)) cannot do the Bayesian updating exactly, as long as B(N (i))
uses at least O(n) (significant) bits of precision in its computation of probabilities, B can ensure that
the updated distribution obtained from Bayesian updating has at most O( 1

2n ) ≤ O( 1
n2p(n)

) relative

error pointwise. This ensures that the updated distribution has an L1-error of at most O( 1
np(n)). Then,

the output distribution of B(N (i)) for all n days has an L1-error of at most O( 1
p(n)). Thus, we have

|µ(PB(N(i)), N
(i))− µ(PB(N(i)), B(N (i)))| ≤ O( 1

p(n)), so

µ(PB(N(i)), N
(i)) ≥ µ(PB(N(i)), B(N (i)))−O

(
1

p(n)

)
≥ 1− ε(n)−O

(
1

p(n)

)
,

where the second inequality follows from (2). Thus, (1) still holds, as required.
This completes the proof of Theorem 10. The proof of Theorem 10 can be easily extended so that

the theorem holds even if Nature is modeled as a non-uniform Turing machine with O(log n) bits of
non-uniform advice; in Appendix G we show that the ideas from Fortnow and Vohra [FV09] can be
used to show that this is tight.
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Algorithm 1 The nature B(N (i))

On input (1m, ~o<k), do the following:

1. Let N (i)|~o<k be the distribution obtained by updating N (i) using Bayesian updating after
seeing the history ~o<k, i.e.,

N (i)|~o<k(M ′j) =
N (i)(M ′j) · Pr[M ′j(1

m) generates ~o<k for first k − 1 days]

Pr[~o<k]
, where

Pr[M ′j(1
m) generates ~o<k for first k − 1 days]

= Pr[M ′j(1
m, ()) = o1] · Pr[M ′j(1

m, (o1)) = o2] · · ·Pr[M ′j(1
m, (o1, . . . , ok−2)) = ok−1]

and

Pr[~o<k] =

n∑
j=1

N (i)(M ′j) · Pr[M ′j(1
n) generates ~o<k for first k − 1 days].

2. Sample a nature Mj from the updated distribution: Mj ← N (i)|~o<k

3. Run the sampled nature Mj on the history ~o<k to get a distribution O over outcomes for day
k: O ←Mj(~o<k)

4. Output O.

Appendix A Definitions of Soundness

In this section, we present several definitions of soundness with varying levels of strength. Let T be
any test. We would like the test T to satisfy some notion of soundness, i.e., a forecaster without
knowledge of Nature should not be able to pass the test with decent probability. A very weak notion
of soundness is that there is no universal forecaster that passes the test with decent probability no
matter what nature is. Let N be any class of natures.

Definition 14 (Weak soundness of a test T ). A test T is said to be weakly sound (resp., com-
putationally weakly sound) with soundness error ε(·) with respect to N if for every forecaster (resp.,
efficient forecaster) P , there exists an N ∈ N such that for sufficiently large n ∈ N, we have

Pr[T ((P,N)(1n)) = 1] ≤ ε(n),

where the probability is over the random coins of T and the experiment (P,N)(1n).
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Weak soundness has been the typical notion of soundness used in the literature. However, this
notion of soundness is very weak, and it does not even prevent the existence of a cheating forecaster
that actually passes the test for most of natures in N . Ideally, if a forecaster does not know any
information about Nature beyond being in a certain class N , then the test should reject the forecaster
with high probability for most of the natures in N . We formalize this stronger soundness property in
the following definition.

Definition 15 (Soundness of a test T ). A test T is said to be sound (resp., computationally
sound) with respect to N if for every forecaster (resp., efficient forecaster) P , there exists a negligible
function7 negl(·) such that for every n ∈ N, with probability 1− negl(n) over N ← N , we have

Pr[T ((P,N)(1n)) = 1] ≤ negl(n),

where the probability is over the random coins of T and the experiment (P,N)(1n).

We note that the above soundness definition is still weak in the following sense. It is possible that
a sound test T passes some (P,N)(1n) with high probability, but the forecast ~p produced by P may be
still poor in the sense that for most of the days i ∈ [n], pi is statistically far from the true distribution
N(1n, ~o<i) of the nature N . Ideally, we would like a good test T to prevent such possibilities, which
is formalized by the following definition of strong soundness similar to the cryptographic notion of a
proof of knowledge [FS89, BG92, MP07].

Definition 16 (Strong soundness of a test T ). A test T is said to be (ε, δ)-strongly sound (resp.,
computationally (ε, δ)-strongly sound) with respect to N if for every forecaster (resp., efficient fore-
caster) P , every n ∈ N and every nature N ∈ N , the following event B occurs with probability at
most ε(n) over the randomness of the experiment (P,N)(1n) and the test T : Let (~p, ~o) be the output
of (P,N)(1n). The event B is defined to be the event where both of the following conditions hold:

• T (~p, ~o) = 1

• 1
n

∑n
i=1 ||pi −N(1n, ~o<i)||1 > δ(n).

In other words, the event B says that the test T accepts but the average statistical distance between
the forecasts and the true distributions is greater than δ.

Appendix B Feasibility Result for Biased Natures

In this section, we investigate the possibility of achieving a positive result on forecast testing by impos-
ing restrictions on the completeness condition. We shall show that if we only require the completeness
property to hold for a slightly restricted class of natures (as opposed to all possible distributions over
outcomes), then we can obtain a meaningful forecast test that satisfies this restricted completeness
and the soundness property as defined in Definition 15 of Appendix A. Furthermore, our forecast
test is simple and efficient. For simplicity, we shall focus on the case of two possible outcomes, i.e.
O = {0, 1}, and hence a forecast in ∆(O) can be denoted by a probability p ∈ [0, 1] of the outcome
being 1.

Informally, we say that a nature N is (α, β)-biased if for at least an α-fraction of the days, the
probability p of outcome 1 is β-biased, i.e., |p− 1/2| ≥ β.

Definition 17. A nature N is (α, β)-biased if on input 1n, for every possible n-day outcome ~o ∈
{0, 1}n, the following holds. For at least an α-fraction of i ∈ [n], we have |N(1n, ~o<i)− 1/2| ≥ β.

7A function f : N → R+ is negligible if it decays faster than any inverse polynomial function, i.e., for every c ∈ N,
f(n) ≤ 1

nc for every sufficiently large n ∈ N.
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For example, suppose outcomes 1 and 0 denote raining and sunny respectively; a nature N being
(.1, .1)-biased means that at least 10% of days are either 60% likely to be raining or 60% likely to
be sunny, which seems to be a very reasonable assumption on the nature. (See [OS09] for a class of
natures that is similar to our class of (α, β)-biased natures.)

For every constants α, β ∈ [0, 1], we will present a simple (deterministic) forecast test T that
satisfies completeness with respect to all (α, β)-biased natures (including inefficient and non-uniform
ones) and the soundness property (with respect to a class of non-uniform natures). We now define
completeness with respect to biased natures.

Definition 18. A test T is (α, β)-restricted complete if for every (α, β)-biased nature N and every
n ∈ N, we have

Pr[T ((PN , N)(1n)) = 1] ≥ 1− negl(n),

where PN is the canonical forecaster for N .

As a sanity check, we note that by considering (α, β)-restricted completeness, we get around the
impossibility result in Section 3 and in [San03]. The reason is that a mixture of (α, β)-biased natures
may not be a (α, β)-biased nature. Therefore, the (α, β)-restricted completeness does not imply that
the zero-sum game defined in Section 3 and [San03] has value close to 1, and hence the constructed
universal cheating forecaster C may only pass the test with poor probability. We proceed to present
our formal theorem.

Theorem 19. For every constants α, β ∈ (0, 1], there exists a deterministic, efficient forecast test that
satisfies (α, β)-restricted completeness, and soundness with respect to the class Ndet of natures with
deterministic outcomes.

Proof. We start by defining the desired forecast test T . On input (~p, ~o) ∈ ∆(O)n × On, T does the
following.

• For every i ∈ [n], let

si =

{
pi − 1/2 if oi = 1,

1/2− pi if oi = 0.

• Compute s =
∑

i si, and accept iff s ≥ αβ2n.

In other words, T computes some score si for each day, and accepts if the total score is sufficiently large.
We now show that T satisfies (α, β)-restricted completeness, i.e., for every (α, β)-biased nature N , T
accepts the canonical forecaster PN with overwhelming probability. Recall that the canonical forecaster
PN , on day i with history ~o<i ∈ {0, 1}i−1, simply outputs the true probability pi = N(1n, ~o<i) as its
forecast.

Lemma 20. Let α ∈ (0, 1] and β ∈ (0, 1/2] be constants. Let T be the corresponding forecast test
defined as above. For every (α, β)-biased nature N and every n ∈ N,

Pr[T ((PN , N)(1n)) = 1] ≥ 1− negl(n).

Proof. We first note that for every i ∈ [n] and ~o<i, conditioned on history ~o<i, the expected score
E[si|~o<i] of the i-th day in the experiment (PN , N)(1n) is at least 0, and if the probability pi =
N(1n, ~o<i) is β-biased, then E[si|~o<i] ≥ 2β2. Indeed, we have

E[si|~o<i] = pi ·
(
pi −

1

2

)
+ (1− pi) ·

(
1

2
− pi

)
= 2 ·

(
pi −

1

2

)2

≥ 0.
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Thus, if |pi−1/2| ≥ β, then E[si|~o<i] ≥ 2β2. Furthermore, note that the (α, β)-biased property implies
that for every ~o, we have ∑

i

E[si|~o<i] ≥ 2αβ2n. (1)

For every i ∈ [n] and ~o<i, define the random variable Xi|~o<i = si|~o<i − E[si|~o<i]. Also, let Yi =
X1 + · · ·+Xi. Note that Y1, . . . Yn form a martingale with respect to o1, . . . , on, and |Yi − Yi−1| ≤ 2.
By Azuma’s inequality, we have

Pr[Yn ≤ −αβ2n] ≤ e−Ω(α2β4n).

In other words,

Pr

[∑
i

si ≤

(∑
i

E[si|~o<i]

)
− αβ2n

]
≤ e−Ω(α2β4n).

Hence, by Eq. (1), we have

Pr

[∑
i

si ≤ αβ2n

]
≤ e−Ω(α2β4n),

which implies that
Pr[T (PN , N) = 1] ≥ 1− e−Ω(α2β4n) ≥ 1− negl(n).

We proceed to show that T satisfies soundness with respect to the class Ndet of natures with
deterministic outcomes. For every n ∈ N, let Ndet consist of all 2n possible natures N that output a
particular outcome ~o deterministically, for 2n possible outcomes ~o ∈ {0, 1}n.

Lemma 21. Let α ∈ (0, 1] and β ∈ (0, 1/2] be constants. Let T be the corresponding forecast test
defined above and Ndet be the collections of natures with deterministic outcomes. For every forecaster
P , for every n ∈ N, it holds that for at least a (1− negl(n))-fraction of natures N ∈ Ndet,

Pr[T (P,N) = 1] ≤ negl(n).

Proof. Let (P,Ndet)(1n) denote the experiment that chooses a random nature N ← Ndet and then
runs the experiment (P,N)(1n). We first investigate the distribution of the score s =

∑
i si in this

experiment.
Note that for every i ∈ [n] and partial interaction (~p≤i, ~o<i) of (P,Ndet)(1n), conditioned on these

information,
E[si|~o<i, ~p≤i] = (1/2) · (pi − 1/2) + (1/2) · (1/2− pi) = 0.

It follows that E[si|~s<i] is always 0. Let Yi = s1 + · · · + si. Note that Y1, . . . , Yn form a martingale
with |Yi − Yi−1| ≤ 2. Therefore, by the Azuma’s inequality, we have

Pr[s = Yn ≥ αβ2n] ≤ e−α2β4n/c,

for some constant c > 0, where the probability is over the experiment (P,Ndet)(1n). By a Markov
argument, with probability at least 1− e−α2β4n/2c over N ← Ndet,

Pr[s = Yn ≥ αβ2n] ≤ e−α2β4n/2c,

where the probability is over the experiment (P,N)(1n). This means that for at least a (1−e−Ω(α2β4n))-
fraction of natures N ∈ Ndet,

Pr[T (P,N) = 1] ≤ e−Ω(α2β4n).

This completes the proof of Theorem 19.
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Appendix C Impossibility for Achieving Strong Soundness

In this section, we demonstrate that achieving the strong soundness (as formally defined in Defini-
tion 16 in Appendix A) cannot be done, even in the setting of computationally-bounded forecasters,
and even when only requiring completeness to hold for (α, β)-biased and computationally-efficient na-
tures. Our result for the setting of computationally-efficient natures uses derandomization techniques
from complexity theory and is based on mild complexity-theoretical assumptions. Towards formally
state our result, we present the necessary preliminary first as follows.

Preliminaries on Derandomization. The main tool we will use is a complexity-theoretic pse-
duorandom generator (PRG) that “fools” bounded size circuits [NW94, IW97]. Let Un denotes the
distribution of n-bit uniformly random string over {0, 1}n. Informally, a pseudorandom generator
G : {0, 1}d → {0, 1}m is a function that takes a short d-bit uniform seed z ← Ud and stretch it to a
long m-bit pseudorandom string G(z) that “looks like” a m-bit uniformly random string. Here, “looks
like” means that for any bounded size circuit C, the probability that C outputs 1 on uniformly random
input Um is roughly the same as the probability that C outputs 1 on pseudorandom input G(Ud).

Definition 22. A function G : {0, 1}d → {0, 1}m is a (s, ε)-pseudorandom generator if for every
circuit C : {0, 1}m → {0, 1} of size at most s,

|Pr[C(Um) = 1]− Pr[C(G(Ud)) = 1| ≤ ε.

The existing construction of pseudorandom generator is (necessarily) based on (unproven) complexity-
theoretical assumption on the existence of problems that is solvable in exponential time but has ex-
ponential circuit complexity. We provide the necessary definition in order to state the pseudorandom
generator that we will use later.

Definition 23. The complexity class E consists of all languages L that can be decided by a determin-
istic Turing machine M in time O(2cn) for some constant c ∈ N. Namely, for every x ∈ {0, 1}∗, M
on input x terminates in time O(2c|x|) and M(x) = 1 iff x ∈ L.

Definition 24. Let L be a language. The circuit complexity of L on input length n is the size of the
smallest circuit Cn that decides L on input of length n. Namely, for every x ∈ {0, 1}n, Cn(x) = 1 iff
x ∈ L.

The following pseudorandom generator is first achieved by Impagliazzo and Wigderson [IW97]
based on a construction from Nisan and Wigderson [NW94].

Theorem 25. ([IW97]) Assume the existence of a language L ∈ E with circuit complexity 2γn for
every input length n ∈ N and some constant γ > 0. Then for every m ∈ N, there exists a (m, 1/m)-
pseudorandom generator G : {0, 1}O(logm) → {0, 1}m. Furthermore, G is computable in uniform
poly(m) time.

Our Impossibility Result for Achieving Strong Soundness We are now ready to formally
state our impossibility result.

Theorem 26. Let α ∈ (0, 1], β ∈ (0, 1/2] be constants. For every efficient forecast test T that satisfies
(α, β)-restricted completeness, T is not (1−negl(n), (1/2)−αβ)-strongly sound with respect to (α, β)-
restricted natures.

Furthermore, assuming the existence of a language L ∈ E with circuit complexity 2γn for every
input length n ∈ N and some constant γ > 0, then T is not (1− 1/n, (1/2)− αβ)-strongly sound with
respect to efficient (α, β)-restricted natures.
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Proof. Let T be an efficient forecast test T that satisfies (α, β)-restricted completeness. Consider a
simple nature Nα,β that outputs (1/2−β) for the first αn days and then outputs 1/2 for the remaining
days, and its corresponding canonical forecaster Pα,β (that also outputs pi = (1/2−β) for i ≤ αn and
then pi = 1/2 for i > αn). Clearly, Nα,β is an (α, β)-restricted nature. By the completeness, for every
n ∈ N,

Pr[T (Pα,β, Nα,β)(1n) = 1] ≥ 1− negl(n). (2)

where the randomness is over the randomness of the forecast test T (denoted by rT ), and the random-
ness for generating the outcome ~o ∈ {0, 1}n (denoted by rN ).

By an averaging argument, for every n ∈ N, there exists ~o ∈ {0, 1}n such that T accepts with
1− negl(n) probability when the outcome is ~o. Let N∗ be a (non-uniform) deterministic nature that
takes ~o as advice and outputs oi for each day i ∈ [n]. We have

Pr[T (Pα,β, N
∗)(1n) = 1] ≥ 1− negl(n).

Recall that Pα,β outputs pi = (1/2− β) for i ≤ αn and then pi = 1/2 for i > αn, and note that N∗ is
a (α, β)-restricted nature. It follows that

1

n

n∑
i=1

|pi −N∗(1n, ~o<i)| ≥ α ·
(

1

2
− β

)
+ (1− α) · 1

2
=

1

2
− αβ

with probability 1, and thus the event B in the definition of strong soundness (with parameter δ =
(1/2)−αβ) holds with probability 1−negl(n). This shows T is not (1−negl(n), (1/2)−αβ)-strongly
sound and proves the first half of the theorem.

The nature N∗ defined above is efficient but takes n bits of advice. To prove the second half of
the theorem, we use derandomization techniques to remove the use of advice.

Note that the experiment T (Pα,β, Nα,β)(1n) can be viewed as an efficient algorithm A that takes
randomness rT and rN and outputs one bit. By Theorem 25, we can use a PRG G with seed length
d = O(log n) to derandomize the randomness rN used by A such that8∣∣∣∣ Pr

rT ,rN
[A(rT , rN ) = 1]− Pr

rT ,Ud
[A(rT , G(Ud)) = 1]

∣∣∣∣ ≤ 1/4n. (3)

This implies that T (Pα,β, Nα,β)(1n) accepts with probability at least 1 − 1/4n − negl(n) when the
outcome of the nature is generated using pseudoranomness G(Ud).

Now, if the probability PrrT [A(rT , rN ) = 1] (over random rT and for some fixed rN ) can be
computed deterministically and efficiently, then we can define an efficient and deterministic nature
N ′ (without taking any advice) such that Pr[T (Pα,β, N

′) = 1] ≥ 1 − 1/4n − negl(n) as follows: N ′

first computes the probability pz , PrrT [A(rT , G(z)) = 1] for every seed z ∈ {0, 1}d, then selects the
seed z∗ with the highest probability pz∗ (breaking ties, say, by selecting the lexicographically first one)
and use the fixed randomness G(z∗) to generate the outcome ~o ∈ {0, 1}n deterministically. By an
averaging argument, there exists some z with pz ≥ 1− 1/4n− negl(n), which implies

Pr[T (Pα,β, N
′)(1n) = 1] ≥ 1− 1/4n− negl(n).

It is not clear how to compute the probability PrrT [A(rT , G(z)) = 1] deterministically and efficiently
in general. Nevertheless, the derandomization technique again allows us to approximate the probability

8In more detail, the algorithm A can be converted into a circuit C. Let s be the size of C and set m = max{s, 4n}.
We can fix the randomness rT , which gives a circuit CrT that takes input rN . Note that this does not increase the size
of the circuit. Theorem 25 gives a PRG G : {0, 1}d → {0, 1}m with d = O(logm) = O(logn) such that |PrrN [CrT (rN ) =
1]− PrUd [CrT (G(Ud) = 1]| ≤ 1/m ≤ 1/4n (Here, m ≥ |rN | and we think of CrT uses only the |rN | bit prefix of G(Ud).)
Note that this holds for every fixed rT , and thus |PrrT ,rN [A(rT , rN ) = 1]− PrrT ,Ud [A(rT , G(Ud)) = 1]| ≤ 1/4n.
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in a deterministic and efficient way, which is sufficient for our purpose. Specifically, we use another
PRG G′ with seed length d′ = O(log n) to derandomize the randomness rT so that for every z ∈ {0, 1}d,∣∣∣∣Pr

rT
[A(rT , G(z)) = 1]− Pr

Ud′
[A(G′(Ud′), G(z)) = 1]

∣∣∣∣ ≤ 1/4n. (4)

Note that the probability p′z , PrUd′ [A(G′(Ud′), G(z)) = 1] can be computed deterministically and
efficiently. We can then modify the definition of N ′ to instead compute p′z for every z ∈ {0, 1}d, and
then select z∗ with the highest probability p′z∗ and use the fixed randomness G(z∗) to generate the
outcome ~o ∈ {0, 1}n as before. It is not hard to check that the modified N ′ is uniform and efficient,
and outputs a deterministic outcome. We further claim that the modified N ′ satisfies

Pr[T (Pα,β, N
′)(1n) = 1] ≥ 1− 1/n.

It then follows by the same argument as in the proof of the first half of the theorem that T is not
(1− 1/n, (1/2)− αβ)-strongly sound with respect to efficient (α, β)-restricted natures.

It remains to prove the claim. Recall that Equation (3) implies Ez←Ud [pz] ≥ 1 − 1/4n − negl(n),
and note that Equation (4) implies that Ez←Ud [p′z] ≥ Ez←Ud [pz] − 1/4n ≥ 1 − 2/4n − negl(n), which
implies that p′z∗ ≥ 1− 2/4n− negl(n). By Equation (4) again, this implies

Pr[T (Pα,β, N
′)(1n) = 1] = pz∗ ≥ 1− 3/4n− negl(n) ≥ 1− 1/n.

Appendix D Feasibility of Strong Soundness for k-Segment Natures

In this section, we consider natures that output pairwise independent samples with the same marginal
distribution in each segment of k consecutive non-overlapping days. We refer to such natures as k-
segment natures. We show that for such natures, we can achieve complete and strongly sound forecast
testing (see 16 in Appendix A for the definition of strong soundness). For simplicity, we consider the
case of two possible outcomes, i.e. O = {0, 1}, and thus a forecast in ∆(O) can be represented by a
probability p ∈ [0, 1] of the outcome being 1.

We first give the definition of a k-segment nature. Roughly speaking, a k-segment nature is
a nature that groups the days into consecutive non-overlapping segments of k days, and within each
segment, the k samples obtained from the nature are pairwise independent and have the same marginal
distribution (when conditioned on the outcomes in the previous segments). Such natures are common
in the testing of scientific theories, where predictions are evaluated on multiple independent or pairwise
independent trials/samples.

Definition 27 (k-segment nature). A nature N is said to be a k-segment nature if on input 1nk,
if we group the days into n consecutive non-overlapping segments each containing k days, and if we
let o<i denote the outcomes that occur before segment i, and if we let qi,j denote the output of N on
day j of segment i, then for each segment i ∈ [n] and every o<i, the following holds:

• The random variables {qi,1|o<i , . . . , qi,k|o<i} are pairwise independent, where qi,j |o<i is the random
variable qi,j conditioned on o<i.

• There exists a qi ∈ [0, 1] such that E[qi,j | o<i] = qi for every j ∈ [k].

We will present a simple (deterministic) forecast test T that is complete and strongly sound with
respect to the class of k-segment natures. We first define completeness with respect to k-segment
natures.
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Definition 28 (Completeness with respect to k-segment natures). A test T is complete with
respect to k-segment natures if there exists a negligible function ε(·) such that for every k-segment
nature N and every n ∈ N, we have

Pr[T ((PN , N)(1nk)) = 1] ≥ 1− ε(nk),

where PN is the canonical forecaster for N , and the probability is over the random coins of T and the
experiment (PN , N)(1nk).

The definition of strong soundness can be found in 16 of Appendix A. We now show that it is
possible to achieve complete and strongly sound forecast testing with respect to k-segment natures.

Theorem 29 (Feasibility of complete and strongly sound forecast testing). There exists a
deterministic, efficient forecast test T that satisfies the following properties:

• T is complete with respect to k-segment natures.

• T is (ε, δ)-strongly sound with respect to k-segment natures, where ε is a negligible function, and
δ(n) = O( 1

k1/3
+ 1

n1/3 ).

We start by defining the desired forecast test T .

The forecast test T : On input (~p, ~o) ∈ ∆(O)nk ×Onk, T does the following:

• For each segment i ∈ [n], compute the empirical probability q̂i by taking the average of the
outcomes in segment i.

• Compute 1
n

∑n
i=1 |pi − q̂i|, where pi is the forecast in ~p for the first day of segment i.

• Output 1 (accept) if 1
n

∑n
i=1 |pi − q̂i| ≤

2
k1/3

+ 1
n1/3 ; otherwise, output 0 (reject).

We first prove a lemma that will be used in showing that T is complete and strongly sound.

Lemma 30. Let N be any k-segment nature, and let P be any forecaster. Let qi denote the random
variable qi in the definition of nature outputting k pairwise independent samples in segments. Let q̂i be
a random variable representing the average of the outcomes in segment i. Let pi be a random variable
representing the forecaster P ’s forecast for the first day of segment i. Let γ > 0 and α > 0. Then,
with probability ≥ 1− e−Ω(γ2n) over the experiment (P,N)(1nk), we have∣∣∣∣∣ 1n

n∑
i=1

|pi − qi| −
1

n

n∑
i=1

|pi − q̂i|

∣∣∣∣∣ ≤ α+
1

4kα2
+ γ.

Proof. It suffices to show the lemma with respect to the forecaster Pr, which is the forecaster P
with an arbitrary fixed random tape r. Let o<i be the outcomes that occur before segment i, and
let o≤i be the outcomes that occur up to and including segment i. For each i ∈ [n] and o<i, let
Xi|o<i = (|pi−qi|−|pi−q̂i|)|o<i−E[(|pi−qi|−|pi−q̂i|)|o<i ]. For i = 1, . . . , n, let Xi be a random variable
defined by Xi|o<i for a random o<i generated by the experiment (P,N)(1nk), and let Yi = X1+. . .+Xi.
Then, Y1, . . . , Yn is martingale with respect to o≤1, . . . , o≤n. Now, by Azuma’s inequality, we have

Pr[
1

n
|Yn| ≥ γ] ≤ e−Ω(γ2n). (1)

19



Now, observe that

Pr

[
1

n
|Yn| ≥ γ

]
= Pr

[∣∣∣∣∣ 1n
n∑
i=1

|pi − qi| −
1

n

n∑
i=1

|pi − q̂i| −
1

n

n∑
i=1

E[(|pi − qi| − |pi − q̂i|)|o<i ]

∣∣∣∣∣ ≥ γ
]

≥ Pr

[∣∣∣∣∣ 1n
n∑
i=1

|pi − qi| −
1

n

n∑
i=1

|pi − q̂i|

∣∣∣∣∣−
∣∣∣∣∣ 1n

n∑
i=1

E[(|pi − qi| − |pi − q̂i|)|o<i ]

∣∣∣∣∣ ≥ γ
]

= Pr

[∣∣∣∣∣ 1n
n∑
i=1

|pi − qi| −
1

n

n∑
i=1

|pi − q̂i|

∣∣∣∣∣ ≥
∣∣∣∣∣ 1n

n∑
i=1

E[(|pi − qi| − |pi − q̂i|)|o<i ]

∣∣∣∣∣+ γ

]
.

Combining this with (1), we have that with probability ≥ 1− e−Ω(γ2n),∣∣∣∣∣ 1n
n∑
i=1

|pi − qi| −
1

n

n∑
i=1

|pi − q̂i|

∣∣∣∣∣ ≤
∣∣∣∣∣ 1n

n∑
i=1

E[(|pi − qi| − |pi − q̂i|) | o<i]

∣∣∣∣∣+ γ

≤ 1

n

n∑
i=1

E[||pi − qi| − |pi − q̂i|| | o<i] + γ

≤ 1

n

n∑
i=1

E[|(pi − qi)− (pi − q̂i)| | o<i] + γ

≤ 1

n

n∑
i=1

E[|qi − q̂i| | o<i] + γ. (2)

Fix o<i. For convenience of notation, we temporarily redefine qi and q̂i so that they are conditioned
on o<i, i.e., we let qi := qi|o<i and q̂i := q̂i|o<i . Let oi,j := oi,j |o<i be a random variable representing
the outcome on day j of segment i, conditioned on o<i. Let qi,j := qi,j |o<i be a random variable
representing the output of N on day j of segment i. We note that E[oi,j ] = E[qi,j ] = qi for every

j ∈ [k]. Now, observe that E[q̂i] = 1
k

∑k
j=1 E[oi,j ] = qi and

Var[q̂i] = Var

1

k

k∑
j=1

oi,j

 =
1

k2

 k∑
j=1

Var[oi,j ]

 =
1

k2

 k∑
j=1

(E[o2
i,j ]− E[oi,j ]

2)


=

1

k2

 k∑
j=1

(qi − q2
i )

 =
qi(1− qi)

k
,

where the second equality follows from pairwise independence. Then, by Chebyshev’s inequality, we
have

Pr[|qi − q̂i| ≥ α] ≤ Var[q̂i]

α2
=
qi(1− qi)
kα2

≤ 1

4kα2
,

so

E[|qi − q̂i|] ≤ (1− 1

4kα2
) · α+ (

1

4kα2
) · 1 ≤ α+

1

4kα2
.

Then, from (2), we have that with probability ≥ 1− e−Ω(γ2n),∣∣∣∣∣ 1n
n∑
i=1

|pi − qi| −
1

n

n∑
i=1

|pi − q̂i|

∣∣∣∣∣ ≤ 1

n

n∑
i=1

E[|qi − q̂i| | o<i] + γ

≤ α+
1

4kα2
+ γ.

This completes the proof of the lemma.
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We now show that T is complete with respect to the class of k-segment natures.

Lemma 31 (Completeness of T with respect to k-segment natures). T is complete with respect
to the class of k-segment natures.

Proof. Let N be any k-segment nature, and let PN be the canonical forecaster for N . Let q̂i be a
random variable representing the average of the outcomes in segment i. Let pi be a random variable
representing the canonical forecaster PN ’s forecast for the first day of segment i. Let γ > 0 and α > 0.
Then, by Lemma 30, with probability ≥ 1− e−Ω(γ2n) over the experiment (P,N)(1nk), we have

1

n

n∑
i=1

|pi − q̂i| ≤ α+
1

4kα2
+ γ.

If we choose α = 1
(2k)1/3

and γ = 1
n1/3 , then with probability ≥ 1 − e−Ω(n1/3) over the experiment

(P,N)(1nk), we have

1

n

n∑
i=1

|pi − q̂i| ≤ α+
1

4kα2
+ γ ≤ 2

k1/3
+

1

n1/3
.

Thus, with probability ≥ 1 − e−Ω(n1/3) = 1 − negl(n), the canonical forecaster PN passes the test
T .

We proceed to show that T is strongly sound with respect to k-segment natures.

Lemma 32 (Strong soundness of T with respect to k-segment natures). T is (ε, δ)-strongly
sound with respect to natures that output k pairwise independent samples in segments, where ε is a
negligible function, and δ(n) = O( 1

k1/3
+ 1

n1/3 ).

Proof. Let N be any k-segment nature, and let P be any forecaster. Let qi,j denote the output of N
on the jth day of the ith segment, and let qi ∈ [0, 1] such that E[qi,j ] = qi for every j ∈ [k]. Let q̂i be a
random variable representing the average of the outcomes in segment i. Let pi be a random variable
representing the forecaster P ’s forecast for the first day of segment i. Let γ > 0 and α > 0. Then,
with probability ≥ 1− e−Ω(γ2n) over the experiment (P,N)(1nk), we have∣∣∣∣∣ 1n

n∑
i=1

|pi − qi| −
1

n

n∑
i=1

|pi − q̂i|

∣∣∣∣∣ ≤ α+
1

4kα2
+ γ.

Now, we choose α = 1
(2k)1/3

and γ = 1
n1/3 . Then, with probability ≥ 1− e−Ω(n1/3) over the experiment

(P,N)(1nk), we have∣∣∣∣∣ 1n
n∑
i=1

|pi − qi| −
1

n

n∑
i=1

|pi − q̂i|

∣∣∣∣∣ ≤ α+
1

4kα2
+ γ ≤ 2

k1/3
+

1

n1/3
,

and if T (~p, ~o) = 1 also holds, then 1
n

∑n
i=1 |pi − q̂i| ≤

2
k1/3

+ 1
n1/3 by definition of T , so

1

n

n∑
i=1

|pi − qi| ≤
1

n

n∑
i=1

|pi − q̂i|+
2

k1/3
+

1

n1/3
≤ 4

k1/3
+

2

n1/3
.

This shows that T is (ε, δ)-strongly sound with respect to the class of k-segment natures, where ε is a
negligible function, and δ(n) = O( 1

k1/3
+ 1

n1/3 ), as required.

This completes the proof of Theorem 29.
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Appendix E Missing Proofs for Theorem 10

Lemma 12. For every nature M ′j ∈ {M ′1, . . . ,M ′n}, if we run the forecaster C(1n), then (with proba-
bility 1) we have

1

L

L∑
i=1

µ̂(Pi,M
′
j) ≥

1

L

L∑
i=1

µ̂(Pi, N
(i))−O

(
1

p(n)

)
Proof. Recall that given two distributions X and Y , the Kullback-Leibler divergence (also called the
relative entropy) of X and Y , denoted KL(X||Y ), is defined by

KL(X||Y ) =
∑

x∈Supp(X)

Pr[X = x] · ln
(

Pr[X = x]

Pr[Y = x]

)
.

Consider a nature M ′j ∈ {M ′1, . . . ,M ′n}. Fix the random tape of the forecaster C, and consider

running C(1n) with the fixed random tape. Then, all the random variables (e.g., the N (i)’s) that
appear in the algorithm C become fixed. We first show that for every i ∈ [L], we have

KL(M ′j ||N (i+1))−KL(M ′j ||N (i)) ≤ (ln
1

β
) · µ̂(Pi,M

′
j)− (1− β)

n∑
k=1

Pr[N (i) = M ′k] · µ̂(Pi,M
′
k). (1)

Fix an i ∈ [L]. Then, we have

KL(M ′j ||N (i+1))−KL(M ′j ||N (i)) = ln
1

Pr[N (i+1) = M ′j ]
− ln

1

Pr[N (i) = M ′j ]

= ln
Pr[N (i) = M ′j ]

Pr[N (i+1) = M ′j ]

= ln
Zi

βµ̂(Pi,M ′j)

= (ln
1

β
) · µ̂(Pi,M

′
j) + ln

n∑
k=1

βµ̂(Pi,M
′
j) Pr[N (i) = M ′k]

≤ (ln
1

β
) · µ̂(Pi,M

′
j) + ln(1− (1− β)

n∑
k=1

Pr[N (i) = M ′k] · µ̂(Pi,M
′
k))

≤ (ln
1

β
) · µ̂(Pi,M

′
j)− (1− β)

n∑
k=1

Pr[N (i) = M ′k] · µ̂(Pi,M
′
k),

where the first inequality follows from the fact that βx ≤ 1 − (1 − β)x for β ≥ 0 and x ∈ [0, 1], and
the second inequality follows from the fact that ln(1− x) ≤ −x for x < 1. Thus, we have shown (1).

Now, summing inequality (1) over i = 1, . . . , L, we have

KL(M ′j ||N (L+1))−KL(M ′j ||N (1)) ≤ (ln
1

β
) ·

L∑
i=1

µ̂(Pi,M
′
j)− (1− β)

L∑
i=1

n∑
k=1

Pr[N (i) = M ′k] · µ̂(Pi,M
′
k).

Now, using the inequalities KL(M ′j ||N (L+1)) ≥ 0, KL(M ′j ||N (1)) ≤ lnn, and ln 1
β ≤ (1 − β2)/(2β)

(which holds for every β ∈ (0, 1]), we get

− lnn ≤ 1− β2

2β

L∑
i=1

µ̂(Pi,M
′
j)− (1− β)

L∑
i=1

n∑
k=1

Pr[N (i) = M ′k] · µ̂(Pi,M
′
k).
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Rearranging the inequality and using the fact that β = 1

1+
√

(2 lnn)/L
, we have

L∑
i=1

n∑
k=1

Pr[N (i) = M ′k] · µ̂(Pi,M
′
k) ≤

1− β2

2β(1− β)

L∑
i=1

µ̂(Pi,M
′
j) +

1

1− β
lnn

=
1 + β

2β

L∑
i=1

µ̂(Pi,M
′
j) +

1

1− β
lnn

=
L∑
i=1

µ̂(Pi,M
′
j) + (

1 + β

2β
− 1)

L∑
i=1

µ̂(Pi,M
′
j) +

√
2L lnn

2
+ lnn

≤
L∑
i=1

µ̂(Pi,M
′
j) +

1− β
2β

· L+

√
2L lnn

2
+ lnn

=
L∑
i=1

µ̂(Pi,M
′
j) +

√
2L lnn+ lnn.

Finally, dividing both sides by L and rearranging the inquality yields the result.

Lemma 13. For every nature M ′j ∈ {M ′1, . . . ,M ′n}, if we run the forecaster C(1n), then with probability

1−O( 1
p(n)) over the random coins of C, C(1n) internally generates N (1), . . . , N (L) and P1, . . . , PL such

that

1

L

L∑
i=1

µ(Pi,M
′
j) ≥

1

L

L∑
i=1

µ(Pi, N
(i))−O

(
1

p(n)

)
.

Proof. Fix a nature M ′j ∈ {M ′1, . . . ,M ′n}. For each fixed i ∈ [L] and k ∈ [n], by a Chernoff bound,

with probability 1−O( 1
Lp(n)) over the random coins of C(1n), we have |µ̂(Pi,M

′
k)−µ(Pi,M

′
k)| ≤

1
p(n) .

Then, by a union bound, with probability 1 − O( 1
p(n)), we have |µ̂(Pi,M

′
k) − µ(Pi,M

′
k)| ≤

1
p(n) for

every i ∈ [L] and k ∈ [n], so

1

L

L∑
i=1

µ(Pi,M
′
j) ≥

1

L

L∑
i=1

µ̂(Pi,M
′
j)−

1

p(n)

≥ 1

L

L∑
i=1

n∑
k=1

N (i)(M ′k) · µ̂(Pi,M
′
k)−O

(
1

p(n)

)

≥ 1

L

L∑
i=1

n∑
k=1

N (i)(M ′k) ·
(
µ(Pi,M

′
k)−

1

p(n)

)
−O

(
1

p(n)

)

=
1

L

L∑
i=1

µ(Pi, N
(i))−O

(
1

p(n)

)
,

where the second inequality follows from Lemma 12. This completes the proof of the lemma

Appendix F Model of Nature with Publicly Observable State

In this section, we describe a model of nature where nature also outputs state information each day,
and a history now includes the outcome as well as the state for each day in the past. We refer to this
alternative model as “the model of Nature with publicly observable state”. Since we mainly focus on
efficient natures in this paper, we will consider state that is polynomial in length.
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Let ` : N → N be any polynomial. In the experiment between a forecaster P and a nature N , a
state will be represented by a string in {0, 1}`(n), where n is the total number of days. Since natures are
deterministic, N cannot simply output a concrete outcome and state for the current day. Furthermore,
since a (joint) distribution (O,S) over outcomes and states possibly has exponentially long description,
(an efficient) N cannot simply output a description of the distribution like in the simple nature model
described in Section 2. Thus, given a history ~o<i, ~s<i of outcomes and states for days 1, . . . , i− 1, we
will make N implicitly encode a joint distribution (Oi, Si) for day i by adding an extra input (o, s) to N
and making N compute the cdf of the distribution (Oi, Si). More precisely, for every n ∈ N and every
possible history ~o<i, ~s<i of outcomes and states for days 1, . . . , i − 1, there exists a joint distribution
(Oi, Si) over O× {0, 1}`(n) (for day i) such that for every (o, s) ∈ O × {0, 1}`(n), N(1n, ~o<i, ~s<i, (o, s))
outputs the probability Pr[(Oi, Si) ≤ (o, s)], where the lexicographic ordering on O×{0, 1}`(n) is used
(the ordering on O is any fixed ordering).

We chose to make nature N compute the cdf of (Oi, Si) instead of the pmf/pdf because we want to
be able to efficiently sample from (Oi, Si), and we want a good forecaster that knows the algorithm of
N to be able to efficiently compute the marginal distribution of Oi (this way, the forecaster can make
good forecasts, which is needed by our definition of completeness). In general, these tasks cannot be
done using the pmf/pdf of (Oi, Si).

For convenience, we write (oi, si) ← N(1n, ~o<i, ~s<i) to mean that (oi, si) is a sample from the
distribution (Oi, Si) computed by N(1n, ~o<i, ~s<i). We now describe the experiment for this model of
nature:

1. For i = 1, . . . n do

pi ← P (1n, ~o<i, ~s<i);

(oi, si)← N(1n, ~o<i, ~s<i);

End for;

2. Output ((p1, . . . , pn), (o1, . . . , on)).

Appendix F.1 Proof of the Computational Incompleteness Theorem for the Al-
ternative Model of Nature

We now show that our computational incompleteness theorem (Theorem 10) also holds for the model of
nature with publicly observable state (described above); we do this by essentially reducing the problem
to the simple nature model and using Theorem 10. Let T be any efficient test that is complete with
completeness error ε(·) in the model of nature with publicly observable state. Let T ′ be a test (in
the simple nature model) that, on input (~p, ~o), first checks whether the number of days n is equal
to n′ · (l(n′) + 1) for some integer n′. If not, T ′ accepts. Otherwise, T ′ runs T on (~p′, ~o′), where
~p′ = (p1, pl(n′)+2, p2l(n′)+3, . . .) and ~o′ = (o1, ol(n′)+2, o2l(n′)+3, . . .), and accepts if and only if T accepts.

We now show that T ′ is complete in the simple nature model. Let N ′ be any nature, and consider
the experiment (PN ′ , N

′)(1n). We see that by definition of T ′, we can assume that n = n′ ·(l(n′)+1) for
some integer n′. LetN be the nature (with publicly observable state) that, on input (1k, ~o<i, ~s<i, (o, s)),
uses N ′ to compute the cdf of (o, s) while treating the bits in ~s<i as part of the history (this can be
done by summing linearly many conditional probabilities obtained from N). Since T is complete
with completeness error ε(·), the canonical forecaster PN for N passes the test T in the experiment
(PN , N)(1n

′
) with probability ε(n′). It follows that the canonical forecaster PN ′ for N ′ passes the

test T ′ in the experiment (PN ′ , N
′)(1n) with probability ε(n′), where n = n′ · (l(n′) + 1). Thus, T ′ is

complete with completeness error ε(n′) when the number of days is n = n′ · (l(n′) + 1).
By Theorem 10, there exists a universal uniform efficient cheating forecaster C ′ for T ′ with success

probability 1−ε(n′)− 1
p(n′) when the number of days is n = n′ ·(l(n′)+1). Using C ′, we will construct a
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universal uniform efficient cheating forecaster C for T in the model of nature with publicly observable
state. C will run C ′, essentially feeding C ′ the outcome and the bits of the state for each day, and C
uses the corresponding forecasts from C ′ to make forecasts. Let N be any nature in N , and let N ′

be the corresponding stateless nature that outputs the state one bit at a time (after outputting the
outcome). Consider (C,N)(1n

′
). We see that C passes the test T in the experiment (C,N)(1n

′
) with

the same probability as C ′ passing the test T ′ in the experiment (C ′, N ′)(1n), where n = n′ ·(l(n′)+1).
The latter probability is 1− ε(n′)− 1

p(n′) . Thus, C is a universal uniform cheating forecaster for T in
the model of nature with publicly observable state. This completes the proof.

Appendix G Natures with O(logc n) Bits of Advice

The proof of Theorem 10 can be easily extended so that the theorem holds for the collection N ′ of all
natures that take O(log n) bits of advice and whose running time is bounded by t(n). In the proof,
we simply change M1,M2, . . . to be an enumeration of the set of all natures that take O(log n) bits
of advice; the cheating forecaster C now expands the set {M ′1, . . . ,M ′n} of nature machines by taking
each machine M ′i and expanding M ′i to poly(n) separate machines, one for each possible advice string
of length O(log n). Note that the new number of nature machines is still polynomial in n, so C is still
efficient. This result is actually tight in the following sense.

Theorem 33. Assuming the existence of subexponentially hard one-way permutations, there exist a
constant c > 2 and a class N of natures that have O(logc n) bits of advice, such that there exists a test
T that is complete with negligible completeness error, and is computationally sound with respect to N .

See Definition 15 in Appendix A for the definition of computational soundness. The proof of
Theorem 33 is similar to the construction of a test found in [FV09]; however, in order to reach our
stronger conclusion, we use a stronger complexity assumption.

For simplicity of presentation, we will consider the case where O only consists of two possible
outcomes, i.e., O = {0, 1}; our results can be extended to the more general case where O is any finite
set. Since O = {0, 1}, a forecast in ∆(O) can be encoded by a single number in [0, 1] that represents
the probability of getting the outcome 1; we will use this encoding in this section.

Assume that we have a (length-preserving) subexponentially hard one-way permutation f : {0, 1}∗ →
{0, 1}∗; that is, there exists α ∈ (0, 1) such that for every machine A running in time 2n

α
, we have

Pr[A(1n, f(x)) = x] < 2−n
α

for every sufficiently large n ∈ N, where the probability is over a uniformly
random x ∈ {0, 1}n and the random coins of A.

For each n ∈ N, letN be the set of all 2log2/α n non-uniform naturesMz with advice z ∈ {0, 1}log2/α n,
where Mz is the nature that, on input (1n, ~o<k), outputs the kth bit of (f(z), z, 0, . . . , 0) (0’s are padded
on the right to make the whole string have length n). Mz is essentially the nature that outputs f(z)
one bit at a time for the first log2/α n days, then outputs z one bit at a time for the next log2/α n days,
and then outputs 0 for the remainder of the n days.

Let ε : N → [0, 1] be any function. Let T be the test that, on input (~p, ~o) ∈ (∆(O))n × On, does
the following:

1. Let y be the first log2/α n bits (components) of ~o, and let x be the next log2/α n bits of ~o. Let ~q
be the vector formed by the second block of log2/α n components of ~p.

2. If f(x) 6= y, then output 1 (accept).

3. If
∏log2/α n
i=1 (xiqi + (1− xi)(1− pi)) ≥ ε(n), then output 1.

4. Else, output 0.
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Lemma 34. The test T described above is complete with completeness error ε(·), and if ε(n) =

2−0.5 log2 n, then T is also computationally sound with respect to N .

Proof. We first show that T is complete with completeness error ε(·). Let N be any nature, let PN be
the canonical forecaster for N , and let n ∈ N. We note that the test T only rejects PN if N produces

a sequence ~o of outcomes such that f(x) = y and
∏log2/α n
i=1 (xiqi + (1− xi)(1− qi)) < ε(n), where x, y,

and ~q are as defined in the definition of T . Let Y and X be random variables representing the vectors
y and x generated by the nature N . By definition of PN , for every fixed sequence ~o ∈ On of outcomes

(which defines y and x), we have
∏log2/α n
i=1 (xiqi + (1− xi)(1− pi)) = Pr[X = x|Y = y]. Let B be the

set of (y, x) ∈ Supp(Y,X) such that f(x) = y and Pr[X = x|Y = y] < ε(n). Then, we have

Pr[T ((PN , N)(1n)) = 1] = 1−
∑

(y,x)∈B

Pr[Y = y] · Pr[X = x|Y = y]

≥ 1−
∑

(y,x)∈B

Pr[Y = y] · ε(n)

= 1− ε(n),

as required.
Now, suppose ε(n) = 2−0.5 log2 n. We will show that T is computationally sound with respect to N .

Suppose not. Then, there exists a PPT forecaster P and a polynomial poly(·) such that for infinitely
many n ∈ N, we have

Pr
N←N

[T ((P,N)(1n)) = 1] ≥ 1

poly(n)
.

Using P , we will construct an adversary A that breaks the one-way permutation f . It is easy to see that

it suffices to construct an adversary A that, on input f(x) for a uniformly random x ∈ {0, 1}log2/α n,
runs in time polynomial in n and outputs x with probability at least 1

poly′(n) · 2
−0.5log2n for some

polynomial poly′(·).
The adversary A, on input f(x) for a uniformly chosen x ∈ {0, 1}log2/α n, first simulates the game

(P,N∗)(1n), where N∗ is defined to do the following: for the first log2/α n days, N∗ outputs f(x)
one bit at a time; for the next log2/α n days, N∗ looks at the forecast that P makes, samples from
the forecast to get an outcome, and then outputs the outcome; for the remainder of the n days, N∗

outputs 0. Then, the adversary A outputs the string corresponding to the second block of log2/α n
outcomes outputted by N∗. Since P and N∗ are PPT in n, A is also PPT in n.

We will now show that A inverts f(x) for a uniformly random x ∈ {0, 1}log2/α n with probability at
least 1

poly′(n) for some polynomial poly′(·). Fix an n ∈ N such that PrN←N [T ((P,N)(1n)) = 1] ≥ 1
poly(n) .

Let ~q be a random variable representing P ’s forecasts for the second block of log2/α n days. We note
that for every N ∈ N , for input 1n and advice z for N , if the event T ((P,N)(1n)) = 1 occurs, then the

event
∏log2/α n
i=1 (ziqi+(1−zi)(1−qi)) ≥ ε(n) also occurs. Now, we note that

∏log2/α n
i=1 (ziqi+(1−zi)(1−qi))

is equal to the probability that if we sample from ~q (for each day independently), we get the string z.
Thus, with probability at least 1

poly(n) , P will output forecasts such that if we sample from ~q (for each

day independently), then with probability ≥ ε(n) we would get z, the advice of the nature that was
chosen.

Thus, with probability at least 1
poly(n) · ε(n), N∗ in the simulated game (P,N∗)(1n) will output x

for the second block of log2/α n days, and so A will output x. Thus, A inverts f(x) for a uniformly

random x ∈ {0, 1}log2/α n with probability at least 1
poly′(n) · 2

−0.5log2n for some polynomial poly′(·), as
required.

Theorem 33 follows immediately from the above lemma.
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Appendix H Azuma’s Inequality

For the sake of completeness, we state the standard Azuma’s inequality.

Lemma 35 (Azuma’s Inequality). Let Y1, . . . , Yn be a sequence of random variables that form a
martingale, i.e., E[|Yi|] < ∞ and E[Yi − Yi−1|Y1, . . . , Yi−1] = 0 with probability 1 for every i ∈ [n].
Suppose there exists a constant c such that |Yi− Yi−1| ≤ c with probability 1 for every i ∈ [n], then for
every γ ∈ [0, 1],

Pr[|Yn| ≥ γn] ≤ e−Ω(γ2n).
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