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Abstract

It may be surprising that variations of the maximum segmant s
(MSS) problem, a textbook example for ttsguiggolists are still
active topics for algorithm designers. In this paper we dérarthe
new developments from the view of relational program caleul
tion. It turns out that, while the classickISS problem is solved

by the Greedy Theorem, by applying the Thinning Theorem, we
get a linear-time algorithm fokSS with upper bound on length.
To derive a linear-time algorithm for th@aximum segment den-
sity problem, on the other hand, we purpose a variation of thin-
ning based on an extended notion of monotonicity. The cdscep
of left-negativeand right-screwsegments emerge from the search
for monotonicity conditions. The efficiency of the resultinlgo-
rithms crucially relies on exploiting properties of the sépartial
solutions and design efficient data structures for them.

Categories and Subject Descriptors  F.3.1 Logics and Meanings
of Program$: Specifying and Verifying and Reasoning about Pro-
grams

General Terms  Algorithms, Languages

Keywords Program Derivation, Maximum Segment Sum, Maxi-
mum Segment Density

1. Introduction

Given a list of numbers, the maximum segments sWEY)
problem is to compute the maximum sum of a consecutive sub-
sequence. The problem can be traced to as early as 1984 stfijk
and Feijen'sEen methode van programmergl8], but was proba-

bly made famous by Bentley [2, Column 7], and became a pet topi
of the program derivation community after being given a fakrm
treatment by Gries [20]. It appears that every textbook torial

on program derivation has to eventually talk about Mi&S prob-
lem, be it functional [16, 17] or procedural [22].

The “squiggolists” have been successful in tackling vasgiou
problems related to list segments. The Bird-Meertens fosmg4]
started as a program calculi for lists [3]. Many individuablplems
were solved in published papers or as exercises in jourhatos
[30, 21, 27, for instances]. After the extensive study of tBara
[31], it appeared, for a while, that nothing more could bel sdiout
segment problems, let alone the most fundameviés.
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It may thus come as a surprise that variation$4&S are still
active research topics in the algorithm design communiityy mew
results being discovered in a steady pace. ForMi%S problem
with upper boundJ on segment lengthSSu), the firstO(n) al-
gorithm (independent fror)) was presented by Lin et al. [24] in
2002. In the paper, they also discussedrtieximum segment den-
sity (MSDL) problem maximising the average of all viable seg-
ments, and gave a®(nlogL) algorithm whereL is the lower
bound on segment length. Goldwasser et al. [18, 19] reduued t
complexity forMSDL to linear-time in the same year. Subsequently
in 2003, Chuang and Lu [9, 10] generalised the linear-tinge-al
rithm to cover the case when in the input list have non-unifor
widths, while Fan et al. [14] improved the algorithm fBISSu.
Chen et al. published an algorithm to compute [7] maximum den
sity of disjoint segments in 2005. The interest in segmeoiblems
is partly motivated by applications in bioinformatics [2dr, a sum-
mary], but extensions to trees have also being studiedxtonple,
by Lau et al. [23] in 2006.

Meanwhile, the program derivation community has also been
rapidly developing. Various “morphisms” on datatypes haeen
proposed and studied. Bird and de Moor [5] systematicalig-st
ied derivation of optimisation problems, basing their tte® on
a relational theory of datatypes [1]. Curtis analysed dyingmmo-
gramming [11] and greedy algorithms [12] in a relationatingt
Sasano and Hu et al. [29, 28] studied a useful clasniatimum
markingproblems and proposed linear time algorithms for them.

Program derivation is initially motivated by the wish toatiser
algorithms whose correctness is made evident by the dienivat
However, the derivation of an algorithm not only suggestsag to
understand it, but also allows one to identify the properdied the-
orems that made the derivation work. This is essential fdtinga
programming a science: to observe and study individual gimen
ena, identify common patterns, and propose unifying tlesori

Being aware of the new developmentsMtS, one naturally
wants to know whether the recent theories of derivation can b
applied. This paper derives two algorithms, by relatiormralgpam
calculation, solvingISSu andMSDL, after reviewing the classi-
cal MSS for completeness. All three derivations follow a similar
pattern. The problem is first decomposed to a sub-problematabo
prefixes, specified by a fold returning the set of possiblatimis.
We then attempt to reduce the number of possible solutions by
some monotonicity property. Finally, the specification éfimed
to a linear-time algorithm by exploiting the properties bétset
of solutions. While the Greedy Theorem is used to downsiee th
solution set forMSS, the MSSu turns out to be a natural candi-
date for applying the Thinning Theorem, both theorems pegdo
by Bird and de Moor [5]. To deal wittMSDL, on the other hand,
we propose a variation of thinning based on an extended motio
of monotonicity. The key concepts tdft-negativeandright-screw
segments proposed by Lin et al. [24] can both be seen as conse-



quences of the attempts to meet the monotonicity conditions
the Thinning Theorem.

After introducing some basic concepts in Section 2 and vevie
ing the derivation foMSS in Section 3, we deal withiSSu and
MSDL respectively in Section 4 and Section 5.

2. Preliminaries

In this section we give a minimal review the basic concepts we
need. The reader is referred to Bird, Gibbons and Mu [6] for a
short tutorial to relational program calculation for opsation
problems, and to Bird and de Moor [5] for a thorough introétrct

2.1 Sets, Functions, and Relations

A relationR from setA to setB, writtenR :: A — B, is a subset of
the set{(a,b) | a€ AAb € B}. When(a,b) € R, we sayR maps
ato b and sometimes also write<— Ra A function is a special
case of relations such théa, b) € Rand(a,b’) € Rimplies
b = b'. In such case we can safely write= R a In this paper,
free occurrences of identifiefsg, andh refer to functions. A total
function is a function such that eveaye A is mapped to somke.

Given relationR :: B — C andS:: A — B, their composition
R - Sis defined by:

(a,c) e R-S=3b:(ab) e SA(bc) eR

Composition is monotonic with respect to set inclusion. -
tity functionid a = ais the unit of composition. A partial function
that is a subset ad is called acoreflexive often used to filter inputs
satisfying certain predicates.

The power transposeperatorA converts a relation to a set-
valued total function:

ARa {b| (a,b) € R}.

An equivalent definition i§ = AR = € - f = R, where€ is the
relation mapping a set to one of its elements. Take AR, we get
€-AR=R

The existential imagéunctor E converts a relatioR :: A — B
to a function mapping sets @fto sets ofB: 2

ER x {b|Jaex:b—Ra}.

An alternative definition isSER = A(R - €). They satisfy the
absorption law:

ER-AS A(R-S). 1)

TakeS = T - €, the absorption law implieER- ET = E(R- T).
We also havé&ER = E(€ - AR) = E € -E(AR). The functionE< is
usually calledunionbecause it joins a set of sets into a single set.

Letfst(a,b) = aandsnd(a,b) = b. The “split” operator and
the product functor are defined respectively by:

(b,c)— (RS a = b—RaAc<Sa
(Rx9) = (R-fstS-snd,
They satisfy the absorption law:
(Rx9-(T,U) = (R-T,S-U). 2

Functional programmers may be more familiar with the specia
case when both arguments are functiofisg) a = (f a,g a), and
(fxg)(ab)=(fagbh). ,

The relationdistr maps(x, ys) to all (x,y) if y € ys

distr (id x €).

1The book presents program derivation from a category ttieat@erspec-
tive. For the purpose of this paper, we restrict ourselvegteand relations.
Some properties may not necessarily be valid for all categor

2|n this paper we may assume that the power funBtapincides withE.

Therefore, we havadistr (x,ys) = {(x,y) | y € ys}. The follow-
ing equality relateslistr, the split, and\.

AR Adistr - (f, AR)

®3)
2.2 Relational Fold on Lists
Functional programmers are familiar with fold on lists, defi by?

foldrf e[] e,
foldr f e (a:x) f (a, foldrfex).

In fact, a function satisfies the two equations abovedddr f e iff
it equalsfoldr f e. One of the consequences of the uniqueness of
fold is thefold-fusionrules

h-foldrf e=foldrg(he) h-f=g-(id x h).

When the fusion premise does not hold fipa common technique
is to introduce another functiokand try to show that the fusion
premise holds forth, k). This technique is referred to dspling
and used a number of times in this paper.

The sum and length of a list can both be computed by a fold:

=

sum
len

foldr plus0, whereplus(a,b) =a+b,
foldr ((1+) - snd) 0.

The familiar functionmap f, applyingf to every element of the
given list, is also a fold:

foldr (cons- (f x id))[],

wherecons(a, x) = a:x. Let setifybe the function collecting the
elements in a list to a set, we have the following property:

Ef -setify D setify- mapf. (4

The functiontails, returning all the suffixes of a list in decreasing
lengths, can also be defined as a fold:

foldr f [[]],
The functionscanr f eappliesfoldr f e to every suffix of a list:

map f

tails

wheref (a,x:xs) = (a:x):x:xs

scanrf e map(foldr f e) - tails. (5)

An important property we will make use of later is thsatanr f e
itself can be implemented as a fold:

scanrfe = foldrstep[g,
where step(a, b:x) = f (a, b):b:x .

The property can be verified using fold fusion.
Relational folds is defined in terms of functional folds:

foldrRe € -foldr A(R- distr) {e}.
The fold fusion rule for relational folds generalise to umbn:
R-foldrSeD foldrTd <«
R-SOT-(idxR) A d—Re

For example, the relatigorefix mapping the input list to one of its
prefixes, can be defined as a fold:

prefix foldr (const[] U cong [],

whereconst k x= k. Note thatJ denotes the union of two relations
(sets of pairs)onst[] and cons resulting in a relation mapping
(a,x) to either[] or a: x.

Dual toprefix the relatiorsuffix defined as the reflexive, transi-
tive closure of the partial functioril (a:x) = x, maps a list to one
of its suffixes. It cannot be defined as a fold. However, we deha
the following property:

Asuffix

setify- tails =

(6)

3 Deviating from most functional languages, we use uncuirgion off.
4Free variables are universally quantified.




2.3 Maximum

A preorde is arelation of typé — Afor someAthat is reflexive
and transitive. We use the infix notatiarc b to denotg(a, b) €<.
A preorder< is called a connected preorder if for alb € A,
eithera < borb < a The relationmaxg picks a maximum
element from the input set:

a—maxxs = aexsA (Ybexs:bJa).

The definition itself assumes nothing ef However, some theo-
rems we will introduce later demandsto be a preorder. Further-
more, if < is not connectednaxg xsmay be undefined for sonxs
For the rest of the paper we assume thds a connected preorder
if it is used inmaxq.

The following rule allows us to movemaxaround by inventing
new orderings:

maxq - Ef =1 - maxg, wherea <t b=faJfhb,

7
while the following rule allows us to distributaaxinto uniorn
®)

A naive way to implement a set is to use a list. beixlisty be
the counterpart ofnaxq on lists. We only demand thamaxlisty
satisfies the property:

maxq -union 2O  maxg - Emaxg.

maxg - setify O maxlist.

9)

One of the possible implementations forxlistis foldr (1) —oco
wherea 7 byields the larger one betwearandb.
In this paper, we model segment problems in the form:

max- A(foldrR €.
By the definition of relational fold, the expression is egl@nt to
max- foldr A(R - distr) {e}.

The fold steps through the input list and maintains a set bof al
potential solutions, from which a best one is chosenntgx If
certain properties hold, however, we may not need to keethall
potential solutions in each step. A relatién:: (A x B) — Bis
monotonic on a preordet if for all b andb’ in the range oR:

c—R(ab) A bl (A :  «—R(a,b) A caC).

Consider two potential solutions andb’ such thatb < b’. That

R is monotonic on< means that for everg we can generate
from R(a, b), there must be som& resulting fromR (a, b’) that

is no worse tharm. Therefore, there is no point keeping the lessor
solution c¢. Intuitively, if R is monotonic on<, in each step of

=

foldr Rewe only need to keep the best solution with respect to

<. This is justified by the following theorem [4] provable byldo
fusion:

THEOREM2.1 (Greedy Theorem (for Lists)). LBtbe monotonic
on preorderd, then we have:

maxq - A(foldrRe) DO foldr (max - AR) e.

Sometimes, it is too strong a demand forto be a connected
preorder. When the preorder is not connected, we insteashhfip
a Thinning Theorem, to be introduced later. For now, let o lat
an example using the Greedy Theorem.

3. Classical Maximum Segment Sum

To familiarise the readers with relational program caltials let
us review how the classicMSS is solved in a relational setting. A
segment of a list is a prefix of a suffix. The classiv8S problem
is thus specified by:

mss= maxc - A(sum- prefix- suffix).

The input has typgV] for some numerical typ®, and < is the
“less than or equal to” order ovi. From now on, wherx is the
designated order, we omit the subscript.

The standard derivation starts with some book-keeping prani
ulation distributingmaxinto the set-construction:

max- A(sum- prefix- suffix)
{by (1) andER= E€ - EAR }
max- union- EA(sum: prefix) - Asuffix

{by(8)}

max- E(max- A(sum- prefix)) - Asuffix

Let us concentrate omax- A(sum- prefix). The aim is to
transform it into the form omax- A (foldr R €) so that we can apply
the Greedy Theorem. Sinseim- (const[] U cong = (const0 U
plus) - (id x sum, by fold fusion we can fuseuminto prefix

sum- prefix = foldr (const0 U plus) 0.

Furthermore, one can see thainst) U plusis monotonic on(<)
— the monotonicity condition expands to:

b<b A(c=0vc=a+h)
= (3c € {0,a+b'}:c<C).

Whenconst0 is used to generaig we can always choosg = 0;
whenplusis used, we can choosé= a+b'. Both solutions are no
worse tharc. Thus the Greedy Theorem applies: we can promote
maxinto the fold:

max- A(sum- prefix)y DO foldr (max- A(const0 U plus)) 0.
Let plz = max- A(const0 U plus). After some calculation we have
thatplz(a,b) =01 (a+ b).

We continue with the derivation:

mss
2 { derivation so far

max- E(foldr plz0) - Asuffix
2 {by(6),(4), and (9}

maxlist- map(foldr plz0) - tails

{by (5)}

maxlist- scanr plz0.

The penultimate step above implements sets by lists, widert-
troduction ofscanrin the last step turns a quadratic-time algorithm
to linear-time. Given an input of length the algorithm still uses
O(n) space, which can be improved by:

maxlist- scanr plz)
{ tupling }
snd- (head maxlis} - scanr pl2)
= { fold fusion, stepdefined below}
snd- foldr step(0, 0).

We have therefore derived a linear-time, constant spaceitdm
for MSS:

mss DO snd- foldr step(0, 0),
wherestep:: (V, (V,V)) — (V,V)

step(a, (b,m)) = (c,m1 c) wherec =01 (a+b).

It is easy to check that the right-hand side defines a totaititom,
since all its components are total functions.



4. Maximum Segment Sum with Bounded
Lengths

Maximum segment sum with an upper boubdon the length
of the segment is specified by inserting a coreflefitlen to the
specification:

mssu max- A(sum- fitlen - prefix- suffix),

wherefitlen = {(xsxs) | lenxs < U}. Can we also derive a
linear-time algorithm from this specification? In fact, gnygproach

While maxrelates a setsto an elementthin relates it to a subset
ys obtained by removing some elements, with one condition: for
everyb in xs there must be a solutidsf remaining inysthat is at
least as good &3 therefore nothing is lost.
Given a connected preordet and a preorder that is a sub-
ordering ofd (that is,x <y = x <'y), we have:
maxs 2 maxg - thins. (10)

The Thinning Theorem [4] below can also be proved by folddaosi

for maximum marking problems developed by Sasano and Hu et THEOREM4.1 (Thinning Theorem (for Lists)). LeR be mono-

al. [29, 28] suggests &(nU) algorithm, wheren is the length
of the input list. We are, however, aiming for an algorithmosé
complexity is independent frotd.

Like the previous section, we start with distributimgxinto E,
resulting in:

max- E(max- A(sum- fitlen - prefix)) - Asuffix

The next step is to transformax- A(sum- fitlen - prefix) into
the form ofmax- A(foldr R €. However,sum- fitlen - prefix does
not constitute a fold. We have to return both the sum and thgtte
of a list. We derive:
max- A(sum- fitlen - prefix)

{letfit={((s),(s) |l <U}}
max- A(fst- fit - (sum len) - prefix)

{ fusingfit - (sumlen) into prefix see below}
max- A(fst- foldr (zerou fit - add) (0, 0))

{ by (7), see beloy
fst- max<, - A(foldr (zeroU fit - add) (0, 0)),
where the partial functiodit yields value only if the length is
smaller tharlJ, and the auxiliary definitions are given below:

zero(a, xs) = (0,0),
add(a, (s, 1)) = (a+s1+1),
(s1,h1) <1 (s2,12) = s <s.

From now on, we denote the type of a pair of sum and length by
SL When a paif(s, |) denotes a sum and a length of a segment, we
call it anSL-pair. When we say so we imply thiat> 0.

Now that we have an expression in the fommax- A(foldr R e),
we wish to apply the Greedy Theorem. Unfortunategrofit-add
is not monotonic or<; . Consider twéL-pairs(si, I1) and(sz, I2),
wheres; < s;. The monotonicity condition expands to:

s s<SA(ss=0Vss=a+s)
= (3(s1,14) € {(0,0), (a+s2,1 +12)} :
s < sy Aly <U).

Assumes; is assigned + s; and that it is positive. It could be the
case thatl + I is too long, leaving the only choice f@ss, l4) to
be (0, 0), thereforess < s4 does not hold. It shows that we cannot
drop (si, 1) in favour of (s, I2) immediately, even i, < .

We can, however, conclude that it is definitely not worth to
keep(si, I1) if this prefix is neither bigger nor shorter thés, I-).
Define:

(s1,11) =2 (s2,12)
The relatiorzeroU fit - addis indeed monotonic ofi<). However,

st <Al > s,

tonic on preorder, then we have:
thin< - A(foldrRe D foldr (thin< - A(R- distr)) {e}.

The Thinning Theorem is very general. It is not specified how
thoroughly the set of solutions should be “thinned”. Depegd
on how thethin< inside thefoldr is further refined, the theorem
covers the entire spectrum from a greedy algorithnx(iiappens
to be connected) to generating all potential solutions byebforce
(sinceid also satisfies the specification fthin<). Nor does the
theorem specify how the thinning is performed. The efficjeof
the algorithm depends critically on whether we can desigata d
structure representing the set of solutions such thatithgncan be
efficiently carried out.

4.2 Thinning the Set of Prefixes
Back toMSSu. Since= is a sub-ordering o1, we reason
max<, - A(foldr (zerou fit - add) (0, 0))

2 {by(10)}
maxc, - thin< - A(foldr (zerou fit - add) (0, 0))
B) { Thinning Theoremn}
maxc, - foldr (thin< - A((zerou fit - add) - distr))
{(0,0)}.

Let us further refing¢hin< - A((zeroufit - add) - distr) to a function

by picking a refinement ofhin<. The functionzero produces a
new element(0, 0). Since all lengths are non-negativ@, 0) is
not worse than any elements returned fliy: add and will not

be removed bythin<. With the presence of0,0), all elements
returned byfit - add that has a non-positive sum can safely be
removed. Therefore, one of the possibilities is to refine< -
A((zeroU fit - add) - distr) to:

tadd (V,{s}) — {sL},
tadd(a, xs) {(0,0)} U A(pos- fit - add - distr) (a, xs),
{(0,0)} U E(pos- fit - addy) xs,

wherepos = {((s,1),(s,1)) | s> 0}, and the functioradd; ap-
pendsato anSL-pair:

add, (s,1) (a+s1+1).
The specification fomssuhas been refined to:
max- E(fst- max, - foldrtadd{(0,0)}) - Asuffix

The next few steps of the derivation follows a pattern sintdahat
of Section 3. We implement the outer set by a list, yielding:

maxlist- map(fst- max, ) - map(foldr tadd{ (0, 0)}) - tails.

(=) is not a connected preorder. The Greedy Theroem is true but Expressiomap(foldr tadd{(0, 0)}) - tails can be implemented by

useless becauseax< may simply yield nothing for most inputs.

4.1 The Thinning Theorem

Given preorder, letthin< be a relation between sets of solutions
so that:

ys« thing xs = ysC xsA (Vb € xs: (3b’ € ys: b < b)).

scant, which is then fused witithead maxlist- map(fst- max, ))
after a tupling, yielding:

mssu 2 snd- foldr step({(0,0)}, 0),

step:: (V, ({SL},V)) — ({SL}, V),
step(a, (xs m)) = (xS, fst(max, xs) T m)
wherexs = tadd xs
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Figure 1. Computingmssy—2,4, —3,2,2, —1,4,—2,1, —1] with U = 3.

Figure 1 shows hownssy—2,4,—3,2,2,—1,4,—2,1,—1] is
computed wherd = 3. The input list, processed Hpldr from
right to left, is written as the first row. The second and thiedth
rows show howxs and m evolve in each step of the fold, starting
fromxs= {(0,0)} andm = 0. SL-pairs struck out by a horizontal
line are those removed for having a non-positive sum, whitesé
struck out by a wavy line are those removed for being too IThg.
output of the algorithm i85, the bottom-left value ofn.

We have not yet talked about how the sstis represented.
The reader may have noticed possible inefficiency if we elgiv
implement the sexsas a list ofSL-pairs. In the next subsection,
we will exploit some crucial properties of the set to prodace
efficient implementation.

Remark Lin et al. [24] defined deft-negativesegment as a seg-
ment whose sum is positive, while the sums of all its propefixes
are negative. The prefixes preserved under the ordetiage ex-
actly those composed of only its left-negative segmentshéve
thus shown that the concept of left-negative segments altur
emerges from looking for an ordering on whi¢rerou fit - add),
the relation building the solutions, is monotoriit.

4.3 An Efficient Representation of Sets of Prefix Sums

The reader might have noticed, from Figure 1, that if we duet t
SL-pairs in increasing lengths, the sums come in increasidgror
too. It is a consequence of the orderidg— a longerSL-pair that

and dropr is defined similarly, replacing:xs by xs  [a]. The
functiondropr longremoves thos8L-pairs that are longer thad,
while dropl negremoves those that have a negative sum.

With the deque implementation, all operationssiep except
map add, run in amortised linear time. To see that, consider the
size ofxs Itincreases at mositimes with each{(a, 1):) operation,
while each recursive call afropl or dropr decreases it by one.

The last performance bottleneckrigap add. Luckily, we can
avoid having to perfornadd, to every element insby a change of
presentation. We define:

diffs((c,n),xs) = ((c,n), map(dif (c,n))xs),
wheredif (c,n) (s,1) = (c—s,n—1),

The functiondiffs replaces evengL-pair in xs by its difference
from the reference poir{t, n). The advantage is that, wherever we
need to increase eaSh-pair inxs now we merely need to increase
the reference poir(ic, n). For example, consider adding an element
2 to the followingxs

[(2,1), (5,3)]
(2,1): mapadd xs= [(2, 1), (4,2), (7,4)]

XS
xs

It takes a linear time operation to compute from xs Pick a
reference point, for exampl@, 6), we have:

ys dlﬁs((37 6)7XS) = ((37 6)7 [(17 5)7 (—27 3)])'
ye diffs (add; (3, 6), x¢),
((57 7)7 [(37 6)7 (17 5)7 (_27 3)])

does not have a larger sum need not be kept. This is a hint thatwe can computegs from ysin constant time. To gets and xg

we can implement the set 6L-pairs as a double-ended queue [8].

Newer and shorter elements are added to the front end, lgepin

the SL-pairs sorted by length. Removal SE-pairs longer thary
always starts from the back end. The empty pré€ix0), always
present in the set, need not be explicitly represented.eStine
deque is also sorted by increasing sum, the cleeeks > 0 can
be performed only on the front segment of the queue, whide
can be implemented by returning the figdt-pair from the end of
the deque. Thereforstepcan be refined to:

step:: (V, (Deque SLV)) — (Deque SLV),
step(a, (xs m)) = (xs,Istxs 1T m),
wherexs = (dropl neg- dropr long) ((a, 1):map add xs),
neg(s,l) =s<0,
long(s,) =1>U,
Ist[] =0,
Ist(ys+[(s,1)]) =s.

We denote deques by a notation similar to lists: appendiegpenht
ato the front of deque is denoted bya:x, while appending to the
end is denoted by +- [a]. The functiondropl p removes elements
from the front of the queue as long as the predigaitelds, while
dropr premoves elements from the back:

(I,
axs
dropl p xs

dropl p[]
dropl p(a:xs) if =(pa),

otherwise,

back, we observe thdiffs - diffs = id.
By introducingdiffs and fuse it into the fold, we come up with
the final algorithm:

snd- foldr stepd(((0, 0), []), 0),
wherestepdis defined by:

stepd:: (V, ((SL, Deque SI.,V)) — ((SL Deque Sl V),
stepd(a, (((c,n),ys), m)) = ((addh (c. n), ys), It y< 1 m),
whereys = (droplned - droprlond) ((c, n):ys),
ned (sI)=a+c—s<0,
long (s,1)=1+n—-1>U,
Ist' [] =0,
Ist' (zs+ [(s,1)]) =a+c—s.

mssu =

This is anO(n) time, O(U) space algorithm.

The seemingly cryptic definitions od, lond, etc., are results
of fusing diffs into the fold. The derivation is tedious but routine,
and we will merely sketch an outline. Letssocl(a, (b,c)) =
((a,b), c), we derive:
snd- foldr step([], 0)

{ tupling, abbreviatingsum len) to sumlen}
snd- snd- (sumlenfoldr step([],0))

{ some pair manipulatioh

snd- (diffs x id) - assocl- (sumlenfoldr step([], 0)).



One can show thafsumlenfoldr step([],0)) is a fold by the
uniqueness of fold:

(sumlenfoldr step([],0)) = foldr stepl((0,0), ([],0)),

stepl:: (V, (SL, (Deque SLV))) — (SL (Deque SLV)),
stepl(a, ((c,n), (ys m)) = (add (c,n), (ys,Ist'ys T m)),
whereys = (dropl neg- dropr long)
((a, 1): mapaddys).

Now we try to fuse{diffsxid)-associnto foldr stepl((0, 0), ([], 0)).
That is, we have to constructstepdsuch that:

(diffs x id) - assocl- stepl =
stepd- (id x ((diffs x id) - assoc)).

We will make use of the following properties, which can bevea
from the definitions ofliffsandadd,,

diffs- (addk x map add) (add; x id) - diffs,
droplp- mapf map f- dropl(p- f).

(11)
(12)
Property (11) allows us to lifadd, out of the set construction,

avoiding altering each prefix. Property (12), valid only fotal f
andp, is used to construct new predicates doopl anddropr:

ned (s, 1) (neg- add, - dif (c,n)) (s 1),
lond (s,1) (long- add, - dif (c,n)) (s, 1),

which simplifies to the definitions given earlier.

5. Maximum Segment Density

max- Edav- A(id x sumlen prefix) - split.

{by(3)}
max- Edav- Adistr - (id x A(sumlen prefix)) - split.

Given an prefix longer thal, (id x A(sumlenprefix)) - split_ splits

the prefix into two parts: ab-sizedheadeand a set oppendants
In the next section, we will try to perform some thinning oe #et
of SL-pairs of appendants.

5.1 Properties of Appendants

Given a set of appendants, representedslapairs, we aim to
remove some “useless” candidates. But how do we know that an
appendent is useless? The following key observations wadem
by Lin et al. [24]:

LEMMA 5.1. Letx,y be SL-pairs such thak <4 y. Thenx <4
XYy <4 Y.

Proof. Letx = (si,11) andy = (s, 12). Forx <4 x.y:

div(s: + 2,11 +12)

divxxli/(li +12) +divy x 12 /(l1 + 12)
{ sincex <4y}

divxxli/(li +12) + divxx la/(l1 4 12)

div x

Other cases follow similarly.

>

O

COROLLARY 5.2. Letzx,y be SL-pairs andx <4 Y, then at least

With so much discussion about sums and lengths, it is natural one ofzx <4 zandzx <4 z.X.y is true.

to consider a related problem: to maximise tensity(the sum
divided by the length) of a segment. Without a constraint e t
minimal length of the segment, the problem reduces to sewych
for the largest element of the input, since averaging it viith
neighbours would not make it any larger. Therefore we cangtte
maximum density among segments no shorter than some positiv
numberlL, and assume that the input is no shorter, either.

For brevity, we introduce several auxiliary definitions:

div(s, 1) = s/, forl > 0,
avg x = div(sumxlenl),
dav(x, (s, 1)) = div(sumx+ s, lenx+1),
(s1,1h) <4 (s2,12) = div(s, 1) < div(sy,l2),
(s1,11).(s2,12) = (s1+S,li+12).

Note thatadd, (s,1) = (a,1).(s,1). To modelMSDL, one may
follow the “prefix-of-suffix” approach of the previous semts:

msdl max- A(avg- prefix. - suffix,

max- E(max- A(avg- prefix )) - Asuffix

whereprefix. maps a list to one of its prefixes no shorter than

Like before, we will concentrate amax- A(avg- prefix ). The
relationprefix can be defined in a number of ways. For example,
letsplit. be the function that, given input returns a pair of the first
min{L, len x} elements and the rest. We may defimefix_ by:

prefix.
wherecat(x,y) = x H y. We reason:

cat- (id x prefix) - split_,

max- A(avg- cat- (id x prefix) - split.)
{ sincesplit, is a function}
max- A(avg- cat- (id x prefix)) - split.
{ by the definitions}
max- A(dav- (id x sumlen prefix)) - split.

{by (1)}

Proof. Eitherx <4 zor x >4 z If X <4 z, we reason:

X<q42Z

= {Lemmab.lantk=qz=X=qZX=42}
x<xz<z

= {sincexz=1zx}
zX<q4Z

If z <4 X, we reason:

Z<qgX<y4 Yy

= { Lemma 5.1}
Z<gZX<gX<qYy

= { Lemma 5.1}
ZX <4 ZX.Y

]

Consider a set of solutions containiri@, 0), x, and x.y with
x <4 Y. By Corollary 5.2, we can safely removebecause for
any headeg, at least one of (= z(0,0)) andz.x.y constitutes a
solution no worse thanx.

However, this intuition is difficult to be modelled as an aidg
betweenindividual appendants because neitlzeror z.x.y alone is
always preferred ovexx. Considex = (5,1) andy = (10, 1), and
headerz = (1, 1). Among themzx.y has the largest average. If we
extend the header © = (25, 1).z = (26, 2), howeverZz .x.y is no
longer better tha .x. If we further extendZ with a small value,
the appendanty may be preferred again. To model such situation,
we need a notion of monotonicity on a set of solutions.

5.2 The Pruning Theorem

We call a relation< betweerB and powersets d8 an absorptive
relation ifitis:

o reflexive in the sense that< xsif x € xs and
e transitive in the sense that: < ysand(Yy € ys: y <« z9
impliesx < zs



d e f 3 10 -1 4 6

e f 3 10 -1 4 6 -5 X

f 3 10 -1 4 6 -5 11

3 10 -1 4 6 -5 11 b
0,0) ©,0) ©.0 (0,00 (0,0 @0 (0,00 (0,0)
8y (10,10 f=HbH=T fFHr (6,15 =5b= (11,1 ys
(13,25 (25,6)416 93 (10,2); (12,3} (6,2)s
(28,7)4 (15,5)3  (16,4)4

Figure 2. Computingmsdl[d, e, f, 3,10, —1,4,6,—5, 11] with L = 3.

The name comes from the idea tkas absorbed by the sgsif the
latter contains an element as gooa& relationR :: (AxB) — B
is said to be monotonic on absorptive relatiqnif for all b :: B
andxs:: {B} included in the range d&:

c—R(a,b) A bk xs = c< A(R-distr)xs

Intuitively, given a seksin which there are some elements as good
ash, monotonicity demands that if we appiyto all elements in
xs there always exists some elements in the resulting setghat
as good ag. For a absorptive relatiore, we define a relation

pruneg :: {B} — {B}:
YS + pruneg xs

ysC xs A (Vbe xs: b« ys).

Given a preorder<, one can always construct a absorptive
relationx < ys = (3y € ys: x = y). In this caseprune«
reduces tdahin<. Not every absorptive relation can be expressed in
terms of a preorder, however.

We propose the following Pruning Theorem, whose proof is not
too different from that of the Thinning Theorem.

THEOREM5.3 (Pruning Theorem). LeR be monotonic on ab-
sorptive relationg. We have:

prunec - A(foldrRe) D foldr (prunec - A(R- distr)) {e}.

5.3 Pruning the Appendants

Back to MSDL. Consider the last expression in the derivation
before entering Section 5.1 and abbreviatax- Edav- Adistr, of
type ([V] x {SL}) — V, to maxap Given a headex and a set of
SL-pairsys maxap(x,ys) picks an appendantfrom yssuch that
div (x.y), the returned value, is maximised. If we define:

XLys (Vz: 3y e ys: zx <4 2y),

it is clear from its definition that:

maxap> maxap- (id x pruneg). (13)

Recall thatsumlen prefix = foldr (zerou add) (0, 0). It is a trivial
task to check thak is reflexive and transitive, and tha¢rou add
is monotonic onk. Therefore, we reason:

maxap: (id x A(sumlen prefix)) - split.

2 {by(13)}
maxap: (id x pruneg - A(sumlen prefix)) - split.
) { Pruning Theoren}

maxap- (id x foldr (prune¢ - A((zeroU add) - distr))
{(0,0)}) - split.

The next step is to refinprune« to a function. Corollary 5.2
basically says that if we define a function as below:

rmxs {xexs|=(3y:xyexsA x<qy)}

we haverm C prunec«. Note that it isnot true, by defining
x4y =Vz:zx <4 zy, thatrm C thing. As stated in the previous

section, Corollary 5.2 guarantees that for all heagi¢here exists
some appendix as good &sThat particular appendix, however,
is not always as good asfor any header. That is why we need
prunec.

Recalling thai andy are actually5L-pairs, the condition in the
set construction imm is equivalent to:

~(3(s2,12) €xs: (i <l2) A (s1/h < (82 = 31) /(12 = 1))

Some calculation shows thai/l; < (s — s1)/(l2 — 1) is
equivalent tos; /I, < s;/l> whenl; < l;. Therefore we get the
following definition ofrm:

rmxs= {(s1,l1) € xs|
—|(3(SQ,|2) € XS: (|1 < |2) A\ (Sl/|1 < SQ/'Q))}

Abbreviaterm - A((zerouU add) - distr) to rmadd Since(0, 0)
has the least length and thus cannot be remoxeadd can be
simplified to:

rmadd(a, xs) = {(0,0)} U rm (Eadd xs).
So far, the specificatiomsdlhas been refined to:

O  max- E(maxap
(id x foldr rmadd{(0,0)}) - split.) - Asuffix

To apply properties (5) and (6), we try to tufial x foldr rmadd
{(0,0)}) - split_ into a fold. Sincesplit. can be written as a fold:

split. = foldr shift([], []),
shift(a, (x,y)) = (a:x,y), if lenx< L,
shift(a, (x +- [0],ys)) = (a:x, b:y), otherwise.

By fold fusion we get:

D max- E(maxap- foldr rmshift([], {(0,0)}))-
Asuffix

rmshift(a, (x,ys)) = (a:x,ys), if lenx< L,
rmshift(a, (x + [b], ys)) = (a:x,rmadd(b, ys)), otherwise.

Figure 2 shows a fragment of the computation whén= 3
and the input igd, e, f, 3,10, —1, 4, 6, —5, 11] for somed, e, andf
whose values are not relevant to this example. The figures sk
first few steps and starts with the “bufferloaded with[6, —5, 11],
while the setys consists of only(0, 0), as shown in the right-most
column. As each new number is pushed irtahe last elemenb
of x is squeezed out and added int®by rmadd Except for the
(0,0)s, densities of thé&L-pairs inys are written as subscripts.
The pair(—1,1) in the third column from the left, for example,
is removed because its densityl is smaller tharp/3 = 3, and
(9, 3) is removed because its densitys no larger than5/5 = 3.
The role ofmaxapis not yet shown in Figure 2. It is supposed to,
for each column, pick afiL-pair inysthat yields the largest density
when combined witx.

msdl

msdl

5.4 Refining to a Linear-Time Algorithm

Still, more analysis on the structure of the set is needegded up
the algorithm. We first note thdb, 0) is again always in the set.



Let us store the thBL-pairs of appendants in a deque in increasing
lengths. Apart from(0, 0), they come in decreasing density. This
is due to the constraint maintained by: given two surviving
appendantx and x.y where the latter is longer, we must have
X >4 Y, thusx >4 x.y. Lin et al. [24] defined aight-screwsegment
to be a segment such thattake x <4 dropxfor 0 <i < lenx
The appendants we collect are exactly tfeereasingight-screw
segments.

Since the appendants come in decreasing demsityay start
from the front ofys and compare consecutive elements only:

rm [y] = W
rm(y:zys) = VY:zys if safeyz
= rm(zys), otherwise,

wheresafe(si, 1) (s2,l2) = s1 /11 > s2/la.

The empty case is not needed because the deque is never empty.

Like in the previous section, we can also introdddés to save the
cost of applyingadd, to every element in the deque. We will do so
as the last step. Once it is done, all operations, apart fnaxap
run in amortised linear time ifonsand last (extracting from the
tail) can be performed i®(1) time.

How do we implemenmaxapefficiently? The following lemma
is adapted from Lin et al. [24]:

LEMMA 5.4, Lety; ...yn be a fully pruned set ofL-pairs, rep-
resenting the appendants derived from the same prefix ateblsor
by increasing lengths. Lét be the greatest index that maximises
div(x.y). Then for alli € [0,n— 1], i > kif and only if
div (x.yi) > div (X.Yit+1).

Therefore maxapshould find the smalledt such thadiv (x.yx) >
div (X.yk+1). Lin et al. used a binary search to find skcihey also
proved that the segment having the maximum density cannot be
longer thareL — 1: otherwise we can always cut it in half and pick
the better half. Their algorithm is therefo@nlogL) (although
their experiments showed that it was actually quicker tdquer a
naive linear search oys).

In fact, it is possible to do better. Let us temporarily assum
a naive, linear-searching implementationnoéxap but start the
search from the right-end of the deque. The following fusrctiut
drops elements from the right-end until it seega; such that
div (x.yk—1) > div (x.yk) stops to hold:

cut:: [V] — Deque SL— DequeSL
Cutxy:] = [y1],
cut X(ys+- [Yi—1, Yi|)

= YSH [Yi—1, ¥ls

= cutx(ys+H- [Yk-1]),

if dav(x, yk—1) ¥ dav(x, y«),
otherwise.

With cut, we can definenaxap(x, ys) = dav(x, last(cutxysg).

The key observation leading us to a linear-time algorithns wa
made by Goldwasser et al. [18]. Assume thayields the best
density,m;, among the prefixes of the list -+ y + z If the best
density ofa : w-Hy-+zcomes froma-Hw-Y, it cannot be larger
thanm;. The observation is made precise in this lemma:

LEMMA 5.5. Letyshe a fully pruned set of appendants. Assume
thatm, = maxap(x, ys) results from an appendent with lendth
andm, = maxap(rmshift(a, (x,ys))), results from an appendant
with lengthls. If I3 > |1, thenmy < m;.

Lemma 5.5 implies that, after extendiryg with rmshift, we
only need to consider those appendants that are not longer th
the appendant chosen yaxap In other words, we have:

maxap(rmshift(a, (x,ys))) T maxap(x,ys) = (14)
maxap(rmshift(cut(a, (x,ys))))) T maxap(x, ys).

msdl 2 snd- foldr Step(([L ((07 0)7 H))v _OO)
step :: (V, ((Queue V (SL, Deque SI), V))
— ((Queue \/(SL, Deque Sb), V)

step(a, ((x, ((c,n),ys)),m)) =

((a:x, ((c,n),y9)), avg(a:x)) if lenx< L
step(a, (x4 [b], (¢, n), y9)), m)) = _
((a:x, (cn',ys)), m' Tm) otherwise

wherecn’ = (b+c¢, 1+ n)
sl = sumlen(a:x)
ys = cutsler(rm((c, n):ys))
m' = if nullys' thendiv slelsedavd(sl.cn’) (last ys)

rm :: SL— Deque SL— Deque SL
rmenly] = [y)
rmen(y:zys) = y:zys

= rmcen (zys)

if avgd cny> avgd cnz
otherwise

davd(c, n) (s,1)

= div(c—sn-1)

cut:: SL— SL— Deque SL— Deque SL

cutxcnly] = if divx > davd(x.cn) ythen[] elsely]

cutxcn(ys+- [zy]) = if davd(x.cn) z ¥ davd(x.cn)y
thenys- [z,y] elsecut x cn(ys+- [Z])

Figure 3. Derived Program foMSDL.

Continuing with the derivation, we transform fold to scanda
eliminate the list introduced bscanrusing fold fusion, like in the
previous sections:

max- E(maxap- foldr rmshift([], {(0,0)})) - Asuffix
{ refining sets to deques, let= ([],[(0,0)]) }
maxlist- map(maxap- foldr rmshift @ - tails
{by (5)}
maxlist- map maxap scanr rmshift e
{ tupling }
snd- (cut- head maxlist- map maxap- scanr rmshifte
{ fold fusion }
snd- foldr step(e, —o0).

With the help of (14), the functiostepcan be constructed as:

step:: (V, (([V], Deque S, V)) — (([V], Deque S, V),
step(a, ((x,ys), m))

((ax,ys),avg(ax)), iflenx<L,
step(a, ((x 4 [b], ys), M) =
((a:x,ys),m’ T m), otherwise,

whereys = cut(a:x) ((0,0):rm (map add ys))
m = dav(a:x, lastys).

As the last step, we apply the transformation introduciifig to
lift map add out. The final program foMSDL is given in Figure
3% It is a short but complex program which, were it not derived,
would be rather difficult to comprehend. It runs in linear éifior
the same reason as the previous section: consider the syzarof
step Every recursive call tom or cut decreases the size hy

6. Conclusion and Related Work

Extending the classical derivation fdiSS, we have derived two
linear-time algorithms tacklingSSu and MSDL. The idea of
thinning determines the structure of the algorithm. Thecep of

5 Expository programs for the algorithms in this paper arélalvie on the
author's homepage.



the left-negative segments [24], introduced to sdW&Su, natu-
rally emerges from our intuition choosing an ordering sueit the
monotonicity condition for the Thinning Theorem can befad.
For MSDL, we need an extended notion of monotonicity relating

an element to a set. Right-screw segments are formed whetr we a

tempt to determine when a solution can be safely dropped.

The story does not end there. Like most derivations with the
Thinning Theorem, the key to efficiency is to analyse the et o
solutions and design a fast data structure. We would likentmk
whether previous work on data structures for segment prable
and dynamic programming [15, 25] could help to formalise our
reasoning. We have dealt with merely the basic forrvi6Su and
MSDL. It should be possible to unify their variations [10] under
a general framework and construct efficient solutions. @/this
paper follows the framework of Bird and de Moor [5], Maeh&t@][
recently reviewed the algorithm foviSSu by Lin and Fan from
the viewpoint of a calculational formalisation of theindowing
technique That group is working on an alternative formalisation
of optimisation algorithms more suitable for automaticiigion.
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